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Abstract

This paper proposes a control parametrization under Model Predictive Controller (MPC) framework for constrained linear

discrete time systems with bounded additive disturbances. The proposed approach has the same feasible domain as that

obtained from parametrization over the family of time-varying state feedback policies. In addition, the closed-loop system is

stable in the sense that the state converges to a bounded set that has a characterization determined by a feedback gain.
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1 Introduction

This paper considers constrained linear discrete-time

system with additive disturbances:

xt+1 = Axt + But + Dwt, (1)

(xt, ut) ∈ Y, wt ∈ W for all t ≥ 0 (2)
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where xt ∈ Rn, ut ∈ Rm are the state and control of

the system at time t respectively, wt ∈ W ⊂ Rp is the

disturbance on the system at time t and Y represents

the joint state and control constraints imposed on the

system.

The control of such systems has been addressed in the

literature. One popular approach is the Model Predic-

tive Controller (MPC) where a finite-horizon (FH) op-

timization problem is solved at every time t. It is quite

well known (Bemporad, 1998; Chisci, Rossiter & Zappa,

2001; Löfberg, 2003; Mayne, Rawlings, Rao & Scokaert,

2000) that the optimization is to be over families of feed-

back policies for stability and conservatism considera-
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tions. One popular parametrization (Bemporad, 1998;

Chisci et al., 2001; Rossiter, Kouvaritakis & Rice, 1998;

Lee & Kouvaritakis, 1999; Mayne, Seron & Raković,

2005) of the feedback policies is ut = Kxt + ct where K

is fixed and ct is the new variable. An advantage of this

fixed-gain parametrization is the available characteriza-

tion of the asymptotic behavior of the closed-loop sys-

tem. Specifically, it can be shown that the state of the

closed-loop system converges to the minimal invariant

set of xt+1 = (A + BK)xt + Dwt (Chisci et al., 2001).

However, the domain of initial states for which the FH

problem admits a feasible solution is limited in size be-

cause of the somewhat restricted family of feedback poli-

cies considered.

More recent works (Löfberg, 2003; Goulart, Kerrigan

& Maciejowski, 2006) consider larger families of feed-

back policies in an effort to reduce conservatism. The

family of affine time-varying state feedback law appears

promising as it includes the fixed-gain parametriza-

tion as a special case. However, direct parametrization

with affine time-varying state feedback is unappealing

as the resulting FH problem is not computationally

tractable(Löfberg, 2003). Instead, Löfberg (2003) and

van Hessem & Bosgra (2002) propose a parametriza-

tion based on disturbance feedback as a means for

implementing affine time-varying state feedback law.

Specifically, for a horizon of length N , the control is

ui =
∑i−1

j=0 Mi,jwj + vi for i = 0, · · · , N − 1 where Mi,j

and vi, i = 0, · · · , N − 1 are the optimization variables.

This parametrization has the advantage that the cor-

responding FH problem is convex and admits efficient

computational procedures. Recently, Goulart et al.

(2006) shows the equivalence of the feasible domains us-

ing ui =
∑i−1

j=0 Mi,jwj + vi and the affine time-varying

state feedback law. They also show that, under mild

assumptions, the origin of the closed-loop system is

input-to-state stable (ISS) under the MPC control law

derived using the disturbance feedback parametrization.

This paper proposes a control parametrization based

on the popular and intuitive form of ui = Kxi + ci, i =

0, · · · , N − 1 where each ci is an affine function of dis-

turbances. As shown in the sequel, this parametrization

admits a feasible domain that is the same as those pro-

posed by Löfberg (2003) and Goulart et al. (2006). To-

gether with a specific choice of the cost function, the

proposed approach admits a characterization of the as-

ymptotic behavior of the closed-loop system under mild

assumptions. Consequently, the approach provides no

less conservatism compared to the other two approaches

with a stability result similar to those of fixed-gain para-

metrization.

The rest of this paper is organized as follows. This

section ends with notations used, assumptions needed

and a brief review of standard results. Section 2 dis-

cusses the proposed control parametrization and estab-

lishes the equivalence of its feasible domain to those us-

ing disturbance feedback. The properties and choices of

objective functions are discussed in section 3. Compu-

tational issues of FH optimization problem is given in

section 4. Section 5 takes on the feasibility and stability

results of the closed-loop system. Numerical examples

and conclusions are contents of the last two sections.

The following notations are used. Zk denotes the in-

teger set {0, 1, · · · , k}; given a vector x ∈ Rn, matrices

A ∈ Rn×m and B ∈ Rp×q: A⊗B is the Kronecker prod-

uct of A and B; vec(A) =

[
AT

1 · · · AT
m

]T

∈ Rnm is the

stacked vector of columns of A. A Â (º)0 means that

square matrix A is positive definite (semi-definite). For
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any A Â 0, ‖x‖2A = xT Ax. 1r is a r-vector with all ele-

ments being 1, I` is the ` × ` identity matrix. Boldface

characters are used for collections of vectors or matrices

over the horizon.

The system (1)-(2) is assumed to satisfy the following

assumptions: (A1) the system (A,B) is controllable, D

is full column rank; (A2) the set

Y = {(x, u)| Yxx + Yuu ≤ 1q} ⊂ Rn+m (3)

is compact; (A3) the random variable wt is uncorrelated

from instant to instant, has zero mean, covariance matrix

Σw and

wt ∈ W := {w| Hw ≤ h} ⊂ Rp (4)

where W is a bounded set, contains the origin and h ∈
Rr; (A4) A constant feedback gain Kf ∈ Rm×n is given

such that Φ := A+BKf has a spectral radius ρ(Φ) < 1.

Assumption (A1) is standard. The characterizations of

Y and W in (A2) and (A3) are made out of the need

for a concrete computational representation. Assump-

tion (A3) is mild and can be satisfied by many distur-

bance models. Assumption (A4) is easily satisfied under

(A1) and is made for convenience. Under (A1)-(A4), Kol-

manovsky & Gilbert (1995), (1998) show that, for suffi-

ciently small W satisfying (A3), a constraint-admissible

maximal disturbance invariant set,

Xf , {x| Gx ≤ 1g}, (5)

exists for some integer g and is bounded. This means that

Φx + Dw ∈ Xf , (x,Kfx) ∈ Y for all x ∈ Xf and for all

w ∈ W . It is also known (Kolmanovsky & Gilbert, 1998)

that the state of the system xt+1 = Φxt+Dwt converges

to the minimal disturbance invariant set, F∞, given by

F∞ = DW + ΦDW + Φ2DW + · · · . and that F∞ is

compact.

2 Control parametrization

Suppose the FH problem has a horizon length N . Let

xi|t, ui|t be the ith predicted state and ith predicted con-

trol respectively within the horizon at time t. The choice

of ui|t takes the form





ui|t = Kfxi|t + ci|t

ci|t = di|t +
∑N−1

j=1 C−j
i|t wi−j|t

i ∈ ZN−1 (6)

where di|t ∈ Rm, C−j
i|t ∈ Rm×p. Clearly, ci|t is an affine

function of wi−j|t, j ∈ ZN−1, a set of N −1 disturbances

preceding time t+i. Also, wi−j|t is a realized disturbance

if i−j < 0 or a future (unknown) disturbance if i−j ≥ 0.

If (6) is applied onto (1), then it can be shown that

xi|t = Φix0 +
i−1∑

j=0

Φi−1−jBcj|t +
i−1∑

i=0

Φi−1−jDwj|t (7)

and xi|t depends linearly on past disturbances wk|t, k ∈
Zi−1 following the structure of ci|t. To simplify nota-

tions, let

xt = [xT
0|t xT

1|t · · · xT
N|t]

T ∈ R(N+1)n,

ut = [uT
0|t uT

1|t · · · uT
N−1|t]

T ∈ RNm,

w−
t = [wT

−(N−1)|t · · · wT
−1|t]

T ∈ W− := W × · · · ×W,

w+
t = [wT

0|t wT
1|t · · · wT

(N−1)|t]
T ∈ W+ := W × · · · ×W,

wt = [(w−
t )T (w+

t )T ]T ∈ W− ×W+

where w−
t is the collection of realized disturbances at

time t and w+
t is the collection of future disturbances

at time t. The variable Kf is assumed to be specified

and the rest of the variables in (6) can be collected in

Ct ∈ RNm×(2N−1)p and dt ∈ RNm as
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C−
t =

2666666666666666664

C
−(N−1)

0|t C
−(N−2)

0|t · · · C−2
0|t C−1

0|t

0 C
−(N−1)

1|t · · · C−3
1|t C−2

1|t

...
...

. . .
...

...

0 0 · · · 0 C
−(N−1)

N−2|t

0 0 · · · 0 0

3777777777777777775
,

C+
t =

2666666666666666664

0 0 · · · 0 0

C−1
1|t 0 · · · 0 0

...
...

. . .
...

...

C
−(N−2)

N−2|t C
−(N−3)

N−2|t · · · 0 0

C
−(N−1)

N−1|t C
−(N−2)

N−1|t · · · C−1
N−1|t 0

3777777777777777775
,

Ct = [C−
t C+

t ] and dt = [dT
0|t dT

1|t · · · dT
N−1|t]

T . Using

these notations and others, the FH optimization using

the control parametrization of (6), referred hereafter as

PN (dt,Ct; xt,w−
t ,Kf ), is

min
dt,Ct

JN (dt,Ct)

s.t. xt = Axt + But + Gwt (8)

ut = Kxt + dt + Ctwt (9)

(xi|t, ui|t) ∈ Y ∀ w+
t ∈ W+, i ∈ ZN−1 (10)

xN |t ∈ Xf ∀ w+
t ∈ W+. (11)

In the above, K = [IN ⊗Kf 0],

A =

2666666666666666664

In

A

A2

...

AN

3777777777777777775
, B =

2666666666666666664

0 0 · · · 0

B 0 · · · 0

AB B · · · 0

...
...

. . .
...

AN−1B AN−2B · · · B

3777777777777777775
and

G = [G− G+] =

2666666666666666664

0 · · · · · · · · · 0 0 0 · · · 0

...
. . .

... D 0 · · · 0

...
. . .

... AD D · · · 0

...
. . .

...
...

...
. . .

...

0 · · · · · · · · · 0 AN−1D AN−2D · · · D

3777777777777777775
where G− corresponds to the submatrix of all zero in G
and G+ the rest; Xf is the maximal disturbance invariant

set as given in (5); JN (dt,Ct) is an appropriate cost

function whose details are discussed in Section III.

Clearly, the FH problem depends on design variables

(dt,Ct), system variables xt,wt and other system para-

meters like A,B, D and Kf . The system parameters are

assumed fixed and references to them will be omitted for

notational simplicity, unless warranted by context. Let

the FH feasible set be

ΠN (xt,w−
t ) = {(dt,Ct)|PN (dt,Ct; xt,w−

t ) is feasible.}

and the set of admissible initial states be

XN = {x|ΠN (x,w−
t ) 6= ∅ for all w−

t ∈ W−}. (12)

The rest of the MPC formulation is standard:PN (dt,Ct; xt,w−
t )

is solved at each time t and the very first term of

(d∗t ,C
∗
t ) = arg min PN (dt,Ct; xt,w−

t )

is applied to system (1). Hence, the MPC control law is

ut = Kfxt +ct := Kfxt +d∗0|t +
N−1∑

j=1

(C−j
0|t )∗w0−j|t (13)

The parameterizations by Löfberg (2003) and Goulart

et al. (2006) differs from (6) and has the form

ut = vt + Mtw+
t (14)
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where

vt =




v0|t

v1|t

...

vN−1|t




, Mt =




0 · · · 0 0

M0
1|t · · · 0 0

...
. . .

...
...

M0
N−1|t · · · MN−2

N−1|t 0




are the variables of ut. The connection between (9) and

(14) are given in the following result.

Theorem 1 Let xt ∈ Rn, Kf ∈ Rm×n and a realization

w−
t be given. For any choice of (Mt,vt) that defines ut

in (14) and the corresponding xt in (8), there exists a

(dt,Ct) in (9) which yields the same sequences ut and

xt and vice versa.

Proof. For notational simplicity, the subscript t is

dropped from all variables and xt is denoted, without

loss of generality, as x0. Equations (8) and (9) can be

rearranged as


x

u


 =




I −B

−K I




−1 

Ax0 + Gw

d + Cw




:=

26664 Axx0 + Bxd + BxC
−w− + (BxC

+ + G+
x )w+

Aux0 + Bud + BuC
−w− + (BuC

+ + G+
u )w+

37775 . (15)

The inverse matrix in (15) exists since ϕ := (I −BK)−1

exists due to the block lower triangular structure of B
and K (see Appendix A for expressions of ϕ, Ax, Au,

Bx, Bu, G+
x and G+

u ). Comparing the expressions of u of

(15) with (14), it follows that

Bu(d + C−w−) = v −Aux0 (16)

BuC+ = M− G+
u . (17)

In the above, C+, Bu, M and G+
u are block lower triangu-

lar matrices (see Appendix A) and, hence, (M,v) can be

expressed in terms of (d,C). To show that (d,C) can be

expressed in terms of (M,v), note that Bu is invertible

since B−1
u = I−K(ϕ−1+BK)−1B = I−KB. Then C+ =

(Bu)−1(M− G+
u ) and d = (Bu)−1(v −Aux0)−C−w−

for any choice of C−. 2

The above result is not entirely unexpected since (9),

except for the K term, subsume (14). A less obvious

result regarding properties of XN is stated next.

Lemma 2 For any pair of (ŵ−
t , w̃−

t ) ∈ W− × W−,

ΠN (x, w̃−
t ) 6= ∅ implies ΠN (x, ŵ−

t ) 6= ∅ and vice versa.

Proof. (⇒)ΠN (x, w̃−
t ) 6= ∅ implies that there exists

(d̃, C̃−, C̃+) feasible to PN (dt,Ct; xt,w−
t ). This also

means that there exists (ṽ, M̃) such that (16)-(17) hold

for (d̃, C̃−, C̃+). Let Ĉ− = 0, d̂ = B−1
u (ṽ − Ax) and

Ĉ+ = B−1
u (M̃ − G+

u ) and (d̂, Ĉ−, Ĉ+) is feasible to

PN (dt,Ct; xt,w−
t ) following Theorem 1. (⇐) Obvious

by the symmetry of (ŵ−
t , w̃−

t ). 2

An immediate consequence of Lemma 2 is that XN of

(12) can be equivalently stated as

XN , {x|∃w−
t ∈ W−such that ΠN (x,w−

t ) 6= ∅}.
(18)

Remark 3 Suppose the FH optimization problem has

(9) replaced by (14) and XM
N is the corresponding set

of admissible initial states. The above result means that

XN = XM
N .

Remark 4 Characterization (18) allows a simple veri-

fication of the condition x0 ∈ XN . For any w−
t ∈ W−,

x0 ∈ XN if and only if PN (dt,Ct;xt,w−
t ) admits a fea-

sible solution.
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Remark 5 As XN = XM
N , it may appear that the vari-

able C− is superfluous. Its inclusion is needed in ensur-

ing stability of the closed-loop system and will become

obvious in sections 3 and 5.

3 Choice of objective function

The cost function of PN (dt,Ct;xt,w−
t ) is

JN (dt,Ct) :=
N−1∑

i=0

Ji|t(ci|t) :=

N−1∑

i=0


‖di|t‖2Ψ +

N−1∑

j=1

‖vec(C−j
i|t )‖2Λ


 (19)

for some Ψ Â 0 and Λ Â 0. This choice of cost function

is motivated from consideration of the standard linear

quadratic (LQ) cost and hence preserve the use of the 2

norm. It is possible to show, with additional notations,

that the results of Theorem 7 remain true if the 1,∞
norm or any norm function of ci|t is used for Ji|t in (19).

The choices of Ψ and Λ can be arbitrary so long as they

are positive definite. Insights to their selections can be

made by considering the following treatment of standard

LQ cost. Consider the expected LQ cost of

VN (xt,ut) = Ewt [

N−1X
i=0

(‖xi|t‖2Q + ‖ui|t‖2R) + ‖xN|t‖2P ] (20)

where (‖xi|t‖2Q + ‖ui|t‖2R) and ‖xN |t‖2P are the stage

and terminal costs respectively. Q º 0 and R Â 0 are

standard weight matrices for state and control devia-

tions respectively and P Â 0 is the unique solution of

P = AT PA − AT PB(R + BT PB)−1BT PA + Q, the

algebraic Riccati equation. For this choice of P , it is

well known that the term
∑N−1

i=0 (‖xi|t‖2Q + ‖ui|t‖2R) +

‖xN |t‖2P =
∑∞

i=0(‖xi|t‖2Q + ‖ui|t‖2R) and the meaning of

VN is clear: it is the expected cost-to-infinity, measured

by Q,R matrices, at the current time. To see the con-

nection to JN , let K̂f = −(R + BT PB)−1BT PA be the

infinite-horizon optimal feedback gain for the choices of

Q and R. With these choices, theorem 11.2 of (Åström

& Wittenmark, 1997) shows that

N−1X
i=0

(xT
i|tQxi|t + uT

i|tRui|t) + xT
N|tPxN|t

= xT
0|tPx0|t +

N−1X
i=0

‖ui|t − K̂fxi|t‖2(R+BT PB) +

N−1X
i=0

wT
i|tPwi|t

+

N−1X
i=0

h
(Axi|t + Bui|t)

T Pwi|t + wT
i|tP (Axi|t + Bui|t)

i
. (21)

Following (6) and (7), the terms xi|t and ui|t on the right

hand side of the preceding equation are linear functions

of past disturbances wj|t, j < i. Taking the expected

value, the last term on the right hand side of (21) van-

ishes following assumption (A3). In addition, the first

and third terms of the right hand side are constants.

This yields

VN (xt,ut) = xT
0|tPx0|t + Ntrace(ΣwP ) + Ewt(

N−1X
i=0

cT
i|tψci|t)

(22)

where ψ = R + BT PB. The last term of (22) is exactly

J(dt,Ct) of (19) if Ψ = ψ and Λ = Σw ⊗ψ. This can be

seen from

N−1X
i=0

Ewt

"
(di|t +

N−1X
j=1

C−j
i|t wi−j|t)

T ψ(di|t +

N−1X
j=1

C−j
i|t wi−j|t)

#
=

N−1X
i=0

"
(di|t)

T ψdi|t +

N−1X
j=1

trace
h
Σw((C−j

i|t )T ψC−j
i|t )
i#

=

N−1X
i=0

"
(di|t)

T ψdi|t +

N−1X
j=1

vec(C−j
i|t )T (Σw ⊗ ψ)vec(C−j

i|t )

#
.(23)

The last line results from E
[
wT Xw

]
= trace(XΣw) =

trace(ΣwX) = vec(XT )T vec(Σw) and vec(AXB) =

(BT ⊗A)vec(X). ψ is positive definite since R is positive

definite and P is positive definite. Σw ⊗ ψ is positive

(semi)definite since Kronecker product of two positive

(semi)definite matrices is also positive (semi)definite

(Theorem 4.2.12 of Horn & Johnson (1991)).

As the first two terms of (22) are independent of

(dt,Ct), the minimization of JN (dt,Ct) has the same

6



effect on the system as the minimization of VN (xt,ut)

over (dt,Ct), or, more succinctly, the same effect as the

minimization of the expected cost-to-infinity.

4 Computation of FH problem

Inequalities (10) and (11) can be restated, using char-

acterization of Y and Xf in (3) and (5) respectively, as

Yxxi|t + Yuui|t ≤ 1q, ∀i = 0, · · · , N − 1

GxN |t ≤ 1g

Using expressions of xt and ut from (15), the above can

be written as

Āxt + B̄dt + F̄vec(C−
t ) + max

w+
t ∈W+

[B̄C+
t + Ḡ+]w+

t ≤ 1s (24)

where s = N · q + g and expressions of Ā, B̄, F̄ , Ḡ+ are

given in Appendix B. As every row of the above matrix

inequality must hold for all w+
t ∈ W+, the max operator

is meant to be taken element-wise. If W is characterized

by (4), W+ = {w|H̄w ≤ h̄} with H̄ = IN ⊗ H and

h̄ = 1N⊗h where h̄ ∈ R`, ` = N ·r. Let µi be the ith row

of (B̄C+
t + Ḡ+) and consider the linear program (LP)

max
w+

t

{µiw+
t |H̄w+

t ≤ h̄},
and its dual problem

min
zi

{h̄T zi|H̄T zi = µT
i , zi ≥ 0}

with dual variable zi ∈ R`. It is well known that µiw+
t ≥

h̄T zi for any feasible w+
t and zi and

max
w+

t

{µiw
+
t |H̄w+

t ≤ h̄} = min
zi

{h̄T zi|H̄T zi = µT
i , zi ≥ 0}.

Let Z = [z1 · · · zs] ∈ R`×s be matrix of the dual vari-

ables. Constraint (24) can therefore be stated equiva-

lently as a set of linear inequalities in dt,Ct and Z as

Āxt + B̄dt + F̄vec(C−
t ) + ZT h̄ ≤ 1s,

ZT H̄ = B̄C+
t + Ḡ+, (25)

zi ≥ 0, i = 1, · · · , s

With these results, the computation of the solution to

PN (dt,Ct; xt,w−
t ) corresponds to a convex problem

with quadratic cost function (19) and linear constraints

(25) in dt,Ct and Z.

5 Feasibility and Stability

This section deals with the existence of feasible solu-

tion of PN (dt,Ct;xt,w−
t ) at various t followed by the

stability of the overall closed-loop system under the feed-

back law (13).

Theorem 6 If PN (dt,Ct;xt,w−
t ) has an optimal solu-

tion, so does PN (dt+1,Ct+1;xt+1,w−
t+1) under the feed-

back law (13).

Proof. The proof follows standard argument. Let

(d∗t ,C∗
t ) be the optimal control of PN (dt,Ct; xt,w−

t )

at time t and denote the optimal ui|t in (6) by its

parameters c∗i|t, i.e., ut(d∗t ,C∗
t ) is represented by

[c∗0|t, · · · , c∗N−1|t]. Let

ût+1(d̂t+1, Ĉt+1) :=
[
c∗1|t, · · · , c∗N−1|t, 0

]
(26)

and it is feasible to PN (dt+1,Ct+1; xt+1,w−
t+1) follow-

ing the disturbance invariant property of Xf . Since

JN (dt,Ct) is continuous, coercive and convex, it follows

from Weirestrass theorem that the optimal (dt+1,Ct+1)

exists at time t + 1. 2

Theorem 7 Suppose x0 ∈ XN and assumptions

(A1-A4) are satisfied. System (1)-(2) under MPC
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control law (13) has the following properties: (i)

(xt, ut) ∈ Y for all t ≥ 0, (ii) limt→∞ ct = 0 element-

wise, (iii) xt → F∞ as t → ∞, (iv) limt→∞ E
[
xtx

T
t

]
=

Σ∞, where Σ∞ = ΣT
∞, ΦΣ∞ΦT = Σ∞ −DΣwDT and

Φ = A + BKf .

Proof. (i) Suppose w−
t ∈ W− has been realized and

x0 ∈ XN . It follows from Lemma 2 and Remark 4 that

there exists a feasible solution to PN (dt,Ct;x0,w−
t ), or

an optimal solution since PN is convex in (dt,Ct). With

this, the stated result follows from Theorem 6.

(ii) Let J∗t := JN (d∗t ,C
∗
t ) be the optimal J at time t

and Ĵt+1 := JN (ût+1(d̂t+1, Ĉt+1)) where ût+1 is given

by (26). Then the following inequality holds true

J∗t − J∗t+1 ≥ J∗t − Ĵt+1 = J∗0|t ≥ 0 ∀ t (27)

where Ji|t is as defined in (19). Hence, {J∗t } is a

monotonic non-increasing sequence and is bounded from

below by zero. This means that J∞ := limt→∞ J∗t ≥ 0

exists. Repeating (27) for t from 0 to ∞ and summing

them up, it follows that

∞ > J∗0 − J∞ ≥
∞∑

t=0

J∗0|t ≥ 0

which implies that limt→∞ J∗0|t = 0. Since Ψ and Λ are

positive definite, this implies that limt→∞ d0|t = 0 and

limt→∞ C−j
0|t = 0 ∀ j = 1, · · · , N − 1 and the stated

result follows.

(iii) The system state under (13) is

xt = Φtx0 +
t−1∑

i=0

Φt−1−iBci +
t−1∑

i=0

Φt−1−iDwi.

The first term on the right approaches zero as t → ∞
since ρ(Φ) < 1 and the second term approaches zero

following property (ii). The last term corresponds to a

point in the set Ft := DW + · · ·+ Φt−1DW , which ap-

proaches F∞ as t →∞. Hence the stated result follows.

(iv) Let x∞ := Σ∞i=0Φ
iDwi. Then E(x∞) = 0 and

E(x∞xT
∞) = Σ∞ = DΣwDT +ΦDΣwDT ΦT + · · · (28)

following the assumptions that E(wi) = 0 and

E(wiw
T
j ) = E(wi)E(wj)T = 0, i 6= j in (A3).

By pre- and post- multiplications of Φ and ΦT of

(28) respectively, it is easy to see that Σ∞ satisfy

ΦΣ∞ΦT = Σ∞ −DΣwDT and Σ∞ = ΣT
∞. 2

6 Example and discussion

The performance of the proposed MPC control law is

illustrated on an example system. The system consid-

ered is that used in Chisci et al. (2001) with system pa-

rameters and constraints given by:

A =




1.1 1

0 1.3


 , B =




1

1


 , D =




1 0

0 1




Q =




1 0

0 1


 , P =




1.9992 −0.2629

−0.2629 1.0859




Kf =

[
−0.74343 −1.0922

]
, R = 0.01,

Y = {(x, u)| − 1 ≤ u ≤ 1, x ∈ R2},

W = {w| ‖w‖∞ ≤ 0.12}, Σw = diag[0.048 0.048].

Terminal set Xf is chosen to be the maximal constraint-

admissible disturbance invariant set of (1) under u =

Kfx. Following the development in Section 3, Ψ = ψ =

2.5593 and Λ = Σw ⊗ ψ = diag[0.1228 0.1228]. Com-

parison with the proposed approach is also made with

the approaches of Chisci et al. (2001) and Goulart et al.

(2006). The performances of all 3 approaches for the case

where N is 9 and x0 = [−6.9 2.3]′ are shown. Figures

1 and 2 show the state and control trajectories respec-

tively. In Fig. 1, Xf and an outer bound of F∞, F̂∞ are

8



shown. The outer bound F̂∞ is used because the exact

F∞ is not computable. The procedure for computing F̂∞

follows that given in (Ong & Gilbert, 2006). It is clear

from these figures that xt stays within F̂∞ as t → ∞
and that the constraints are satisfied at all time.

−7 −6 −5 −4 −3 −2 −1 0 1 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

x1

x
2

F̂∞

Xf

Fig. 1. State trajectories of 3 approaches. ◦ - the proposed

approach, × - Chisci et. al. and ? - Goulart et.al.

0 5 10 15 20

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

t

u
t

Fig. 2. Control trajectories of 3 approaches. ◦ - the proposed

approach, × - Chisci et. al. and ? - Goulart et.al.

Since the three cost functions are attempts to mini-

mize the cost-to-infinity in the LQ sense, it is of interest

to compare the total LQ cost for these three approaches.

In Chisci et al. (2001), the cost function used (in the ter-

minology of this paper) is
∑N−1

i=0 dT
i|tΨdi|t and Goulart

et al. (2006) uses the nominal LQ cost,
∑N−1

i=0 (‖x̃i|t‖2Q +

‖ũi|t‖2R) + ‖x̃N |t‖P where x̃i|t and ũi|t are the nomi-

nal state and control respectively without disturbance

consideration. For this purpose, Fig. 3 shows the total

cost against time. The total cost at the current time is

sum of the cost from i = 0 till i = t − 1 and the cost-

to-infinity, i.e., L(x(t); x0) :=
∑t−1

i=0(‖xi‖2Q + ‖ui‖2R) +
∑∞

t (‖xi‖2Q + ‖ui‖2R). As the cost-to-infinity depends

on the disturbance realization, it is approximated by

Lt(x0) =
∑t−1

i=0(‖xi‖2Q +‖ui‖2R)+‖xt‖2P . It is worth not-

ing that Fig. 3 is typical for other starting points and

disturbance realizations.

0 2 4 6 8 10 12 14 16 18
130

140

150

160

170

180

190

t

L
t

Fig. 3. The total LQ cost for x0 for the 3 approaches. Solid

line - the proposed approach, dash line - Chisci et. al. and

dash dot line - Goulart et.al.

The next experiment shows the sizes of XN for the

proposed approach and that of (Chisci et al., 2001).

The intention is to show the differences between the

parametrization of (6) and the parametrization of

ut = Kfx + ct where ct is a direct variable of the FH

problem, exemplified by the work of Chisci et al. (2001)

and others. For comparison purpose, let Q(Xf ) =

{x|∃u, (x, u) ∈ Y s.t.Ax + Bu + Dw ∈ Xf∀w ∈ W},
the set of states that can be brought into Xf in one

step and Qr = Q · · ·Q(Q(Xf )), the r-times repeated

application of Q(Xf ). In general, the computation of

XN is expensive. An estimate of it can be obtained by

checking over a grid of points in the x space according

to Remark 4. Fig. 4 shows 3 sets: X̂9, the approximation

of X9; XR
9 , the feasible domain of (Chisci et al., 2001);

9



and Q9, the 9-step Q set. As shown from the figure, X9

is almost indistinguishable from Q9 but is appreciably

larger than XR
9 .

−10 −5 0 5 10
−3

−2

−1

0

1

2

3

x1

x
2

XR
9

X̂9

Q9

Fig. 4. Comparison of admissible sets

7 Conclusions

A new parametrization is proposed for MPC of con-

strained linear systems with disturbances. This parame-

trization has the same feasible domain as that achieved

by parametrization using affine time-varying state feed-

back law but admits a stronger stability result - the

closed-loop system state converges to the minimal ro-

bust invariant set F∞ asymptotically. This is achieved

using a cost function motivated from the expectation of

standard LQ cost.
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A Appendix

ϕ = (I − BK)−1 =

2666666666666666664

I 0 · · · 0 0

BKf I · · · 0 0

...
...

. . .
...

...

ΦN−2BKf ΦN−3BKf · · · I 0

ΦN−1BKf ΦN−2BKf · · · BKf I

3777777777777777775
.

26664 I −B

−K I

37775
−1

=

26664 ϕ ϕB

Kϕ KϕB + I

37775 .

Ax = ϕA, Bx = ϕB, G+
x = ϕG+,

Au = KϕA, Bu = I +KϕB, G+
u = KϕG+.

and they are used in the expression of (15).

B Appendix

Let Ȳx = IN ⊗ Yx, Ȳu = IN ⊗ Yu,Y =

26664 Ȳx 0 Ȳu

0 G 0

37775 .

Then

Ā = Y

26664Ax

Au

37775 , B̄ = Y

26664 Bx

Bu

37775
Ḡ+ = Y

26664 G+
x

G+
u

37775 , F̄ = Y((w−
t )T ⊗

26664 Bx

Bu

37775)

where Ax, Au, Bx, Bu, G+
x and G+

u are defined in Appendix

A.
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