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Abstract

The traditional decision-making framework for newsvendor models is to assume a distribution of
the underlying demand. However, the resulting optimal policy is typically sensitive to the choice
of the distribution. A more conservative approach is to assume that the distribution belongs to
a set parameterized by a few known moments. An ambiguity-averse newsvendor would choose to
maximize the worst-case profit. Most models of this type assume that only the mean and the variance
are known, but do not attempt to include asymmetry properties of the distribution. Other recent
models address asymmetry by including skewness and kurtosis. However, closed-form expressions on
the optimal bounds are difficult to find for such models. In this paper, we propose a framework under
which the expectation of a piecewise linear objective function is optimized over a set of distributions
with known asymmetry properties. This asymmetry is represented by the first two moments of
multiple random variables that result from partitioning the original distribution. In the simplest
case, this reduces to semivariance. The optimal bounds can be solved through a second-order cone
programming (SOCP) problem. This framework can be applied to the risk-averse and risk-neutral
newsvendor problems and option pricing. We provide a closed-form expression for the worst-case

newsvendor profit with only mean, variance and semivariance information.

1 Introduction

The single-period newsvendor problem is the foundation of many inventory control models. In the
classical version, a newsvendor decides before the sales period how many units of a product to order.
The actual demand occurs during the sales period and is satisfied as much as possible with the units
on hand. The newsvendor incurs a cost ¢ for each ordered unit, and sells each unit for a price p. If

the distribution of the demand is known, then the optimal ordering quantity is the 1 — % quantile of
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the distribution. However, as it is often in practical scenarios, a full characterization of the demand
distribution may not be available. How does the newsvendor decide on an ordering policy in this
case? Usually, if there is lack of information about a distribution, there is a tendency to assume a
Gaussian distribution. Although this approach provides an easy way to compute the optimal quantile,
the assumed distribution is symmetric. If the true demand distribution exhibits asymmetry, then
this information will be lost by fitting a Gaussian distribution. In fact, the effect of asymmetry can
sometimes prove to be devastating. Suppose that the unit cost ¢ is very small relative to the price
p. If the true distribution is in fact positively skewed, then the true optimal ordering quantity is
greatly over-estimated. Bartezzaghi et al. [2] investigate the impact of asymmetry on manufacturing,
planning and control systems. By simulating different distribution shapes, they discover that the shape
has a huge impact on inventory levels. They conclude that practitioners must recognize whether the
demand is regular or irregular (multi-modal and asymmetric) in order to better estimate the inventory
levels. Their conclusion, however, stems only from observing simulated distributions and not from any
analytical results.

Perhaps it is valid to think that a stochastic model is successful if it well describes actual uncertain
scenarios. If a system is known to contain asymmetry, then it is important to have stochastic models
that accurately describe this. One phenomenon in production is a “lumpy” or sporadic demand which
is characterized by infrequent and large demand. This demand pattern has been observed in parts
and supply inventory systems such as large compressors and textile machines (Silver [35]; Croston [12];
Ward [37]). Bartezzaghi et al. [3] identify possible sources which can contribute to demand lumpiness.
These include number of potential customers, heterogeneity of customers, and frequency and variety of
requests. Asymmetric distributions are also observed in many other applications. This is probably most
established and well-documented in the area of finance. Cont [11] presents an overview of “stylized facts”
that are observed from the statistical analysis of asset prices in various financial markets. For instance,
there appears to be a gain and loss asymmetry in which one observes large downward movements in
stock prices but not equally large upward movements. Another stylized fact is that the distribution of
asset returns exhibits a shape that is far from normal. In particular, its distribution appears to show
a substantial degree of excess kurtosis (Fama [15]). Indeed, one major criticism against the popular
Black-Scholes model is that it fails to explain this leptokurtotic behavior, since the basic assumption of
the model is the lognormality of the asset price distribution. Other models have tried to do better by
relaxing the assumptions of the Black-Scholes model. For instance, the GARCH framework attempts
to model heteroskedasticity of asset returns (see Engle [13]; Bollerslev [7]). However, the conditional
density function is still typically assumed to be symmetric.

One of the most common and natural methods to introduce asymmetry into a stochastic model is
by assuming that the true distribution is some well-known asymmetrical distribution. For example, in
the newsvendor model, it is common to assume a lognormal or a Poisson distribution. Other popular
methods forecast lumpy demand by applying traditional forecasting techniques based on past demand
information (Croston [12]; Johnston and Boylan [24]). However, these techniques usually result in

large forecast errors since the data is sporadic (Fildes and Beard [16]). In finance literature, Sortino



and Forsey [36] suggest fitting the data to a three-parameter lognormal distribution. Another model
proposed by Knight, Satchell and Tran [25] involves partitioning the distribution into the upper and
lower partial distributions with respect to some benchmark. Each of the two distributions is then
modeled by a gamma distribution. However, they acknowledge that the model is not successful in
modeling small changes, and they are unable to build in conditional heteroskedasticity into their model.
Bond [8] addresses these issues by using a GARCH framework and modeling the conditional variance
using the double gamma distribution. However, after testing the model on various exchange rates, he
admits that evidence on the performance of the double gamma model is not overwhelmingly convincing.

Assuming a distribution for a random variable (such as demand, stock price or returns), though giv-
ing us a complete picture of the randomness, does not usually result in robustness. Since the decision is
made fully under the assumed distribution, it might not perform well under other distributions. Instead
of assuming a particular distribution, it is then more reasonable to assume that the distribution belongs
to the set of all distributions satisfying known parameters (e.g. mean and variance). These parameters
may come from estimates using past realizations or some prediction by industry experts. A conservative
approach, often called the maximin approach, optimizes the worst-case objective (e.g. expected profit
or payoff) over the parametric family. This arguably models the behavior of an “ambiguity-averse”
decision-maker who knows little information about the demand. Early research that uses the maximin
approach describes the distribution set by some known mean and variance (see Scarf [33]; Lo [26]; Gal-
lego and Moon [20]). However, one major criticism against the maximin approach is that the resulting
policies can be too conservative. A less conservative approach, called minimax regret, minimizes the
maximum opportunity cost from not making the optimal decision instead (Savage [32]; Perakis and
Roels [31]). Due to their second-order nature, closed-form expressions for the optimal bounds have
been found for most of these robust models with known mean and variance. However, these models do
not include information about the asymmetry of the distribution. Recent literature attempts to address
this by assuming knowledge of higher moments, such as skewness or kurtosis (Jansen et al. [23]; De
Schepper and Heijnen [34]; He et al. [21]; Zuluaga et al. [38]). Since the higher moments result in a
problem with third and fourth order constraints, it is usually not easy to find a closed-form expression
for the optimal bounds. Even if they are found, the expression can be complicated and can give limited
managerial insight. Moreover, there remains an important issue: how does one actually go about cal-
culating these higher moments? To quote Sortino and Forsey [36] who state a popular belief: “Others
might say it is difficult enough to estimate the mean and variance; attempting to estimate higher mo-
ments is pretentious or superfluous.” More importantly, skewness and kurtosis are not so intuitive for
many industry practitioners, so advocating a model based on these might prove to be difficult.

Our approach is to represent asymmetry using a well-known measure: semivariance. Semivariance is
a measure of downside risk put forward by Markowitz [28] in his seminal paper on portfolio selection. He
argues that it is a much better measure of risk compared to variance, since it only considers deviations
that are below some specified target, whereas variance equally penalizes positive and negative deviations

from the mean. The semivariance of a random variable & for some target « is a special case of the lower



partial moment

E ((a— )",

with n = 2, where 2 = max(0, z). Fishburn [17] describes the parameter n as a reflection of the feeling
about the relative consequences of falling short of the target. If the decision-maker’s main concern is
the failure to achieve the target, without particular regard to the amount, then a small value of n is
appropriate. On the other hand, a larger value of n should be used if small deviations are relatively
harmless compared to larger ones. We will use semivariance as a parameter that indicates the degree of
asymmetry. The relative magnitude of semivariance compared to variance indicates how the deviations
from the mean are split between the upper and lower parts of the distribution. On a technical note, one
advantage of using semivariance in moment bounds is that asymmetry is introduced without needing to
stray from the simplicity of second-order models. A consequence of this is that closed-form expressions
for optimal bounds are more easily derived. Moreover, there is virtue in espousing an asymmetry
model using semivariance since it is a largely accepted measure in the financial industry. The idea of
using semivariance as a measure of asymmetry is not new. In fact, it was used by Berck and Hihn [6]
to tighten the Chebychev inequality which uses mean and variance to bound the probability of an
outcome k standard deviations below the mean. They show that by using semivariance instead of
variance, a sharper bound can found. Their result is especially useful when the underlying distribution
is asymmetric.

An important question remains: is it any easier to make accurate estimates of semivariance? Several
approaches have been proposed to calculate semivariance. Methods by Sortino and Forsey [36] and
Bond [8], for instance, calculate semivariance directly from some estimated density function. However,
the simplest and most obvious approach is still through a sample-based calculation. Yet one common
concern is that the volatility of the sample-based semivariance is so high as to make it impractical in
applied work. In fact, Sortino and Forsey [36] are critical of using the sample-based semivariance, since
they argue that it can easily over- or under-estimate the true semivariance due to its dependency on
some target value. Instead, they suggest that fitting a continuous probability density function is superior
to discrete sample calculations. However, in a recent paper by Bond and Satchell [9] which studies the
statistical properties of the sample semivariance, it has been shown that sample semivariance is in fact
less volatile than sample variance when the distribution is asymmetrical. Their results suggest that the
major concern of practitioners against using sample semivariance is not valid.

In this paper, we make a distinction between “ambiguity-aversion” and “risk-aversion”. Ambiguity-
aversion has been demonstrated in the famous Ellsberg paradox!. An ambiguity-averse newsvendor
would prefer a sure profit over something unsure but with a potentially higher payoff. Although this
behavior has been observed empirically, it cannot be accommodated within an expected utility model
(Epstein [14]). We attempt to model ambiguity-aversion by a maximin model. We can argue that if
there is limited information, the strategy of an ambiguity-averse newsvendor would be to optimize the

worst possible expected profit.

!People prefer to bet on an urn with 50 red and 50 blue balls, than in one with 100 balls but where the number of blue

or red balls is unknown.



Our contributions can be classified as follows:

1. Asymmetry Model for an Ambiguity-Averse, Risk-Neutral Newsvendor. We propose the use of
the normalized semivariance s (defined in (2.1)) as a measure of the degree of asymmetry in a
distribution. In Section 2, under a risk-neutral setting, we use a robust maximin approach to
derive optimal newsvendor policies with only mean, variance and semivariance information. We
find a closed-form expression for the lower bound on the expected newsvendor profit under this
model. This bound is tight, in the sense that there exists a distribution under which the bound
is achieved. The worst-case distribution has at most three support points. We find that the
optimal policy is less conservative than Scarf’s [33] policy. Scarf’s model recommends ordering
above or below the mean depending on whether ¢/p is below or above % Our asymmetric model
recommends a slightly altered policy of ordering above or below the mean depending on whether

this ratio is below or above (1 — s).

2. Asymmetry Model for an Ambiguity-Averse, Risk-Averse Newsvendor. We apply the asymmetry
model to the newsvendor problem under a risk-averse setting in Section 3. In particular, we con-
sider the problem of minimizing the worst-case optimized certainty equivalent (OCE) risk of the
newsvendor profit. We show that this problem has an equivalent second-order cone programming
(SOCP) formulation. A special case is the problem of maximizing the worst-case expected utility
of a newsvendor with a piecewise linear utility. We provide examples for a risk-averse newsvendor
with a CVaR objective under the mean-variance and the asymmetry models. Through com-
putational experiments, we find that the mean-variance policy is sometimes counterintuitive by
recommending more conservatism for a less risk-averse newsvendor. Our asymmetry model on the

other hand recommends adaptive policies that are appropriate for the level of risk tolerance.

3. Option Pricing. In Section 2, we apply our asymmetry bounds to option pricing. We find a closed-
form expression for the tight upper bound of the expected option payoff under mean, variance
and semivariance information on the stock price distribution. We also show that the tight lower
bound can be found by solving an SOCP. We find that the range of expected payoffs can become

very narrow if there is a high degree of asymmetry.

4. General Partitioned Model. In Appendix A, we generalize our approach to include multiple par-
titions of the distribution and under a piecewise linear utility function. Under knowledge of the
first two moments of the partitioned random variables, we formulate the tight lower and upper
bounds on the expected utility as moment problems. We introduce a method for solving these
tight bounds through an SOCP problem, which can be efficiently solved using interior point al-
gorithms. This general model can admit many variations to the newsvendor problem, such as a

bounded support or partitions defined on the distribution quantiles.

The structure of the paper is as follows. We discuss the risk-neutral newsvendor model in Section 2
and introduce our asymmetry model. In Section 3, we consider a risk-averse newsvendor and develop
methods to find optimal policies in this setting. Finally, in Appendix A, we generalize the model to

multiple partitions and a piecewise linear objective.



2 Ambiguity-Averse, Risk-Neutral Newsvendor

Consider a newsvendor facing a random demand d for the product observed during the sales period.
He satisfies the demand as much as possible with the units he has preordered. Any unmet demand
is assumed to be lost. Let ¢ be the unit ordering cost and p the exogenously determined unit selling
price. A standard assumption is p > ¢, since otherwise, the newsvendor will choose to order nothing. If
random demand has a probability density function f, then for a given order quantity ¢, the newsvendor’s
expected profit is then
pE; (min{cz, q}) —cq.

Here the expectation E¢(-) is taken with respect to the known distribution f. A risk-neutral newsvendor
would be concerned with finding an ordering policy that maximizes the expected newsvendor profit.
Suppose, rather than having a complete knowledge of the demand distribution, all the newsvendor
knows are some of its parameters (e.g., known moments). Instead of maximizing the expected profit
under some assumed distribution, an ambiguity-averse newsvendor will take a conservative approach by

maximizing the worst-case proﬁt
inf pE <m'n d ) — cq,
}E]F pbLy 1 { ?Q} cq

where I is the parametric family of distributions satisfying the known information.

2.1 Mean-Variance (MV) Model

Scarf [33] addressed the robust newsvendor model when the parametric family of distributions consist
of those with mean p, variance o2 and nonnegative support. The worst-case newsvendor profit under
this setting is
MV(q) = i&lf PEy (min{ai q}) —cq
st. Bp(d) =p, Ep(d?) =p?+ o2

E;(1)=1, f(d)>0, Vd>O0.
For any distribution belonging in this set, he found through a lengthy mathematical argument the

optimal lower bound for the expected newsvendor profit. In particular,

MZ . “2+0.2
E (min{ci })—c > ) Plhasor =0 forg €10, 55,7
PRy 4 7= ptq 1 — 2 x02) — f w2 to?
p|5t—3V(@—p)3P+o cq, forqe |B57,00).

This bound is tight, in the sense that there exists a feasible distribution with mean p and variance
o2 whose expected profit is exactly equal to the lower bound. The worst-case distribution is one that
has a positive mass at exactly two points. If ¢ < (u? + 02)/(2u), the worst-case distribution has mass
o?/(p?+0?) at 0 and mass p?/(u?+02) at (u?+02)/p. Otherwise, the worst-case two-point distribution

is
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Gallego and Moon [20] reach the same conclusion, but with a more concise proof that invokes the use
of Cauchy-Schwartz inequality.

It is straightforward to find that an optimal ordering policy ¢* that maximizes the worst-case profit

is given by:
2
0, if € > H
q* — Lo (p—2¢) ¢ Z _ MQJ-QO'Q
HT 3 p—0)’ p = 2502
Under this ordering policy, the worst-case expected profit is
. E MQ
Mvigy={ " 'y 2
(p—cp—oyelp—c), if 5 <0

It might be interesting to look at the flip side of the coin, or the best-case scenario. A nalve upper

bound for the expected newsvendor profit can be found by invoking Jensen’s inequality. Thus,

PEs (min{i q}> —cq < min{pp — cq, (p — ¢)q}.

In fact, this upper bound is tight under mean and variance information (see De Schepper and Heij-
nen [34]).

2.2 Mean-Variance-Semivariance (M'VS) Model

We introduce asymmetry into the robust newsvendor model through a characterization of the lower
partial moments of the demand distribution. We will be focusing on the partial moments taken with
respect to the mean demand (i.e. o = ) to derive a closed-form expression for the worst-case newsven-
dor profit. The first-order lower partial moment does not capture asymmetry, because regardless of the

distribution f, it is always true that
By (=) =By ((d= ).

This relationship results from the partial moment being defined with respect to the mean. Hence, we
simply focus on the second order (n = 2) lower partial moment, or semivariance. It is entirely possible
to include asymmetry information in the first partial moment if it is defined with respect to some value
other than the mean. However, the resulting closed-form expression for the model with the first two
lower partial moments is untidy at best and and does not give us much additional insights. Instead, we
direct interested readers to Appendix A which shows how this model can be solved as an SOCP.
We introduce the notion of normalized semivariance, which we define as
Br ((d=w*) =B ((n-d)*?)
s = . (2.1)

o2

This measure is only defined for random variables with a strictly positive and finite variance. We can
immediately see that the normalized semivariance must take values in the range of —1 to 1. Clearly, s
describes how the volatility of the demand is divided between the upper and lower parts of the distri-

bution. Figure 2.1 shows examples of some common probability distributions and their semivariances.
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Figure 2.1: Some probability density functions and their normalized semivariances.

Normal and uniform distributions always have a normalized semivariance of zero. An exponential distri-
bution always has s = 4e~! — 1 ~ 0.4715. The s value of a beta distribution can be positive or negative
depending on its parameters. In fact, we can think of a value of s = 0 as a weaker form of distributional
symmetry. All symmetric distributions (e.g. uniform, normal) must have a normalized semivariance
of zero. However, the converse is not true. We can also think of a distribution with s > 0 as roughly
positively skewed. Similarly, s < 0 implies that the distribution is roughly negatively skewed. We have
mentioned that s is in between -1 and 1. In fact, in the following proposition, we find a tighter bound

for s for nonnegative distributions.

Proposition 2.1. Consider a nonnegative random variable with mean p > 0, standard deviation o > 0
and normalized semivariance s. Then the necessary and sufficient condition for the moments to be
feasible is:
o? — 2
P

Moreover, there exists a unique distribution for which the lower bound is tight.

<s<1. (2.2)

Proof. Let us first prove that any feasible distribution satisfies condition (2.2). For notational con-
venience, we define the nonnegative random variables d; = (d — p)* and dy = (u — d)T. From the
definition of s, we have E(d?) = $(1+ s)o? and E(d}) = 2(1 - s)o?. Since d is nonnegative, dy must
not exceed p. This implies that E(da(i — da)) > 0, or equivalently, E(dy) > E(d3)/u = (1 — s)02/(24).



Also since E(d3|dy > 0) > (E(da|ds > 0))?, then we have

~ o~ ~ ~ 2
5 E(d2|d2 > 0) Pr(dg > 0) +0- Pl‘(dg = 0) E(d-))2 1 2
Pr(dy > 0) > ( i N ~ ) _ (Bld2)” 52)” (2.3)
E(d3|dy > 0) Pr(dy > 0) + 0% - Pr(ds = 0) E(d3) 2p
By a similar argument, and since E(d;) = E(dy), we also find that

5 E(d1|d; > 0) Pr(d; > 0) +0 - Pr(d; = 0) 7 \\2 a2 2
Pr(d; > 0) > ( —— § - ) _ Ed) (-9 z (2.4)

E(d}|d; > 0) Pr(dy > 0) + 02 - Pr(d; = 0) E(d?) (1+s) 2u

Finally, note that by our definition, Pr(d; > 0) = Pr(d > p) and Pr(dy > 0) = Pr(d < ). Thus, by
inequalities (2.3)-(2.4), it follows that

[\

1—253)
1+4s)’

Q

12Pr(ci>u)+Pr(cz<,u)Z—2

(2.5)

—~

=

which gives us the lower bound on s. Observe that s = Z;%Zi is equivalent to having inequalities
(2.3)—(2.5) tight. Then this would imply that

- 2 ~ 2
Pr(c{> p) = #QHTQUzy E((d - /{)Jr) = #'202’

Pr(d < p) = o, E((p—d)7) = 475

Therefore, we have the following conditional moments:

2

E((d-p)Tld > p) =%, B(d-p)"2d> p) =%,
E((p—d)fld<p)=p, E((p—d)*|d<p)=p*
The only distribution satisfying these conditions is a two-point support distribution with positive mass

at 0 and (u? + 02)/p. In other words, if s = 2+ o

distribution. Now let us verify that any s that satisfies (2.2) implies a feasible distribution. For a given

the feasible distribution set only contains a single

(i, 0, 8) triplet, we can find a two-point distribution:

1— 1
d= “_U\/IT-; W-p- ?
,LL—I—J\/HS, w.p. Los

These support points are nonnegative in the range (2.2). In fact, s can be arbitrarily close but never

equal to one since, by definition,

_ 9 _
5= e = 1= =B((n—-ad)™).
Since we assume that o > 0, then there exists d < p with nonzero probability. O



As an interesting aside, note that the only feasible distribution when s = ZZ%ZE is the Scarf two-point
distribution for the case when ¢ < “2%;2

Consider a newsvendor model where the exact demand distribution is unknown, but the mean p,
variance o and normalized semivariance s are known. For a given quantity ¢, the worst-case expected

newsvendor profit is

MVS(q) = irflf pE; (min{cz, q}) —cq
i Ep((d=p)?) =02

st Ep(d) =
E; <(J— u)”) —Ey ((u — CZ)+2) = 502,
Er(1) =

1, f(d)>0, Vvd>Do.
We can consider f to be an infinite dimensional vector indexed by d € R, such that f(d) : Rt — Rt

We assume that the conditions for Proposition 2.1 are satisfied so that the moment problem MV S(-)
is well-defined. By Isii’s [22] strong duality theorm, MV S(q) is equivalent to the dual problem

MVSp(q) = sup t+rp+y10?+ yas0?
thvylva
st t+rrtyi(e—p)? —ya(r —p)? <pr—cqg, Y0O<z <y,
t+re+yi(z—p)® —ya(z—p)? <(p-cg, YO<z <y,
t+rz+yi (e —p)® + ya(e — p)* <pr—cq, VYr>y,
t+re+yi(e —p)? +ya(z—p)? < (p-cg, Vo=>p

We can convert this dual problem into an equivalent SOCP formulation which can be solved efficiently
through interior point methods. The details can be found in Appendix A for the more general case.

In fact, we can find a closed-form expression for the worst-case expected newsvendor profit MV S(-)
with only knowledge of mean, variance, semivariance and nonnegativity. Theorem 2.1 presents this
optimal bound. The proof of the theorem, which we relegate to Appendix B, is quite involved since it
consists of constructing various forms of the dual feasible solutions. For each dual solution, we find a
corresponding primal feasible distribution that achieves the same objective value. Note that in the the-
orem, the domain of ¢ is partitioned into five different regions. Each of the regions implies a particular
form of the dual feasible solution which is optimal. A distribution that gives the worst-case expected

profit is in fact one with at most three support points.

Theorem 2.1. Consider a newsvendor problem specified by a unit cost ¢ and unit price p. Suppose the

demand distribution has mean p, standard deviation o, and normalized semivariance s. For a given

10



order quantity q, a lower bound for the expected newsvendor profit is

(p—c)g—"* 7(1 974, for (i): ¢ € [0,%],
(p—c)g— (i#s)q) : for (ii): q € [%,M—% %_z} ;
p((lgs)q+ (4, %\/@) — cq, for (iii): ¢ € [#—% AV e
S 2 . o S S
pp — oq — BT for (iv): ¢ € [Wri = g((iisﬂ
s)o2 s
g (10 ylog =2 = (=0 B ) —ca,for (v € ot i o).
where
he1_ (1—5)o?
= T

Moreover, among the set of nonnegative distributions parameterized by (u, o, s), there exists a distribu-

tion with at most three support points that attains this bound.

Proof. See Appendix B.

Note that MV S(q) is a continuous and concave function of g. We can then easily find the order quan-
tity ¢* that maximizes the worst-case expected profit. Theorem 2.2 provides the optimal policy that

depends on the magnitude of the ratio of unit cost to unit price ¢/p.

Theorem 2.2. Consider a newsvendor problem specified by a unit cost ¢ and unit price p. Suppose the
demand distribution has mean u, standard deviation o, and normalized semivariance s. An ordering

policy q* that maximizes the worst-case expected profit is

0, if1-459- < ¢,
oo )RS T <1 g
pot 5y iy S5 <),
iy (pb— 20)\/(1+s gilng2£i)—b)2p27 if}% < %((11132)2%27
where
he1_ (1—8)0’2'
2u?
The worst-case expected newsvendor profit attained by the policy is
0 F1- g <t :
)| 670D, -1t
(p— )/ut—* 2p0(1+8) i sy S5 <z2(1-s)
2

[}

)
c )02 V2,2 e —5)2 o
(p—2) ( \/ @+ )2(21932% b)%u )) ife< %((lHS)) 2.

Proof. See Appendix B.

11
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Figure 2.2: Optimal policies under different ranges of the unit cost to unit price ratio ¢/p.

Figure 2.2 illustrates how the ordering policies induced by the MV model and the MVS model are

related. The values qu ) qz‘w), qZ‘U) are defined in the proof of Theorem 2.2 (the subscript refers to the

ii

region where the optimum lies). Due to Proposition 2.1, we always have

1 2 1—s)o?

,(1_3)§%§1_Q'

2 w4+ o 22
Based on the diagram, we see that for any given (u, 0, s) triplet, the difference between the two policies
is clearly only dependent on the ratio ¢/p. Also observe that the MVS policy is less conservative than
the MV policy in the sense that it recommends ordering nothing for a smaller range of ¢/p values. This
degree of conservatism also decreases as s approaches 1. In fact, when s is approximately 1, the optimal
policy is to almost always order approximately p units.

It is also interesting to see how the best-case bound changes for different degrees of asymmetry. For

a given quantity ¢, the best-case profit is given by
sup pEy (min{ci,q}) —cq
f
st. Bp(d)=p, By ((cz— u)?) = o2,

By ((d=w)*2) =By ((n—-d)*2) = s0?,
Es(1) =1, )

f(d)>0, vd>o0.
Unlike the worst-case profit, the best-case bound is not necessarily a concave function of q. In Appendix
A, we show a technique of casting this problem into an equivalent SOCP formulation. If ¢ < u, the
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best-case profit can be found by solving

inf t+ 3(1+ s)o?yr + 5(1 — s)oyo
1,rY1,Y2,71,72,73
5.t t—(p—C)q+y1Z\/(t—(p—C)q—yl)QJr(T’—ﬁ)Z,

b= (- g+t 2\ (-0 g—p -7+ (r+ (- @)m)
t—pp+cqg+p(p—q)m+y+ 713

> \J(t = pt cat pl— a7 — o — ) + (r —p+ (21— 7s)?,
71,72, 73 2 0.

However, if ¢ > u, then the best-case profit is found by solving

inf t+ 3(1+ s)o?yr + 5(1 — s)oys
6LrY1,92,71,72,73
2 2
.t t—ppt+cg+y+m 2 \/(t—pu+cq—y1 —n)" + (r—p—(¢—pmn),

t—(p—ca+g—pwn+y
>\t =0 at (@ w2 — )’ + (r — )%

t—puteqgty+73= \/(t—Pﬂ+CQ—y2—73)2+(r—p+u73)2,
71,72, 73 2 0.

Note that this problem can only be solved as an SOCP if the quantity ¢ is known.

In fact, the method in Appendix A can admit many variations to the newsvendor problem, such
as if the demand has a bounded support, or if the newsvendor is risk-averse (Section 3). Different
asymmetry models can also handled, such as multiple partitions of the distribution. This is especially
useful if, aside from partitioning at the mean, we also include partitions one standard deviation away
from the mean in both directions. This gives us a more complete picture of asymmetry than simply
using semivariance. In all these variations of the model, the best- and worst-case objective can be solved
through an SOCP.

2.3 Sensitivity Analysis

Figure 2.3 plots the different bounds on the newsvendor profit as a function of g. The four different plots
correspond to four different values of the normalized semivariance s. The normalized semivariance of the
upper left plot is the smallest possible value in which the model is still well-defined (by Proposition 2.1).
Scarf and Jensen refer to the worst- and best-case expected profits under the given mean and variance
information. MVS Worst and MVS Best are the worst- and best-case expected profits with the additional
semivariance information. MVS Best is plotted from the solution of multiple SOCP problems. The other
three bounds are found in closed-form. Since the feasible distribution set of the MVS model is a subset
of the one in the MV model, then clearly its optimal bounds must be contained between the Scarf and
Jensen bounds. We can see that, unlike the static Scarf and Jensen bounds, the MVS bounds are highly
dependent on the asymmetry. Moreover, the difference between the MVS bounds becomes small as s

approaches its upper and lower limits. One way to view this is that, at the limits of s, the feasible
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Figure 2.3: Bounds on the expected newsvendor profit (p = 3,¢ =2, u = 100, 0 = 50).

distribution set becomes more restrictive. For instance, at s = —0.6, the feasible set consists of a single
distribution (see Proposition 2.1), which explains why the MVS upper and lower bounds are equal.
We can perhaps view the difference between the best and worst optimal profits (i.e., the difference
between the peaks) as some form of ambiguity risk. Suppose a newsvendor is ambiguity-averse, in the
sense that he prefers a sure profit over something unsure but with a potentially higher payoff. Then,
the scenario of the parameter s being as high or as low as possible is ideal for him. Put differently, if the
distribution has a high degree of asymmetry, then by using the MVS ordering policy, the newsvendor
can be fairly certain of getting a nearly optimal profit. This is actually rather intuitive, since a high
degree of asymmetry tells us much about the distribution and narrows down possible demand scenarios.
Contrast this with the Scarf ordering policy, which optimizes over a much larger set of scenarios, not

all of which are probable. Clearly, the model that optimizes the profit while taking into account this
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Figure 2.4: Sensitivity of the optimal order quantity and the worst-case bounds against the unit cost
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high degree of asymmetry would fare much better.

Now let us examine how the optimal policies vary as the parameters of the newsvendor model are
changed. Figures 2.4 and 2.5 plot the optimal ordering quantity ¢ and percentage bound improvement as
a function of the cost to price ratio and semivariance, respectively. The percentage bound improvement
simply refers to the percentage increase of optimal MVS profit over the optimal Scarf profit. We can

see from Figure 2.4 that the MVS ordering policy follows the same general trend as the Scarf policy
1
2
the mean demand. If ¢/p > %, the policy is to stock less than the mean demand. The MVS model

over the ¢/p range. Scarf [33] observes that if ¢/p < 5, the MV model suggests stocking more than
on the other hand has a slightly altered policy, which suggests stocking less than the mean demand if
c/p > %(1 —s), and more otherwise. We observe that the bound improvement of the MVS model can be
extremely large, especially for large values of ¢/p. We can also see in this figure that the MVS policy is
less conservative since ¢* is zero only for a small region. The jumps we observe in the plot of ¢* indicate
that there is in fact a range of quantities that maximize the worst-case profit. In Figure 2.5, we see that
the Scarf policy remains static over all degrees of asymmetry. This figure further emphasizes the fact
that the bound improvement is greatest at the limits of s. For instance, as s approaches 1, the MVS

optimal profit is almost three times the Scarf optimal profit.

2.4 Application: Payoff of a European Call Option

We can apply the worst-case bounds with mean, variance and semivariance to the payoff of an option.

Consider a European call option with a strike price K which matures at some future time. Let S be
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the uncertain stock price at the maturity date. The expected payoff of the option at maturity is
Ef((S - K)"),

where the expectation is taken with respect to the known probability distribution f. We mentioned
carlier that the Black-Scholes framework assumes that the underlying stock price S follows a lognormal
distribution process. Instead of making such a strong assumption, we assume that the distribution f
belongs to a parametric set of distributions of known moment information. Lo [26] finds the tight upper

bound on the expected payoff of the call option under mean and variance information. In particular,

~ J— Kiyg 'fK< M
Ef((S—K)+) < 5—1{“”1‘72’ ; ! 1 > ;ﬂ%ﬁﬂ’
T+§ (M—K) + o4, if K > TR

for all stock price distributions with mean y and variance o?. This bound is in fact can be derived from
the Scarf bound. The tight lower bound on the expected payoff is the Jensen’s bound (u — K)*. In
fact, if the expectation is taken with respect to the risk-neutral stock price distribution, then the option
price is simply the expected payoff discounted by the risk-free rate. Thus, if the moments are taken
from the risk-neutral stock price distribution, then we can also find a range of option prices by using
discounting the payoff bounds by the risk-free rate.

Since one of the stylized facts about the distribution of stock prices is its asymmetrical nature, then
it is more reasonable to compute the optimal bounds only against distributions exhibiting asymmetry.

A less conservative model must include some form of information about the degree of asymmetry. We
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assume that the set of distributions can be described by known mean p, variance o and normalized
semivariance s. Corollary 2.1 provides a tight closed-form expression for the upper bound of a call
option’s expected payoff. Corollary 2.2 on the other hand provides an SOCP formulation for the
problem of finding the optimal lower bound for the expected payoff. These are direct corollaries from
our results for the newsvendor model by setting ¢ = K, p = 1 and ¢ = 0. Similar bounds can also be
found for the expected payoff of a European put option. If these moments are taken with respect to
the risk-neutral distribution, then the corollaries also provide an upper and lower bound on the current

option price.

Corollary 2.1. Consider a European call option with a strike price K maturing at some future time.
Suppose the distribution of the stock price at maturity has mean p, standard deviation o and normalized

semivariance s. Then an upper bound for the expected payoff of the option is

( _ 2 .
po K+ U K e[0.8],
_ 2 . [ _
n— K+ 525, K e |5n—5\17]
32— K) + V=2, K€ =5yt 5y
1 2 . [ o
Srent iK€ |t g1+ 50
o2b . [
bt IR - 2 - (L= b2+ 7 K e [u B o).
where
b1 (1—s)o?
=1

Moreover, among the set of nonnegative distributions parameterized by (u, 0, s), there exists a distribu-

tion with at most three support points that achieves this bound.

Corollary 2.2. Consider a Furopean call option with a strike price K maturing at some future time.
Suppose the distribution of the stock price at maturity has mean p, standard deviation o and normalized

semivariance s. If K < pu, then a lower bound on the expected payoff is found by solving

sup p—t—3(1+s)o%y — (1 —s)o?y,
1,m,y1,Y2,T1,72,73
s.t. t—K~|—y12\/(t—K—y1)2~l—(1"—71)2,

t—K—f—yg‘l‘TQZ\/(t_K_yQ_72)2+(T+(M_K)7-2)27
t—p+plp— K)ms+y2+ 73

> \/(t—u+u(u—K)Tz—yz—73)2+(7“—1+(2M—K)73)2,
T1,72,73 Z 0.
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Figure 2.6: Bounds on expected payoff of a call option (x = 100, 0 = 50).

Otherwise, if K > u, then a lower bound is found by solving

sup p—t—3(1+s)0%y — (1 —s)o?ys
67,Y1,Y2,T1,T2,73
s.1. t—p+y+mn 2 \/(t*,u*yl*7'1)2+(7"*1*(K*M)71)2,

t— K+ (K = g+ > /(= K + (K — p)m — y0)* + (r — )",

t—u+y2+732\/(t—u—y2—73)2+(7“—1+/ﬁg)2,
7—177—277—320-

Figure 2.6 plots the upper and lower bounds on the call option’s payoff. The plot on the left, which
corresponds to a model with asymmetry, shows that for a fixed strike price, the range of payoffs (i.e.
the difference between the bounds) is small under the MVS model. On the other hand, the second
plot shows the two bounds being further apart. In both cases however, the range of possible payoffs
under the MV model is much larger. What we conclude from this example is that if the stock price
distribution is known to be asymmetric, then there is merit in using the MVS model to price an option,
since it can narrow down the range of possible future expected payoffs without being too restrictive in

its assumptions.

3 Ambiguity-Averse, Risk-Averse Newsvendor

In Section 2, the newsvendor is assumed to be risk-neutral whose primary concern is in maximizing the

expected profit. Intuitively however, we expect knowledge of asymmetry to greatly affect the policies
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of a risk-averse newsvendor who greatly penalizes losses. A newsvendor who is risk-averse evaluates
the quality of the ordering policy based on the risk he faces on the random loss. Is there a connection
between a newsvendor’s utility and how he defines risk? Ben-Tal and Teboulle [4],[5] explicitly define
a connection between utility and risk by introducing the notion of the optimized certainty equivalent

(OCE). For a random loss Z and a normalized concave utility function u, the OCE is defined as:

Su(®) =sup{—v+Ef (u(v —12))}.
veR
The OCE can be interpreted as the sure present value of a future uncertain income v — Z. Suppose a
newsvendor expects an uncertain future profit of v — & by investing part of it at present. If he chooses
to invest v, the resulting present value is then —v + E (u(v — Z)). The optimized certainty equivalent
is then a result of an optimal allocation of the payoffs between present and future consumption. The
OCE risk is defined as:

Consider the general class of functions u(xz) : ® — [—o00,00) that are proper, closed, concave and
nondecreasing utility functions with effective domain dom(u) = {t € R : u(t) > —co} # (). Assume that

the utility function satisfies the properties
u(0) =0 and 1€ du(0),

where Ou(-) denotes the subdifferential map of u. It is shown in [4] that for this class of utility functions,
pu(Z) is a convex risk measure, in the sense that it satisfies a set of axiomatic properties (see Félmer and
Schied [18]; Fritelli and Gianin [19]). In particular, it meets the conditions of monotonicity, translation

invariance and convexity. Moreover, for piecewise linear utility functions with two pieces of the form

yox, if x <0,
u(z) = .
vz, if x>0,

for some v9 > 1 > ~; > 0, p,(Z) defines a coherent risk measure, in the sense that it satisfies a
more stringent set of axiomatic properties (see Artzner et al. [1]). That is, in addition to satisfying
the previous properties, it is also positive homogeneous. The following definition specializes OCE risk

measures for the class of piecewise linear utility functions.

Definition 3.1. Let u(x) = i I{HHK {agz + b} be a piecewise linear concave utility function satisfying

=1,...,

the following three properties:
1.ay>a>-->aq>1>a41>-->ag >0,
2.bp, >0 fork=1,...,K and by =0,

3. a; > 1 implies that b1 = 0.
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Property 1 implies that the utility is a piecewise linear increasing function. Property 2 implies that
the utility is zero at = 0 and this is attained at the [th piece. Properties 1, 2 and 3 ensure that the
value 1 is a subgradient for the utility function at = 0. For a piecewise utility function that satisfies
Definition 3.1, the corresponding OCE risk

pu(Z) = inf {v ~Ef (kr{linK {ap(v — %) + bk}> }

veER Jeees

is a convex risk measure.

An implicit assumption of the OCE risk is that the distribution f of the random loss £ must be
known for the expectation to be defined. Again, this assumption seems unrealistic, since in most
practical applications, the distribution of a random variable is unknown. Instead, we make a more
conservative assumption that the actual distribution f lies in a parametric set of distributions F. The

worst-case OCE risk is then defined as:
51615? {v - }IgF E; <k_11111nK {ag(v —Z) + bk}> } . (3.1)

If & represents the loss of a newsvendor, an ambiguity-averse newsvendor will choose to minimize the
worst-case OCE risk. We can think of the worst-case OCE risk as an ambiguous risk measure since
it is defined over a set of distributions. Ambiguous risk measures have been studied in the context
of portfolio management (Calafiore [10]; Natarajan, Sim and Uichanco [29]). Calafiore [10] considered
the ambiguous variance of a portfolio defined over the set of distributions lying within some distance
from a nominal one. On the other hand, Natarajan et al. [29] studied the worst-case OCE risk of
portfolio returns when the multivariate distribution of asset returns is assumed to have a known mean
and covariance matrix. With a positive and negative partitioning of the random returns, they provide
a bound on the worst-case OCE risk (which is not necessarily tight) in the form of a compact SOCP.
In fact, we can provide a tight bound on the worst-case OCE risk owing to the one dimensional
nature of the random variable in our problem. Let Z be the difference between some benchmark M and

the random newsvendor profit for a given quantity g. That is,
=M — pmin{d7 q} + cq.

A possible benchmark can be (p — ¢)u, which is the optimal expected newsvendor profit under the
scenario that the newsvendor can place the order after the demand is observed. Therefore, T represents

the cost of not knowing the demand beforehand. We can then write (3.1) as

;gﬁ{v - }IéfFEf (kr{nnK {mm (ak(v — M + pd — cq) + b, ap(v — M + (p— ¢)q) + bk) }) } :

The expression inside the expectation operator can be thought of simply as a piecewise utility function
on d with 2K linear pieces. Suppose F consists of the distributions of d with mean 1, variance o2,
normalized semivariance s and nonnegative support. In other words, we partition d at w1 such that

d—p= (ci -t = (- d~)+ We can use the technique in Appendix A to convert the problem into an
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SOCP. The optimal quantity ¢ that minimizes the worst-case OCE risk of the newsvendor profit can be
found by solving;:

. 1 2 1 2
inf . v—t—5(1+s)c%y — 5(1 —s)oy
q7U7t7T1y17?J27>\i )Ty

ag(v—M+pu—cq)+by—t—u
2\/(ak(vfM+ppfcq)+bk7t+y1)2+(akpfrfo)a Vk=1,..., K,
ar(v =M+ (p—c)g) + b —t -y
> \/(ak(U—M+(p—c)q)+bk—t+y1)2+(—r—)\’f)z, VE=1,...,K,
ar(v—M +pp—cq) + by —t —y2 + 75
2\/(ak(v—M+pu—cq)+bk—t+yg—T§)2+(—akp+r—,u7-§)2,
Vk=1,... K,

s.t.

ap(v—M+ (p—c)q) +bp —t —ya + N5
2\/(ak(v—M—f—(p—c)q)—l—bk—t+y2—)\]2“)2—|—(T—HAIQ“)Q, Vk=1,...,K,
ATk >0, Vi=1,2, Vk=1,...,K.

Note that by setting v = 0 and M = 0, the problem is equivalent to maximizing the worst-case expected
utility of the newsvendor profit. The OCE risk has a general form and can admit a wide variety of
risk measures. We have been assuming throughout this section that the underlying utility function
has a piecewise linear form. In fact, we can approximate general nonlinear utilities using a piecewise
linear function. In other words, our approach also provides an approximate method to optimize the
worst-case OCE risk if the underlying utility is a nonlinear function. In the following example, we show

an application of our method to a popular risk measure.

3.1 Example: Conditional Value-at-Risk

The conditional value-at-risk (CVaR) is a popular risk measure in finance. It is related to the value-at-
risk (VaR) measure. By definition, with respect to a specific probability level a, the a-VaR is the lowest
amount of loss v such that, with probability «, the loss will exceed that amount v. The a-CVaR on the
other hand is the conditional expectation of losses above that amount v. The conditional value-at-risk
of a random loss & can be written as

CVaR,(Z) = ;lge {fv+(1- @) 'E; (max{0,7 — v},

for some risk tolerance parameter a € (0,1). Values of & commonly considered are 0.90,0.95 and 0.99.
We can define the loss as the difference between some benchmark M and the newsvendor profit, that is
=M — pmin{ci, q} + cq. For a given order quantity ¢, the worst-case CVaR of the newsvendor profit
is:

. _ _ —1 - . _ N_ _ .
;relge{v (1—a) }rel%Ef(mm{O,v M +pd—cq,v— M+ (p c)q})}

2

Suppose F consists of all distributions f with known mean p, variance ¢, normalized semivariance

s and nonnegative support. Then the problem of minimizing the worst-case a-CVaR is equivalent to
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solving the following SOCP problem:

inf v— 2= (t+ 51+ s)a%y + (1 — 5)0?ys)
q,v,t,r,y1,y2,7F
s.t. —t—y > \/(—t+y1)2+ (-r -7

U—M+pufcq*tfy12\/(U*M+pu*cq7t+y1)2+(P*T*Tf)2’
v—M+(p—c)q—t—y12\/(U—M+(P—C)q—t+y1)2+(_T_Tf’)Q’

—t— Yo+ T > \/(—t+y2—721)2+(7"_l”21)2’
U_M+p,u—cq—t—y2+7'222\/(U—M+pu—cq—t+y2—722)2+(_P‘H’_/“'g)Qv

U—M+(p—0)q—t—y2+7232\/(U—M+(p—6)q—t+yz—r§’)2+(T—WS)Q,
™ >0, i=1,2, k=1,2,3.

In fact, we can also find an SOCP formulation for the problem of minimizing the worst-case CVaR
under just mean and variance information using the same technique (see Appendix A for details).

Figures 4.1 and 4.2 show how the optimal policy of a risk-averse newsvendor changes as the param-
eters of the model vary. As a point of reference, the optimal policy of a risk-neutral newsvendor under
the MVS model is also plotted. The optimal risk-averse policies are found by solving SOCP formula-
tions. Figure 4.1 shows how the policies of four newsvendors (with varying risk preferences) changes as
the cost to price ratio increases. The plot on the top simply shows the optimal bounds which appear
to be steadily decreasing as a function of ¢/p. Let us focus our attention on the second plot, which
shows the optimal ordering quantities. Observe that for small ¢/p ratios, the optimal policies of the four
newsvendors are almost similar. However, as the cost to price ratio increases, the risk-averse newsven-
dors become more and more conservative. The newsvendor with the lowest risk tolerance (o = 0.95)
is the most conservative of the four. The less risk-averse the newsvendor becomes, the more his policy
resembles the risk-neutral policy.

Now let us examine Figure 4.2, which shows how the policy changes as the normalized semivari-
ance increases. Observe that, for a wide range of values of s, the highly risk-averse newsvendors
(a = 0.95,0.90) adopt a conservative policy of not ordering anything. Note that when s is small, the
distribution’s variance is mostly concentrated on the interval below the mean. Intuitively, a distribu-
tion that is negatively skewed must have a small s value. Put differently, if the demand distribution is
negatively skewed, then a risk-averse newsvendor should choose not to order. This is in huge contrast
with the risk-neutral newsvendor who in fact orders more when s is small. Intuitively, this makes sense
because, when there is a large variance for small levels of demand, then we expect the newsvendor profit
to also have a high variance. Then a risk-averse newsvendor might choose to protect against this risk by
ordering nothing. We also compare the MVS policies and the policies under mean and variance infor-
mation in Figure 4.3. The leftmost plots correspond to the policies of a less risk-averse newsvendor. We
observe that the mean-variance policies are rather counterintuitive, since they recommend conservatism
for less risk-averse newsvendors, even if the distribution is positively skewed. The MVS model on the

other hand recommends adaptive policies that are appropriate for the level of risk tolerance.

22



1500

N e 95% CVaR
& 1000f 4 - = =90% CVaR
g —+— 75% CVaR
@ 500
3
ol — =tk
-500 ‘ ‘ 1 1 J
0 0.2 0.4 0.6 08 !
c/p
300
----- 95% CVaR
= = =90% CVaR
200+ A : —+— 75% CVaR
‘o Risk neutral
100 -,
O N N e~ e
~, \
0 i i \'\ m
0 0.2 0.4 0.6 08 1
c/p

Figure 4.1: Sensitivity of the optimal order quantity and the worst-case CVaR against the unit cost to

unit price ratio ¢/p (s = 0.8,¢=1,u = 100,00 = 50, M = (p — c)u).

4 Conclusion

We have introduced a decision-making framework under which the expectation of a piecewise linear
objective function is optimized over a set of distributions that have similar asymmetry properties. In
particular, this asymmetry is represented by the first two moments of multiple random variables that
result from partitioning the support of the original distribution. The method can be applied to several
variants of the newsvendor problem and to option pricing. In a risk-neutral setting, a closed-form
expression for the worst-case newsvendor profit can be found under mean, variance and semivariance
information. In fact, due to the second-order nature of our proposed model, closed-form expressions
for optimal bounds can generally be found. We have also shown through illustrative examples that if
the distribution is known to have a high degree of asymmetry, then the upper and lower bounds on our
proposed model can be very close. This suggests that our model is useful especially for applications

where the underlying distribution is known to be asymmetric.
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Appendix A General Partitioned Model

Consider a single random variable Z with a support set A C . We can partition the support set in
the following manner. Let {A;}}_, being non-overlapping intervals whose union is A (see Figure A.1).
Therefore,
E=hi(#),
i=1

where

if Ai7
hi(q:):{ x, UxreE

0, otherwise.

We can view each h;(Z) as a new partitioned random variable. If we have limited information on the
distribution of Z, say, the mean and variance, then this gives no light as to any asymmetry information.
However, introducing the p partitioned random variables gives us an idea of how distribution is divided

among the support subintervals. Consider the expectation over a piecewise linear function of

Ef (kr{nnK {arT + bk}> :

If T represents a random payoff, we can interpret the piecewise linear function as some form of utility

function. Using the partitioning, we can rewrite the expectation as

p
E; <k=qu~r~1,K {ak ; hi(Z) + bk}> .

If we have mean and variance information on each of the partitioned random variables, then a robust
approach is to optimize the objective subject to the known information. Consider the problem of

minimizing the objective, that is

p
GPm = irflf Ef( r{lin {akzhz(j)+bk}>
: =1

k=1,...,
s.t. Ef(hi(f)):ui, Vi:1,...,p
Bp(hi(2)?) = p? + 0%, Vi=1,...,p,
Ef(1) =1,

We can think of the MVS model as a special case of the partitioning with p = 2. But for a model with
more than two partitions, a valid question remains: how do you define reasonable partitions? We believe
that partitions can naturally result from the model. For instance, they may come from quantiles of the
empirical distribution. This choice of partitioning not only has theoretical value, but also leads to “fair”
estimates of the moments given finite realizations of Z. In other words, each partitioned random variable
will have moment estimates using roughly the same number of samples. This enforces estimation errors

to be spread out among the partitions.
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By Isii’s [22] strong duality theorem, if the moments of the problem lie strictly in the interior of the

feasible moment cone, then the problem is equivalent to the dual formulation

p P

sup  t+ > ripi + Y yilpl +07)

t,risYi i=1 i=1 (A.1)
st. t4+rztyr?<ax+by, VreA, Vi=1,....p,Vk=1,... K.

There are a total of Kp constraints in the dual problem. In the previous section, we found a closed-
form expression to the dual problem in the simple case of K = 2 and p = 2. Closed-form expressions
may prove to be complicated for models with multiple partitions or piecewise functions with multi-
ple linear pieces. However, we show that we can in fact write the dual problem into a second-order

cone programming problem by invoking the widely used S-lemma, which we state here for completeness.

Proposition A.1 (S-lemma). Consider two quadratic functions of z € RV, ¢;(z) = 2/B;z + 2biz +¢;,
i =0,1, with q1(2) > 0 for some z. Then

@(z) >0 Vze{z:q(z) >0}

if and only if there exists T > 0 such that

co  bg @ b} 0.
by By b1 B

Each interval A; C R can either be bounded, unbounded above, or unbounded below. We show how to
convert the constraints in (A.1) to a second-order constraints if the interval is bounded. The other two
cases can be handled in a similar manner. Suppose A; = [z;,T;], where z; < T; and z;,T; are finite.

Then the set of all x that belong in A; can be written as
{reR: (z—2;)(x—7) <0}.
By directly applying S-lemma, we can write the K constraints
t+rz+yia? <agx+by, Veed, Vk=1,..., K

as the positive semidefinite constraints

g — Ty _ T+ T
bk — 1 B k —Z;T; 9 k
ar — T _T’i 22_'_51 EO, Ti 207 Vk’zl,,K
5 —Yi 5 -1

Notice that the constraints only require 2 x 2 matrices to be positive semidefinite. In fact, we can

rewrite each of the K positive semidefiniteness constraints into the following simpler form:

b —t + 2, Ttk > 0,

o — (4 TR\ 2
(0~ -+ aaint) (st 7f) = (BB ERI )
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for kK = 1,..., K. The last inequality simply means that the determinant of the matrix must be
nonnegative. Note that this constraint includes a hyperbolic term. We can further cast the constraints

into the following second-order constraints (see Lobo et al. [27]):

_ _ 2 _ 2
b — t+ zTiT) — Y + 1) > \/(bk —t+aTirl oy —7F)" + (e — i — (2 + T)7))”,
k=1,... K.

By a similar idea, if A; is unbounded above with A; = [z;,c0), then the corresponding K constraints in

the dual form (A.1) can be written as:

by —t + 2,7} —y; > \/(bk—t+£ﬂf+yi)2+(ak—Tz’—Tf)Q, k=1,... K.

On the other hand, if A; = (00,Z;] , then the corresponding constraints are:

bk—t—gﬂf—yiz \/(bk—t—zﬂl-k%—yi)z—l-(ak—ri—l—Tf)g, k=1,...,K.

Finally, we can write the dual problem as an SOCP. Let I be the set of all indices ¢ for which A; is
bounded. Also denote I, (and I_,) for indices in which A; is unbounded above (and below). Thus,

minimization problem GFP,, can be solved through the following SOCP:
P P ) )
sup b4+ >0 i+ 30 yilps +o7)
triYis Ty i=1 =1
st. b —t+zTTF -y +7F > \/(bk —t+ T + oy — Tik)Q + (ap —ri — (z; + fi)TZ-k)Q,
Viely, Vk=1,... K,
2 2
bk—t-l-gﬂf—yi > \/(bk —t—l—&ﬂf—i—yz') + (ak —Tz'—Tik) )
Vi€ lw, Ve=1,... K,
2 2
b, —t — x,;7F —y; > \/(bk —t—zmF +y)” + (ak — i+ 7F),
Viel o, VE=1,... K,

k>0

A Y

Vi=1,...,K, Vk=1,...,K.

The SOCP formulation can be solved efficiently using interior point methods (see Nesterov and Ne-
mirovski [30]). Its optimal solution can be found using modern solvers such as CPLEX, MOSEK,
SDPT3 or SeDuMi.

In fact, with some minor modifications, we can also find an equivalent SOCP formulation for the

problem of maximizing the objective:

P
GPy = sup Ey ( min {ak > hi(z) + bk}>
f k=1,...K i=1

s.t. Ef(hl(f)) = Mg, \V/’L'Zl,...,p
Ef(hi(2)*) = p? +02, Vi=1,...,p,
Ef(1) =1,
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Figure A.1: Example of a partition for A = R with K = 3 and p = 5.

We can assume without loss of generality that a; > as > --- > ax. Let ¢ be the point of intersection
between the kth and (k+1)th linear piece, i.e. agcp+bgp = axyick+brr1. Let us define new subintervals
Ay = A0 [ck—1,ck), fori=1,...,pand k =1,..., K. We define ¢9 = —o0 and cxg = co. Figure A.1
illustrates how this new partition is constructed.

If the moments of the problem lie strictly in the interior of the feasible moment cone, then the
problem is equivalent to

p p
inf ¢+ 30 i+ Y yi(p +of)
1,r3,Yi i=1 i=1

st t4+rz 4 yz? > i I{linK{ak;:cﬂ—bk}7 Vee A;, Vi=1,...,p,

or, equivalently,

p p
inf £+ > i+ Y yi(p? +o?
JdnE 2 it 2wkt o) (A.2)

st.  t+rx oy > apx + by, Vz € Ay, Vi=1,...,p, Vk=1,..., K.

Note that if the interval A is empty, then the corresponding constraint is ignored. We can therefore
apply the same method of casting the constraints (A.2) into SOCP constraints as before. Suppose z;;,
and T;;, are the lower and upper bounds of interval A;; (if they exist). Let Iy consist of all (i,k) for
which A;j, is bounded, and I, (I_o) consist of all (i, k) for which A, is unbounded above (below).
The maximization problem G Pj; can be solved through the following SOCP:

p p
inf ot DS i+ Y yi(pf + 0F)
1,73,Y4,T; i=1 i=1
_ _ 2 _ 2
st. —bp+t+ Ttk 4y +TF > \/(_bk: +t+ 2 Tatl — vy — 7F) "+ (—ap + i — (@ + Tae)TF)

\V/(’L,k) S fo,
—b +t+ 2T Y > \/(—bk bt agtE —u)’ o+ (map =) V(LK) € I,

(2
—bp +t —zyr +yi > \/(—bk +t—zyTF — yi)2 + (—ap +ri + TZ-"“)Q, V(i, k) € I,
mF >0, V(ik)€lgUloUT .
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Appendix B

B.1 Proof of Theorem 2.1

To derive the closed-form solution for the worst-case expected newsvendor profit, we consider various
forms of dual feasible solutions. For each form, we will construct a primal feasible distribution that
satisfies the dual objective value. For ease of derivation, define d; = (d — pu)* and dy = (u — d)*.
Let 02 = mq + ms and so? = m; — ms. The lower bound in Proposition 2.1 is now equivalent to the

condition that %(ml +mg) < p?. We can write the dual problem as

MVSp(q) = sup t+yimi+ yame
tﬂ‘,yhy2
st. t—rz+yx® <plx+pu) —cqg, Y0<2z<p,
t—rz+ya? < (p— c)g, V0 <z < p,
t4+rx +yx? <plx+p) —cq, Yr>0,
t+rz+y2? < (p—c)g, Yz > 0.

Note that primal feasibility requires the following conditions on the moments: E(d;) = E(ds), E(d?) =
mi, E(dg) — mo; and the support conditions: dq > 0, dy € [0, u], and didy = 0. Observe that zero is

always one of the support points for dy and ds.

Case 1: ¢ < p
Under this case, it is not difficult to verify that (p — ¢)q < p(x + p) — ¢q for all x > 0. Therefore,

MVSp(q) = sup t+yimi+ yame
tar7y17y2

st. t+rz+yr? < (p—e)g, Yo >0
t—rz+y? < (p—c)q VO <z < p,
t—rx+yr? < —plx —p) —cq, Y0<z < p

Let us define the piecewise functions fi(z) = (p—c¢)q and fo(z) = min{(p — ¢)q, —p(x — p) — cq}. Define
also the quadratic functions g (z) = t+rz+y12? and go(x) = t —rz+yex?. The quadratic functions are
related in exactly two ways. First, they share the same y-intercept. Second, at x = 0, g;(x) increases
(or decreases) at exactly the same rate of decrease (or increase) of go(z). Figure B.1 illustrates a feasible

solution to the dual problem.

Case 1(a): Arbitrary d, distribution, two-point distribution for ds (with one support point
at p). Suppose g1(x) = fi(z). Furthermore, suppose ga(z) intersects with fo(x) at the points 0 and pu.

Therefore, we have the relationships:

t=(p— g (B.1)

r=0, (B.2)

y1 =0, (B.3)
t—rp+yop® = —cq, (B.4)
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9,(x)

Figure B.1: Graphical illustration of functions satisfying feasibility conditions of the dual problem under

the case when ¢ < p.

which define a unique dual solution. The solution is dual feasible if —r 4+ 2you > —p, or equivalently if
q < §. The dual objective value is
pma
Zia=(p—c)q— 7(1‘

We now construct a primal feasible distribution from the dual solution. For a dy distribution with
support points {0, 4} to have second moment mg, the probability of being nonzero must be exactly %
By Proposition 2.1, this probability does not exceed 1. From the primal feasibility conditions, it follows
that Pr(d; > 0) = Pr(do = 0) =1 — " E(d1) = E(dy) = “2 and E(d?) = my. Therefore, we have the
conditional moments for d~1:

Eld|d, > 0] = E[d — p|d > p] = 472
E(d?|d, > 0] = E[(d — p)?|d > p] = B2

Observe that )
Bld|d; > 0] - (E[ledl > 0]) >0

is always true by Proposition 2.1. In fact, we can always find a two-point d; distribution that satisfies
these conditional moments. Thus, we can construct a three-point d distribution satisfying these con-
ditions (with one support at zero and two above u). We find that this distribution achieves a primal

objective equal to Zi4. Therefore, if 0 < ¢ < &, we have

MVS(q) = (p— c)g — 22g.

112

Case 1(b): Arbitrary d; distribution, two-point distribution for dy. Suppose gi(z) = fi(x).

Due to the relationship of the quadratic functions, this implies that go(z) intersects the line (p — ¢)g
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exactly once at = 0. Further suppose that go(z) intersects —p(x — ) — cq exactly once. Therefore,

we have that

=(p—o0)g, (B.5)

r=0, (B.6)

Yy = O, (B?)

(r—p)® — dya(t — ppu+ cq) =0, (B.8)

which define a unique dual feasible solution achieving the dual objective
pima
A(p—q)

Let us construct a primal feasible distribution from the dual solution. Note that go(x) intersects

Ziy=(p—c)qg—

—p(x — p) — ¢q at 2(u — q). For a dy distribution with support points {0,2(y — ¢)} to have second

moment ms, the probability of being nonzero must be exactly 4("‘72)2. For now, assume that 4(% <

(1—q 7 p—q)* =
1. From the primal feasibility conditions, it follows that Pr(d; > 0) = Pr(de = 0) = 1 — ﬁ,
E(dy) = E(dy) = Q(qu) and E(d?) = m;. Therefore, we have the conditional moments for d;:
Eldi|dy > 0] = B[d — pld > ] = 22240,
o~ ~ ~ i (—g)2
E[d|d) > 0] = El(d - p)?d > 1] = 7

These conditional moments are valid if and only if
o I 2
Bld|d; > 0] — (E[d1|d1 > 0]) >0,

or equivalently, if ¢ < pu — %52,/ % Note that this range automatically implies that M;"fz’qp <1
Under the range of g, we can always find a two-point d, distribution having these conditional moments.
Moreover, the support points of ds are feasible only if 2(n — q) < p. Therefore, in this range, we can
construct a primal feasible three-point d distribution (with one support at 2¢ — u and two above p).

We find that the constructed distribution achieves a primal objective equal to Zy;. Therefore, if

B q<p— m2 M)
2 2 mime
we have
pma

MVS(q)=(p—c)g— 77—

Case 1(c): Two-point distribution for Jl, two-point distribution for do. Suppose dy+dy >0

and dids = 0. Under this case, there is a unique primal feasible two-point support distribution for d1

and dy. Define
_ [mi+ma
ry = ma mims

_ mi1+m
Ta= M2 Sy
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Then z; and x5 are the nonzero support points of d; and ds, respectively. Suppose g1(z) intersects
f1(z) exactly once at x;. Further suppose that go(x) intersects the line —p(x — ) — ¢q exactly once at

2. Then the following relationships must hold:

r? — 4yt — (p—c)q) =0, (B.9)
—r

_ B.10

2y1 X1, ( )

(r— p)2 — dys(t — ppu + cq) = 0, (B.11)
r—p

= B.12

2y2 1.27 ( )

r >0, (B.13)

where the last inequality is necessary in order for the dual variables to be feasible. There is a unique

solution to the equality constraints attained by the following variables

_ gmatpmy 1 mima | _
t = p( mi+ma 2 m1+m2> “q,

r = 2p mims ml(qﬁu)_’_l mimso
m1\/ mi+ma \ mi+ma2 2\/ mi+mza )’
_ —pma malg=p) 4 1 [ mimy
h mi(mi+ma) \ mi+ma 21/ mit+ma )
_ pmy ma(g—p) _ 1 [ mime
Y2 = ma(m+1+ma) \ mi+mao 2\ mi+ma )’

which achieves the dual objective value
g (me + pumy mima >
le =P - — Cq.
mi + mg mi + mg

mi1+me
mimae

The solution is feasible if r > 0, or equivalently, ¢ > u — %2 . Now let us construct a primal

feasible solution from the intersection points of the dual solution. Consider the two-point distribution

mi+ma ma

J: W+ mi4/ mamg WD g
_ mi+mo mi

p—ma mimsa ’ WP mitma

We can easily verify that the constructed distribution satisfies the known moments. Also, because
of Proposition 2.1, it follows that the support points are nonnegative. We find that the distribution

achieves an expected payoff equal to Z;.. Therefore, for

mo  [Mm1 + mo
M_T — <q <,
mims

qma + pumq mims
MV S(q) = — | —— ] —«q.
(@) p( mi + mo \ ml—i-mg) 1

we have
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(p-c)a — (¥

pu—cq

Figure B.2: Graphical illustration of functions satisfying feasibility conditions of the dual problem under

the case when g > p.

Case 2: g > u
Under this case, it is not difficult to verify that —p(z — u) — cqg < (p — ¢)q for all x > 0. Therefore,

MVSp(q) = sup t+yimy+ yamsa
thvylva

st. t+rz+yr? <plx+up)—cq, Vr>0,
t+re+yx? < (p—c)q Y >0,
t—rx+yew? < —plx —p) —cq, Y0<z < p

Define the piecewise functions fi(x) = min{p(x + u) — cq, (p — ¢)q} and fo(z) = —p(x — p) — cq. Define
also the quadratic functions g1 (z) = t +rz +y12? and go(z) = t — 7z + yo2?. Like before, the quadratic
functions share the same y-intercept. And at = 0, g1(x) increases (or decreases) at exactly the same

rate of decrease (or increase) of go(z). Figure B.2 illustrates a feasible solution to the dual problem.

Case 2(a): Two-point distribution for d1, two-point distribution for dy. Similar to our
discussion in Case 1(c), we know that there is a unique two-point distribution for each d; and dy that
satisfies the given moments if J1 + Jg > 0 and JldQ = 0. These nonzero support points for Jl and Jg
are x1 and zy (defined in Case 1(c)), respectively. Suppose gi(z) intersects fi(z) exactly once at x;.
Also, suppose g2(x) intersects fa(x) exactly once at zo. In fact, this case is similar to Case 1(c) since
relationships (B.9)—(B.12) must hold. Instead of constraint (B.13), we must require r < p for feasibility.

The solution of the dual problem is the same as the previous case, with the dual objective value

7 qma + pmg m1m2
2a =P - —cq.
my + mo my + ma

Note that the solution is dual feasible if r < p, or equivalently, ¢ < p + "5

mi+mo
mimsa

. We have shown

earlier, there is a two-point d distribution that is feasible and achieves the dual ob jective Zs,. Therefore,
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for

m m1+m
pEaSpt oy,
2 mims

qma + pmq [ mima
MV S(q) = - = — | — ] —«q.
(q) p( mi + Mmso m1+m2> 1

Case 2(b): Two-point distribution for d,, arbitrary dy distribution. Suppose g2(x) is exactly

we have

the line —p(x — ) — cq. Due to the relationship between the two quadratic functions, this also implies
that g1 (x) intersects the line p(z + u) — cq exactly once at z = 0. Further suppose that ga(x) intersects

(p — ¢)q exactly once. In other words, the following relationships must hold:

r=p, (B.14)

t=pu— cq, (B.15)

y2 =0, (B.16)

r? —dyi(t — (p - ¢)g) = 0. (B.17)

This gives a unique solution for the dual variables. The dual objective value is
pmi
Aq — p)

Now let us construct a primal feasible distribution from the dual solution. Note that gi(x) intersects

Zop = pp— cq —

(p — ¢)q at exactly 2(q — p). For a d; distribution with support points {0,2(q — x)} to have a second
moment m1, the probability of being nonzero must be exactly A‘(q”zilu)% For now, suppose that 4((1"171’02 <

1. Primal feasibility implies that Pr(dy > 0) = Pr(d; = 0) =1 — 4((1@71’1)2, E(dy) = E(d)) = 2(211#) and

E(d3) = my. Therefore, the conditional moments of dy must be:

Blds|dy > 0] = Bl — dld < p] = i 020
2

Bld3|d> > 0] = Bf(s — d)’|d < ) = 2500

These conditional moments are valid if and only if:

Eldo (1 — dy)|dy > 0] > 0,
- Lo 2
E[d2|dy > 0] — (E[dg\dg > o]) >0
This is equivalent to the condition that
my1 [my+mgy pmai
+ < q<pt+t—.
2 mi1ms 2me

Moreover, this range of ¢ automatically implies that 4(;’171“)2 < 1. In fact, under this range of g, we can

always find a two-point ds distribution with these conditional moments. Thus, we can construct a primal
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feasible d distribution with three support points (one at 2¢ — p and two below p). This distribution

achieves a primal objective value equal to Zo,. Thus, for this range of g,

pmy

MV S(q) =pp—cq— m

Case 2(c): Three-point distribution for d,, two-point distribution for d (with one support
point at p). Suppose gi(x) intersects fi(x) exactly twice at strictly positive values. Further suppose

that go(z) is convex and intersects fa(x) at u. Therefore the following relationships must hold:

(r—p)* —dyi(t —pp +cq) = (B.18)
P2 dy(t — (p — c)g) = (B.19)
t—rp+yop® = —cq, (B.20)

r>p. (B.21)

The last inequality constraint is needed in order for the quadratic functions to remain below piecewise
functions. By eliminating the variable y; in the first two equations, we can get a second-order equation
in r:

(q—p)r* +2(t— (p—c)g)r — p(t — (p — c)q) = 0.

One of the two roots of the equation violates the condition that r does not exceed p. Therefore, we

must choose

~(t-(p-c)q) ++/(t—(p—r0c)q (t—pu—i—cq)
(¢—n)
We can also write the remaining variables as functions of t:

T =

_ (t=(p—9)@)+(t—putcg)—2y/(t—(p—c)q) (t—pu-+tcq)
o= 4(q—p)? )

—  _(t=pute) —(t—pptcq)+1/(t—(p—c)q) (t—putcq)
2= I + wlg—p) :

Thus, the dual objective as a function of ¢ is:

b+ gt — (P —c)a) + (4((1@71“)2 -3 - u(?f“)> (t — pp+cq)
b (s = i) = (o= )t = pi + ca)

Let us define the variables

a = mip  _ _mo
2(q—p)?  plg—p)’
_ m2
w2

The derivative of the objective function is then

(t—(P—C)Q)+(t—PM+CQ).
2./t—(p— )t — pu+cq)

a-+b—
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Assume that a is negative, or equivalently, ¢ > p+ Q”T:L’; . It is not difficult to verify that due to the lower

bound in Proposition 2.1, 2a + b > 0 for all values of q. Therefore, a + b > 0. Equating the derivative

to zero and solving for ¢, we find that

_p _la—platb))
t_2<Q+” b(2a + b) )

We can easily check that this value does not exceed pu — c¢q. Thus, we have the following dual feasible

/b
r = g(l‘i‘ m),

_ __p b
Y= Tig-wV 2atb

_ plg—p) (at+d) P ( /b
Y2 = o (\/b(Qa-I-b) 1>+2“< 20+b 1)’

and the dual objective simplifies to

variables:

p
chzi(fwbqf(qfu) b(2a+b)) - cq.

Now let us construct a primal feasible distribution from the intersection points of the dual solution.

Consider the distribution:

p+ (g —p) 1—\/@ , W.p.%(b—{—(b—((lq__bx) %—s—b)’
vt (s EE). o 3o (-5 o)

0, w.p. 1 —b.

All the probabilities take values within the range of 0 to 1 by Proposition 2.1. Moreover, the moments
of the primal problem are satisfied. We can verify that expected profit achieved by the constructed
distribution is exactly equal to Zs.. Thus, for

m
qzwrL L,
2mo

we have

MVS(q) = 5(pn+bg—(q—p) b(2a+b))—cq

by —+/(bg — p)? — (1 - b)%p2 +m1b) —cq.

[\CIRS I TS

Combining all the cases and letting m; = (1 + s)0?/2 and mg = (1 — s)0?/2, we get the closed-form

expression. ]
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B.2 Proof of Theorem 2.2

The worst-case profit MV S(q) is concave and continuous in g. Note that unless the profit is maximized
by a range of ¢, the optimal quantity can only occur at 0 or in Regions (ii), (iv) or (v) (as defined in

Theorem 2.1). Let ¢* be an order quantity that maximizes MV S(q). Define

* _ o (1—8)
Gy = H= 35\ o
Uy = LT3 (1—55 <,

* T (pb 20) (148)02b—2(1—b)2 2
q(”) ) + \/ 2¢(pb—c) )

which are the unconstrained maximizers of the aggregate functions in Regions (ii), (iv) and (v), re-

spectively. Suppose % >1- (1;5202. Then MV S(q) is strictly decreasing in Region (i). This implies

that the function is strictly decreasing for ¢ > 0. Thus, ¢* = 0. Note that qz‘u) lies in Region (ii)
if 2(1—-s) < £ <1-— % Under this case, ¢* = q(;;). Similarly, ¢, lies in Region (iv) if

p =
—S 20'2 . . * * c S)"o
%((11+s)) < £<L %(1 — s). If this is true, then ¢* = U0 Finally, 1f 2%, then MV S(q) is

c
P
increasing in Regions (i) to (iv). Therefore, the maximum is attained in Reglon (v). Thus, ¢* = - U
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