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Abstract

In this paper, we focus on a linear optimization problem with uncertainties, having expectations
in the objective and in the set of constraints. We present a modular framework to obtain an approx-
imate solution to the problem that is distributionally robust, and more flexible than the standard
technique of using linear rules. Our framework begins by firstly affinely-extending the set of primitive
uncertainties to generate new linear decision rules of larger dimensions, and are therefore more flex-
ible. Next, we develop new piecewise-linear decision rules which allow a more flexible re-formulation
of the original problem. The reformulated problem will generally contain terms with expectations on
the positive parts of the recourse variables. Finally, we convert the uncertain linear program into a
deterministic convex program by constructing distributionally robust bounds on these expectations.
These bounds are constructed by first using different pieces of information on the distribution of
the underlying uncertainties to develop separate bounds, and next integrating them into a combined
bound that is better than each of the individual bounds. We present an example illustrating how
our framework can be applied to robustly optimize a multi-period inventory management problem
with fill-rate constraints.
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1 Introduction

Traditionally, robust optimization has been used to immunize deterministic optimization problems
against infeasibility caused by perturbations in model parameters, while simultaneously preserving
computational tractability. The general approach involves reformulation of the original uncertain op-
timization problem into a deterministic convex program, such that each feasible solution of the new
program is feasible for all allowable realizations of the model uncertainties. The deterministic program
is therefore “robust” against perturbations in the model parameters. This approach dates back to
Soyster [33], who considered a deterministic linear optimization model that is feasible for all data lying
in a convex set. Recent works using this general approach include Ben-Tal and Nemirovski [3, 4, 5],
Bertsimas and Sim [8], El Ghaoui and Lebret [19], and El Ghaoui et al. [21].

Ben-Tal et al. [2] noted that the traditional robust optimization approach was limited in the sense
that it only allowed for all decisions to be made before the realization of the underlying uncertainties.
They noted that in the modeling of real-world problems with multiple stages, it might be permissable for
a subset of the decisions to be made after the realization of all or part of the underlying uncertainties. To
overcome this limitation, the authors introduced the Affinely Adjustable Robust Counterpart (AARC),
which allowed for delayed decisions that are affinely dependent upon the primitive uncertainties. Chen
and Zhang [16] also introduced the Extended Affinely Adjustable Robust Counterpart (EAARC) as an
extension of the AARC by an affine re-parameterization the primitive uncertainties. In a related work,
Chen et al. [15] introduced several piecewise-linear decision rules which are more flexible than (and
improve upon) regular LDRs, and they show that under their new rules, computational tractability is
preserved.

Typically, robust optimization problems do not require specifications of the exact distribution of
the model uncertainties. This is the general distinction between the approaches of robust optimization
and stochastic programming towards modeling problems with uncertainties. In the latter, uncertainties
are typically modeled as random variables with known distributions, and has been used to obtain
analytic solutions to important classes of problems (see, e.g. Birge and Louveaux [10], Ruszczynski and
Shapiro [29]). In the framework of robust optimization, however, uncertainties are usually modeled as
random variables with true distributions that are unknown to the modeler, but are constrained to lie
within a known support. Each approach has its advantages: if the exact distribution of uncertainties is
precisely known, optimal solutions to the robust problem would be overly and unnecessarily conservative.
Conversely, if the assumed distribution of uncertainties is in fact different from the actual distribution,
the optimal solution using a stochastic programming approach may perform poorly. Bertsimas and
Thiele [9] reported computational results for an inventory model showing that even in the case when the
assumed demand distribution had identical first and second moments to the actual demand distribution,
an inventory policy which is heavily-tuned to the assumed distribution might perform poorly when used
against the true distribution.

A recent body of work aims to bridge the gap between the conservatism of robust optimization
and the specificity of stochastic programming, where solutions to uncertain optimization problems are

sought for partially-characterized uncertainty distributions. In this general theme of work, the modeler



is typically assumed to have access to certain distributional properties of the primitive uncertainties,
such as their support and moments. This approach dates back to Scarf [30], who considered an optimal
single-product newsvendor problem under distributional ambiguity, but with known mean and variance.
Gallego and Moon [23] provided a simpler proof of Scarf’s result and extended the original model to
include recourse and fixed cost. Chen et al. [14] introduced additional distributional properties of forward
and backward deviations, and unified bounds were developed in Chen and Sim [13] for uncertainties with
known support, mean, covariance, forward and backward deviations. El Ghaoui et al. [20] developed
worst-case bounds for chance-constraints on uncertainties, when only the bounds on their means and
covariance matrix were available. In a working paper, Delage and Ye [17] study distributionally robust
stochastic programs when the mean and covariance of the primitive uncertainties are themselves subject
to uncertainty.

Our paper aims to extend this body of work in a similar direction: Adopting a primarily robust
approach, we aim to robustly solve a linear optimization problem with partially-characterized uncertain-
ties. A key feature in our model is that we allow for expectations of recourse variables in the constraint
specifications. Furthermore, our model explicitly handles the non-anticipative requirement which occurs
in many practical problems (e.g. multi-stage problems). The overarching motivation for our work is to
design a general framework for modeling and solving linear robust optimization problems, which can
then be automated. In a parallel work, we are concurrently designing software to model robust problems

within this framework. The key contributions of this paper are summarized below:

1. We present a new flexible non-anticipative decision rule, which we term the bi-deflected LDR,
which generalizes both the previous deflected LDR in [15] and the truncated LDR in See and
Sim [31]. Furthermore, being non-anticipative, our new decision rule is also suitable for multi-
stage modeling. We show that our new decision rule is an improvement over the original deflected
LDR, as well as the standard LDR.

2. We discuss a technique of segregating the primitive uncertainties to obtain a new set of uncer-
tainties. We show that by applying LDRs on the new segregated uncertainties, we obtain decision
rules (which we term Segregated LDRs, or SLDRs in short) that are more flexible than the origi-
nal LDRs, which preserve the non-anticipative requirements of the original LDRs. We study how
these SLDRs can used in conjunction with other partially-known characteristics of the original
uncertainty distribution (such as its mean and covariance) to construct distributionally ambiguous

bounds on the expected positive part of an SLDR.

This paper is structured as follows: In Section 2, we present the general optimization problem that
we attempt to solve, discussing our motivation and some applications. In Section 3, we discuss the model
of uncertainty which we will use for the rest of the paper, and highlight the distributional properties of
the model uncertainties which we assume we have knowledge of. In Section 4, we discuss a tractable
linear approximation to the general problem, and how segregated uncertainties can be used to improve
the quality of the approximation. In Section 5, we present and extend existing known bounds on the

expected value of the positive part of a random variable, which is used in Section 6, where we introduce



the two-stage and non-anticipative bi-deflected LDR and discuss its properties. Section 7 concludes.
The mathematical proofs in this paper are relegated to appendices A, B, and C. In Appendix D, we
present a comprehensive example demonstrating how to use the techniques developed in this paper to

approximately solve a multi-period inventory management problem.

Notations We denote a random variable by the tilde sign, i.e., . Bold lower case letters such as x
represent vectors and the upper case letters such as A denote matrices. In addition, x* = max {z, 0}
and = = max {—z,0}. The same notation can be used on vectors, such as y* and 2~ which denotes
that the corresponding operations are performed component-wise. For any set .S, we will denote by 1g
the indicator function on the set. Also, we will denote by [IN] the set of positive running indices to N, i.e.
[N] ={1,2,...,N}, for some positive integer N. For completeness, we assume [0] = (). We also denote
with a superscripted letter “c” the complement of a set, e.g. I¢. We denote by e the vector of all ones,
and by e’ the i*" standard basis vector. We will use superscripted indices on vectors to index members
of a collection of vectors, while subscripted indexes on a vector denotes its components, i.e. x; = e'x.
Finally, we distinguish between models which are intractable against those that are computationally
tractable, by denoting the optimal objectives of intractable functions with a superscripted asterisk, i.e.
zZ*.

2 Linear Optimization with Expectation Constraints

2.1 General Model

Let Z = (Z1,...2n) be a vector of N random variables defined on the probability space (2, F,P). 2
represents the primitive uncertainties of our model. We do not presume knowledge of the actual joint
distribution of Z. Instead, we shall assume that the true joint distribution P lies in some family of
distributions F. We shall denote by & € R™ the vector of decision variables, representing the here-and-
now decisions which are unaffected by realizations of the primitive uncertainties. We also optimize over
a set of K wait-and-see decision rules (also known as recourse variables), denoted by y*(-) € R, which
are functions of the primitive uncertainties. In general, each decision rule may only depend on a subset
of the primitive uncertainties. For each k € [K], we denote by I C [N] the index set of dependent
uncertainties for y*(-). Furthermore, for any index set I C [N], we denote by Y(m, N, I) the space of

allowable recourse decisions, which are measurable functions, defined as follows:

V(m,N,I) 2 {f RV S Rjm <z + ZAZ-a) = f(2),VA € éRN} (2.1)
il
and
y* € Y(my, N, I,) Vk € [K] (2.2)

For example, if I = {1,2}, and y € Y(m, N, I), then y only depends on the first two components of

the primitive uncertainty vector Z. From a practical perspective, the specific structure of {1 k}le often



translates naturally into practical modeling phenomena. For example, the condition:
LCILC...Clg (2.3)

reflects the non-anticipative requirement in information-dependent modeling (of which multi-stage prob-
lems are a special case) where we have successive revelation of information at each stage. We consider
the ambiguity-averse minimization of a linear expected cost, with a finite set of M linear expectation

constraints. The general problem can be expressed as:

K
Zapnt = min 'z + sup Ep Z do’k/yk (2)
k()LE PeF
e {y* ()}, _, S k=1

K
s.t. 'z + sup Ep Z dl’k/yk(i) <b Vile[M]
PeF P

K (2.4)
T(2)x+ Y UryH(2) = v(2)
k=1
y* < yF(z) <y* Vk € [K]
x>0
y* e Y(my, N, I, Vk € [K]

Where the model data (¢!, d!, T(Z),v(Z)) is deterministic, and we assume that T'(Z),v(Z) are affinely
dependent on Z, given by

N N
T(z) = T°+> 5T | v(z) = "+ 3o
j=1 j=1

For brevity, we adopt the convention here and throughout this paper that (in)equalities involving

recourse variables hold almost surely, i.e.
yE<u o Py <u) =1

The bounds on the recourse variables, gk and ", for each k, are specified constants which can be

infinite:
gk c RpME Y {_Oo}mk (2 5)
y" e R™ U {400}
For ease of exposition later, we will denote the index sets for the non-infinite bounds as follows:
Jk:{ie mg] : ].“>—oo}
J [m] = ¥} (2.6)

T = {i € [ma] : ¥ < +00)

2.2 Motivation

The general model (2.4) that we consider has a linear structure, which may appear overly restrictive.
In this section, however, we will proceed to show how (2.4) can be used to model important classes of

problems with piecewise-linear structures.



2.2.1 Piecewise-linear Utility Functions

In the modelling of certain problems, such as newsvendor-type models, it is common to encounter

constraints of the form sup Ep (y(£)+) < b, which can be modeled in the form of (2.4) using a slack
PeF

decision rule s(Z) as follows

supEp (s(2)) < b

PeF
s(#) = 0 (2.7)
s(z2) > y(2)
S,y € y(m7N7I)

2.2.2 CVaR Constraints

The Conditional Value-at-Risk (CVaR) risk metric was popularized by Rockafellar and Uryasev [28],
and is the best possible convex approximation of the traditional Value-at-Risk (VaR) (Folmer and
Schied [22]), which is commonly used in financial risk modeling and optimization. CVaR possesses
several mathematically desirable qualities above and beyond VaR, qualifing CVaR as a coherent measure
of risk (see Artzner et al. [1]), and is typically parameterized by a level g € (0,1). Furthermore, the -
CVaR can be derived as a special case of the negative optimized certainty equivalent (OCE) introduced
by Ben-Tal and Teboulle [6, 7]. The worst-case f-CVaR when the actual uncertainty distribution P lies

in a family of distributions F can be expressed as

- 7) 2 inf
(- CVaRp(z) inf {v—i-

[ Ep (2 - v)+)} (2.8)

The B-CVaR can be used to approximate chance-constraints, by using the relation below which holds

for any distribution P in the family of distributions F:
B-CVaRp(z) <b = P@>b)<1-p (2.9)

Using a similar argument as (2.7), the constraint 5-CVaRp(y(2Z)) < b, for a scalar-valued decision rule

y(Z), can therefore be expressed as:

v+ supEp (s(2)) < b
— M PeF
s(z) =2 0 (2.10)
s(2) > y(Z)—v
s,y € Y(I,N,I)

3 Model of Uncertainty, U

In the modeling of most problems, even though the problem data contains elements of uncertainty, the
modeler may have access to some crude or partial information about the data. We assume that we
may have knowledge of certain descriptive statistics of the primitive uncertainty vector zZ. Namely, its

support, mean, covariance, and directional deviations (as introduced by Chen, Sim, and Sun in [14]).



In Section 5, we will show how each piece of information, if present, can be used to construct different

bounds in the approximate solution of the general model (2.4).

Support. We denote by W C R the smallest convex support of Z, which can also be unbounded.
There is no loss of generality in assuming convexity, since we can always take W to be the
convex hull of the actual (non-convex) support of Z instead. We further assume that W is a

full-dimensional tractable conic representable set.

Mean. We denote by z the mean of Z. Instead of modeling the mean as a precisely-known quantity,
we consider a generalization in which the mean 2 is itself uncertain, with corresponding (possibly
unbounded) support W. We again assume that W is a tractable conic representable set. This

includes the case of a known mean, which corresponds to W being a singleton set.

Covariance. We denote by X the covariance of Z. Unlike the mean, which we assume to be known up

to a support, we assume that the covariance is precisely known®.

Directional Deviations. While Z may not have stochastically independent components, we may be
able to find a linear transformation of Z, parameterized by a matrix H, € RV*No  that yields a
vector H,z = Z, which has stochastically independent components. We denote by £, the mean

of Z,, which lies in a support set VVU, defined as:

Wo = {H,2:2eW}
We denote by oy and o the upper bounds of the forward and backward deviations of 2z,

ot orp(Zs)

>
op > opp(Zy)

where o p(-), oy p(-) are defined component-wise by Chen, Sim, and Sun [14] as:

orp(Zo)el = oppliey) = sup {\/ 21n Ep (exp (0(Z0,; — éo,j)))/GQ}

ovp(Z,)'e) = opp(Zo;) = sup 2InEp (exp (—0(Z,; — 2o,j)))/92}
>0

for j € [N,]. We consider upper bounds of directional deviations in order to characterize a family

of distributions. We note that numerical values of these bounds can be estimated from empirical

data, and we refer interested readers to Chen, Sim, and Sun [14], Natarajan, Pachamanova, and

Sim [25], or See and Sim [31] for examples of how directional deviations can be estimated and

used.

"While the results in this paper can be extended to the case of unknown covariance (using, e.g., techniques presented
in the working paper by Delage and Ye [17]), this would increase the complexity of the deterministic formulation of the

problem from a second-order conic program (SOCP) to a semi-definite program (SDP).



4 Linear Approximations of the General Model

In general, since there are infinite choices of the form of the decision rule 4*(-), the model (2.4) is gener-
ally computationally intractable (see Ben-Tal et al. [2], Dyer and Stougie [18]). However, by applying a
suitable restriction to the space of allowable decision rules, we can obtain a tractable approximation to
the problem. Instead of considering all possible choices of y*(-) from the space of functions, Y(m, N, I),
we choose to restrict ourselves to Linear Decision Rules (LDRs), where each y*(-) is instead chosen
from the space of affine functions of Z, denoted by L(m,N,I) C Y(m, N, I), and defined as follows:

(4.1)

— 2,0
E(m,N,I):{f%N—)%m3(y07Y>€§)%mx§}%mXN f(Z)—y +YZ }

Ye' =0,Vi¢ I

and we notice that the final condition, Ye’ = 0 enforces the information dependency upon the index

set I. Therefore, using a linear model of recourse, our recourse solution is given by:
v (2) =y + Yz Yk e K]

Using LDRs as our model of recourse, and denoting by F the family of distributions P with dis-

tributional properties as specified in the Model of Uncertainty, Problem (2.4) can be approximated

as:
K K
Z1DR = min A'x+ Z do’k/yo’k + sup (Z do’k/Ykz”>
w,{yo’k,Yk}i(:l k=1 zeWw k=1
K K
s.t. d'z+ Zdlv’f’yovk + sup (Z dl’k/Ykz‘> <b Vle[M]
k=1 Z2EW \k=1
K
T0m+ZUky0’k =’ (4.2)
k=1
K
Tj:c—i—ZUkYkej:Uj Vj € [N]
k=1
gkgyo’k—i-Ykzgyk VzeW Vk € [K]
Yrel =0 Vi ¢ Iy, Vk € [K]

x>0
We formalize this in the following proposition:

Proposition 1 If L(my, N, Ix) is used to approzimate Y(my, N, It), then under the approzimation,
Problem (2.4) is equivalent to Problem (4.2).

Proof : Please see Appendix A.l.
In the transformed problem, we notice that the constraints g"‘ < yO* 1 Ykz < g over all z e W,
as well as the suprema over 2 € W in the objective and first M constraints, can be converted into their

robust counterparts. This will render Problem (4.2) as a tractable conic optimization problem, since W



and W are tractable conic representable sets (see Ben-Tal and Nemirovski [3], Bertsimas and Sim [8]).
In particular, if W and W are polyhedral, then Problem (4.2) becomes a linear program.

Although the restriction to using linear recourse decisions allow a tractable reformulation of the
original problem, the key shortcoming of using LDRs is that the LDR approximation to the general
problem can be infeasible even for very simple constraints (see e.g., the discussion in Chen et al. [15]).
In the remainder of this section, we discuss how we may segregate the primitive uncertainty vector to
obtain a more flexible model of recourse. In Section 6, we further discuss how to exploit the structure

of the constraints to construct even more flexible piecewise-linear decision rules.

4.1 Remapping the Primitive Uncertainty Vector

In the positive-and-negative Segregated LDR introduced by Chen et al. [15], the authors split the original
uncertainty vector into positive and negative half spaces, and applied LDRs to the split uncertainties
in order to increase the flexibility of the LDR. We extend their result, and discuss here how we may
segregate primitive uncertainties into intervals, and more importantly, how we can use the segregated
uncertainties in our modeling framework. To begin, we consider a functional mapping M : R — RNE,
where N > N, that satisfies the following relationship for any z € RV, for some given matrix F €
RNEXN and vector g € RV:

z=FM(z)+g (4.3)

We notice that F' has to be full rank since W is assumed to have a non-empty interior. We denote by

V* the image of M (-) corresponding to the domain W, i.e.

V2 {M(z):zeW} (4.4)
and by V" the image of M (-) corresponding to the domain W, i.e.

Ve {M(é) Lz Vv}

Again, we require M (-) to be such that the convex hull of V* is full-dimensional. We notice that while
M (+) is invertible by an affine mapping, M (-) itself is not required to be affine in its argument. Indeed,
in the example which follows, we present a piecewise-affine M(-), and show how it can be used to

segregate a scalar primitive uncertainty into different regions of interest.

4.2 Example: Segregating a Scalar Uncertainty

Suppose we have a scalar primitive uncertainty, Z, on the support W = R, which wish to segregate into
three regions, (—oo, —1], [-1,1], and [1,400). Denoting the points, (po, p1,p2,p3) = (—o0, —1,1, +00),
we can construct the segregated uncertainty by applying the following nonlinear mapping: 5 = M (2),

where
z if pi1 <Z<pin1

G=19 pi1 ifZ2<pi
piv1 i Z2>pipr



for i € {1,2,3}. We notice that

Fo141=3 ifs<—1
G4+G+l={ -1+54+1=3 if-1<3<1
A41+:=3 if3>1

and therefore Equation (4.3) holds with F' =[1,1,1] and g = 0.

4.3 Mappings which Represent Segregations

In the preceding example, we notice that the segregation resulted in a new uncertainty vector 5 , the
components of which provide local information of the original scalar uncertainty Z. In general, the
purpose of segregating a uncertainties into intervals is to obtain a finer resolution of the original uncer-
tainty. To better understand how we can construct such segregations, we proceed to characterize the
mapping functions M (-) which represents a segregation of a primitive uncertainty vector.

For some positive integer L, we consider a collection of N x (L + 1) distinct points on the extended
real line, denoted by &;; for some i € [N],j € [L + 1], with the following properties Vi € [N]:

g = —oo
§ip41 = +o0 (4.5)
§ii < iy i1 <jo
Furthermore, we denote by € the N x (L + 1) matrix which collects these points. We call M(-) a
segregation if V¢ = M (z), its components Vj € [Ng], are given by

2 if&r <z <&pn
G=19 &Gr iz <&Gp (4.6)
Sikr1 if 2 > &
where
j=i+(k—1)N
for some i € [N],k € [L]. We notice that for a particular j € [Ng], i and k can be uniquely obtained

- i = ((j—1)mod N)+1

ko= [j/N]
In the following proposition, we prove that when M (-) is a segregation, it is also affinely-invertible by

proper choice of F' and g.

Proposition 2 When M(-) is a segregation,

z=FM(z)+g VzeRY

if we have
F - |11 .. 1]
L
g = —) &€
i=2



where F € RVXIN g ¢ RV,

Proof : Please see Appendix A.2.

Remark :  Although we consider a segregation M (-) which segments each component of Z uniformly
into L parts, it is clear from the proof that Proposition 2 still holds even if each component of Z was
segmented into a different number of positive integer parts, {Li}f\ip albeit with a different choice of F'
and g. This would come at the expense of more notation and bookkeeping. Hence, for simplicity, here

and for the rest of this paper, we will only discuss only case of uniform segregation.

4.4 Segregated Linear Decision Rules

As seen above, the segregation M (-) can be used to define an new uncertainty vector ¢ € RVE | which
we will term the segregated uncertainty vector. By considering LDRs on the segregated uncertainty
vector E , we obtain a new set of decision rules, which we term segregated LDRs or SLDRs for short.

By using the SLDRs, the recourse solutions, becomes:
y¥(2) = rF(M(2)) = "% + R* M (2), Vk € [K]

which is effectively the composition of an affine functional with the segregating mapping M (-). Under
these SLDRs, Problem (2.4) becomes:

ZSLDR* = min Colm + sup EI[D < do K k (Z)))
m,{rk(-)}le PelF
K
s.t. 'z + sup Ep (Z d* rk(M(,%))> <b Vle[M]
PEF P
K
T(Z)x+ Y UrrF(M(2)) = v(2) (4.7)
k=1
gk < rk(M(i)) <gk Vk € [K]
x>0
r*(M(2)) = rO% + RFM (%) Vk € [K]
rk o M € Y(my, N, I) VE € [K]

Problem (A.3) of Appendix A presents an equivalent, and more explicit formulation of Problem (4.7).
We notice that Problem (A.3), and, equivalently (4.7), is generally intractable, since V* and V" are
generally non-convex. Furthermore, it is not obvious how to handle the non-anticipative constraints.
We therefore aim to construct an approximation of Problem (4.7) that would still improve upon the

standard LDR.
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4.5 Approximating V* and V'

We begin by constructing sets V and V which approximate the sets V* and V*. Both V and V should

be tractable conic representable sets, and should satisfy the implicit set relations:

W = {FC+g:CeV)

v = {Fitg:ev) (48)

W

which implies that V* CV and V' C V.

To begin explicit construction of 1V, we note that the best convex approximant of V* is its convex
hull, conv(V*), and ideally, we would choose V = conv(V*). Indeed, Wang et al [34] show how to describe
conv(V*) when W has a special structure, which they term an absolute set. However, in general, for W
of arbitrary structures, it may not be easy to describe conv(V*). Instead, we construct )V using a proxy
set ‘H

VEILEH:F¢+geW) (4.9)

where H is explicitly defined as:
HE{CeRNE & <G <& Vi€ [Ngl:Jie[N),ke[L]:j=1i+(k—1)N} (4.10)
We observe that from the definition of a segregation (4.6), H satisfies the following:

zeW= M(z)eH (4.11)

and it is clear that V defined in this manner will satisfy (4.8). The motivation for this seemingly
extraneous construction of V is that H depends only on the segregation M (-), and is decoupled from
W, making it easy to specify in practice. In particular, for the example presented in Section 4.2, H can
be represented by:

H={¢eR: <-1,-1<G<1L,G>1})

Using a similar argument, we define 1% by the same set H as

f/é{feH:FergeW} (4.12)

4.6 Approximating Problem (4.7)

After constructing ¥V and f/, we now discuss how we can approximate Problem (4.7). For convenience,

we define the collection of index sets for each k € [K] as

®p={je[Ng|:Fiecly:(i—1)=(j—1) mod N} (4.13)

12



We then define the tractable SLDR approximation to Problem (4.7) as the following:

K K
ZSLDR = min A+ Z dOH Ok 4 sup <Z do’k/Rk(f>
@ {roR R} k=1 ¢ev \k=1
K / K !/
s.t. 'z +> " d* % 4 sup (Z d-* ch) <b Vie[M]
k=1 éev \k=1
K
Tz +) Utrth =0 (4.14)
k=1 '
K . .
zj—i—ZUkRke]:VJ Vj € [Ng]
k=1
y"<rOF 4L RFC <yt VeV Vk € [K]
RFel =0 Vj & O, Vk € [K]
x>0
where the transformed model data is defined as:
I/O — 'UO +Zgi,vz TO — TO + ZgiTz
N ! Ny =t (4.15)
vio= Y Fyvl T/ = Y F,;T Vj € [Ng]
i=1 i=1

The following proposition relates the objectives under the exact (intractable) SLDR, the approximate
SLDR, and the LDR models of recourse:

Proposition 3 The following inequality holds:

Zstpr* < Zstpr < ZLDR

Proof : Please see Appendix A.3.

Remark 1: Proposition 3 shows that irrespective of how crudely (V, ]>) approximates (V*,)A)*), us-
ing the approximate SLDR will nonetheless not be worse than using the original LDR. Furthermore,
using the SLDR retains the linear structure of the problem. Specifically, if V and V are polyhedral, the
SLDR approximation (Problem (4.14)) reduces to a linear program.

Remark 2: A key difference in the SLDR which we describe here and the SLDR of Chen et. al. [15] is
that they assume precise knowledge of the mean and covariance of the segregated uncertainty vector.
In our tractable SLDR model, we only exploit the support information of the segregated uncertainty
vector, which is captured by the set H. Our SLDR however, does include their model as a special case,
since, if we did have knowledge of the segregated moments, we can simply reformulate the problem,

expressing what they term as the segregated uncertainty vector as our primitive uncertainty vector.
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4.7 Interpreting the SLDR Approximation (4.14)

We notice that the structure of the SLDR approximation (4.14) above closely resembles the form of
the LDR approximation (4.2). Indeed, we can interpret the SLDR as a linear approximation of the

following uncertain optimization problem, defined over a different uncertainty vector 5 :

K
;-
ZEpny = min 'z + sup Ep (Z d** r’“(C))
2 {r*()},, pef  \po
K i~
s.t. 'z + sup Ep Zdl’k/rk(ﬁ) <b Vile[M]
PeF —1
Ko ) (4.16)
T(Qz+ ) UrH({) =v(()
k=1
Y <k <y Vk € [K]
x>0
Tk S y(mk,NE, (bk) Vk € [K]
where N N
T = T'+> GT7 , v(l) = '+ G/
7j=1 Jj=1

After approximating Y (my, Ng, ®x) with L(my, Ng, ®x), and following the same steps as the LDR ap-
proximation (see Appendix A.1), (4.16) will reduce to (4.14). When we interpret (4.14) as an LDR
approximation of Problem (4.16) above, the approximate sets V and V should therefore be respec-
tively interpreted as the support and mean support of the new uncertainty vector E . Furthermore, the
collection of index sets {(Pk}ﬁ(:l, which was somewhat arbitrarily defined before, now has the natural

interpretation as the information index sets of the new decision rules, ().

4.8 Example: Specifying Distributional Properties for Segregated Uncertainties

We provide a concrete example of how various distributional properties can be specified for segregated
uncertainties to illustrate how segregations might work in practice. Consider a primitive uncertainty
vector Z € R*, where only Z, and Z3 are stochastically independent. The support W, mean support W,
and covariance matrix 3 of the primitive uncertainty vector Z can be specified directly. Furthermore,
we wish to segregate each component of Z into three regions, (—oo, —1], [-1,1], and [1,00) as in the
earlier example of Section 4.2. This results in a segregated uncertainty vector E € N2, which obeys the
relation Z = FC + g for parameters F' € R**12, g € R4, where

F:[I I I} and g=0
and I represents the 4-by-4 identity matrix. Based on the segregation, we can choose H as

G<—-1 if i=1,2,34
H={¢ceR?: —_1<¢<1 if i=5,6,7,8
G>1 if i=9,10,11,12
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Finally, we notice that expressing z, = Fgf + g, where

F, =

0100
0 010

]F and g,=0

we can construct an uncertainty vector Z, with independent components. We can therefore specify the

directional deviations (o ¢, o) of Z,.

5 Distributionally Ambiguous Bounds for Ep (()+)

When we specify partial distributional information of the model uncertainties, we effectively characterize
a family of distributions F, which contains the true uncertainties distribution P. In this section, we

discuss how we may evaluate the supremum of the expected positive part of an SLDR, i.e.

ke ((r©))
r € L(m, Ng, ®)

when the uncertainty distribution P is known to lie within some family F, characterized by partial
distributional properties as laid out in the Model of Uncertainty in Section 3. This is in anticipation of
our discussion of deflected linear decision rules (DLDRs) in Section 6 which follows, where we will use

these bounds. We will show how each pair of distributional properties:
e Mean and (segregated) Support
e Mean and Covariance
e Mean and Directional Deviation

establishes a distinct bound, and we conclude this section by showing how to combine these separate
bounds, when we have access to a combination of distributional information from these three categories.

We show that each bound can be constructed by solving a deterministic optimization problem and we
adopt the standard convention in convex programming that an infeasible minimization (maximization)
problem has an optimal value of +o0o0 (—o0). Also, we will only present results for Ep (()+), since the

results for the negative case can be easily derived by applying the identity = = (—x)+. For generality,

-~ +
we will discuss the bound of Ep ((ro +7r'¢ ) ), applied to the segregated LDR as defined in Section 4,
since bounding the expectation of the positive part of a standard LDR, i.e. Ep <(y0 + y’2)+) can be
derived as a special case when M (z) = z.
5.1 Mean and Support Information

Theorem 1 Let F1 be the family of all distributions P such that the random wvariable 5 has support V,

and its mean, & has support V, i.e.



-+
Then m' (ro, 7') s a tight upper bound for Ep ((7“0 + T"C) > over all distributions P € Fy, i.e.

sup Ep <<r0 + rf) +> = 7l (TO, 7’)

PelFr
where
mt (ro, r) £ inf [sup {s'f} + sup (max {7“0 +7r'¢ - §¢, —s'C}) (5.1)
sERNE \ ¢y ¢ev
Proof : Please see Appendix B.1.
Remark :  We notice that for given (r°,7),

-+ <
P +r¢>0, V¢ eV = sup Ep <<r0+'r’(> ):rOJrsupr’C
Pely éev

which is attained by 7! (ro, r) by choosing s = r. Also,

0 0 /"+
r+r{<0,V¢eV= supEH»((r —|—rC> >:0
PelFy

which is attained by 7! (ro, r) by choosing s = 0.

5.2 Mean and Covariance Information

Theorem 2 LetFy be the family of all distributions P such that the mean of the segregated uncertainties,

f, has support f/, and the primitive uncertainty vector has covariance matriz X, i.e.
- - ~ ~ ~ ~ N\
F, = {chzEp (&) eV (F(c—c) (¢-¢) F) =2}

-\ +
Then w2 (ro, 7’) s a tight upper bound for Ep <(7"0 + r’C) > over all distributions P € Fo, i.e.

sup Ep <(r0 + r'§>+> = 72 (7“0, r)

PelFy

where

(¥ r) £ inf {sup{; (7’0 +r’f) - ;\/(r0+r’f)2+y’2y}} (5.2)

ye{y:Fly=r} | écp

Proof : Please see Appendix B.2.

1 1
Remark :  We observe that the function f(u) = iu + B u? + y'Sy is everywhere non-decreasing

in u, which allows us to express 2 (TO, r) as the following tractable conic optimization problem:

1 1
71'2(7‘0,’)"):2715 Juty u? +y'3y

M+ supr’é < u (5.3)
Cev
Fly=r
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5.3 Mean and Directional Deviation Information

Theorem 3 Let F3 be the family of all distributions P such that the mean of the segregated uncertainties,
é has support )>, and the projected uncertainty vector Z, = Fgé—l—gg has independent components with

directional deviations bounded above by o ¢ and oy, for known parameters (Fy,g,), i.e.

Fg = {]P’ : é =Ep (é) S f/,O'fP (50) < Of,0pp (20) < O'b,}

-~ +
Then 7° (7"0, 7') s an upper bound for Ep ((7“0 + r’C) ) over all distributions P € F3, i.e.

sup Ep ((ro + r'§>+> < 73 (7“0, r)

PelFs
where )
(% — s —s'g,) + sup(r’ —s'F,)¢
w3 (ro,r) = , inf Cev (5.4)
bl — a8 — ) + (s, )
Fl x=r
and

A 1 2
v’ @) = nf {eexp ()\ sup {2 +a'2,} + ”;;“5) }

2,EWs

and uj = max {xjos;, —xjop;}.

Remark :  We notice that from the Model of Uncertainty in Section 3, we specify the linear transform
parameter H, mapping the primitive uncertainty vector Z to Z,, instead of specifying the affine trans-
form parameters mapping the segregated uncertainty vector E to Z, directly. Nevertheless, (F,,g,) is
obtained as:

F, = H,F

9, = Hog

Proof : Please see Appendix B.3.

5.4 Unified Bounds

~\ +
Each of the above functions separately bound Ep <(r0 + 7 C) > from above for P belonging to a given

family of distributions F € {F;,F2,F3}. We now consider whether we are able to construct a better
bound if we know that the actual distribution P lies in the intersection of these families. This can
be done via a well-known technique in convex analysis known as infimal convolution (see Chen and

Sim [13]). Due to its importance in our discussion, we reproduce it here in the following theorem:

Theorem 4 Let S C {1,2,3} be an index set of the bounds to be combined. Then the bound (ro,r),
defined as

0 (ro,r) = min ) g7° (ro’s,rs)
st 0 =3 cgr® (5.5)
r= ZSES r’
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-~ +
is a better bound for sup Ep <<r0 + r’() > than 7° (ro,r) Vs €S, where F = (,cqFs, such that
PeF

sup Ep ((7’0 + T’§>+> < (7“0,7') <’ (7“0,1“) Vs e S (5.6)
PelF

Proof : Please see Appendix B.4.

Remark :  On the theoretical front, we notice that the unified bound 7 (ro, 7‘) has the mathematically
desirable properties of convexity and positive homogeneity. From a practical perspective, 7 (7’0, r) is able
to selectively synthesize disparate pieces of information about the distribution of primitive uncertainties,

and present a combined bound which takes into account all pieces of information.

6 Deflected Linear Decision Rules

We earlier showed that SLDRs improve over LDRs, while retaining a linear model of recourse. In this
section, we discuss how we may exploit the structure of the model constraints to provide additional
flexibility to the SLDRs. We base our discussion on the work by Chen et al. [15], who introduced a
flexible extension of the basic linear decision rule which they termed the deflected linear decision rule
(DLDR).

In this section, we will introduce a new decision rule, which we term the bi-deflected linear decision
rule (BDLDR), which generalizes the original DLDR of Chen et al. [15], and we will show how the
BDLDR can be used in modeling Problem (2.4). Although the original DLDR has been shown to be
more flexible in comparison to LDRs, we will present an example in Section 6.1.1 where the DLDR can
be further improved upon by an alternate piecewise-linear decision rule, which suggests that there is
room for further improvement. In addition, the original DLDR of Chen et al. [15] does not explicitly
handle expectation constraints or non-anticipativity requirements. We seek to address these limitations
in the BDLDR which we present here.

Since the basic LDR can be obtained from the SLDR by choosing M (z) = z, our results in this
section also hold if we choose to omit constructing the SLDR as an intermediate step. However, we
choose to present the techniques in this section as an additional layer of improvement over the SLDR

for greater generality.

6.1 DLDR of Chen et. al. [15]

We review the two-stage optimization problem as in [15] under linear recourse, with non-negative

constraints for a subset J C [m] of indices as follows:

min ¢z + supEp (d'r(f))

z,7(-) B PcF . 5
st. T(Qx+Ur() =v(() (6.1)
r;($) >0 vied

r € L(m,Ng,®)
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We consider a series of sub-problems for each ¢ € J:

min d'p
P
st. Up=0 (6.2)
pi=1

pj=0 VjelJ

Denoting by J° C J the set of indices where the problem (6.2) has a feasible solution, and by p’, the
optimal solution to the sub-problem (6.2) for each ¢ € J°, the DLDR is then defined from the SLDR,
by the following relation

@) 27+ Y (nd) P (6.3)
where the SLDR satisfies:

7 (&) > 0 vjeJ\Je (6.4)
r € L(m,Ng,®)

Problem (6.1) under the DLDR can be approximated by

min ¢z + supEp <d’r((:)> + Z sup Ep <<W(5)))d'ﬁi

x,7(-) PcF ere PeF
st. T(Oz+Ur(l) =v(()
(@) 2 0 VeIV

r e L(m,Ng,®)

Where we define the reduced index set as Jp = {z c€Je:dp > 0} to avoid non-convexity in the
objective. The objective is bounded from above by summing over only indices in J3, since the respective
summation terms for 7 ¢ J3 are non-positive. We notice that the objective involves summing over terms

of the form supEp ((-)7), which we can bound from above using the unified bound 7(-) in Section 5.
PeF

The two-stage DLDR. model can therefore be expressed explicitly as:

ZpLpr = min c’w+d’r0+sup{d’Ré}+ Zﬂ(—T?,—R’ei) dp'

=T, R dev ieJs,
st. Tz 4+Ur% =00 (6.5)
Tix + URel =i Vj € [Ng]
r'+e’'RC>0 VeV VieJ\J°

6.1.1 Example: Limitation of DLDR and LDR

We will now consider an example of the two-stage problem (6.1), which will illustrate the limitation of
the DLDR and motivate our subsequent exposition. For simplicity, we will discuss applying the DLDR
to the LDR instead of the SLDR (i.e. using M(z) = z). We consider the family F of scalar (N = 1)

uncertainty distributions with infinite support (W = R), zero mean (W = {0}), and unit variance
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(02 = 1). We consider the following uncertain optimization problem with scalar recourse variables y(2),
u(2), and v(2):

min sup Ep (u(2) +v(z
b supEp (u(2) +0(2))

st w(zZ)—wv(z)=y(2) -2
0<y(3) <1 (6.6)
u(z),v(z) >0
y,u,v €Y (1,1,{1})
Using LDRs as our model of recourse, (i.e. using £ to approximate )), we note that Problem (6.6) is
infeasible (i.e. Zrpr = +00), since the inequalities over the infinite support of Z cannot simultaneously
fulfill the equality constraint. Now suppose we attempt to apply the DLDR to improve the solution,

solving sub-problem (6.2) leads to the piecewise-linear decision rules:

Gp(z) = (u¥+ uz)Jr + (v 4 vz) "~
op(z) = (VO + vz)Jr + (u® +uz)”
y(z) = ¥’ +yz
Applying these decision rules, we obtain the following reformulation,
yoﬁy’ru%i’gwo’v ﬁP}elI@F) Ep (}uo + ué‘ + ’vo + UZD
st. u? -0 = yO
u—v=y—1
0<y’+yz<1 VzeR

After applying the bounds in Section 5, and noticing that the last inequality over all of & implies y = 0,

we get the final deterministic formulation which determines Zpypg,
u? v
+
U v
2

st. u—v=-1
Solving, we get Zprpr = 1, which is a significant improvement over the LDR solution. We notice

ZprL,pr = min
w0 u,00 v

2 (6.7)

0<ud—9<1

that even after applying the the DLDR, the decision rule y(-) remains as an LDR, and we would like to
investigate whether we can further improve on this. Now, suppose we consider the following hypothetical
piecewise-linear decision rule:

a(z) = (w0 +uz)" + (00 +v2) + (0 +yz)”

b(z) = (" + vz)+ + (W +uz)” + (0 -1+ yz)+

X + -

9(z) = (" +yz)" —(¥°—1+yz)
We notice that under these decision rules, Problem (6.6), after applying the bounds, can be reduced to

+

COLACL L1

st ud—00 = yo

Ll
2
2

Ll
2
2

1

2
2 (6.8)

Zo = min

0 0 0
yo,y,unu,v

, U

u—v=y—1
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1
Solving the problem above, the optimal value is given by Zy = ﬁ < ZprDR, a further improvement

over the DLDR. We therefore seek a decision rule that would encompass our hypothetical piecewise-

linear model of recourse.

6.2 Two-stage Bi-Deflected Linear Decision Rule

In this subsection, we will first introduce the BDLDR, for a two stage problem, and later generalize it
to a non-anticipative BDLDR (including the multi-stage as a special case) in the following subsection.

We consider a two-stage problem similar to (6.1), as follows:
min 'z +sup Ep (d’r(f))
@,7(: PeF

st. T(Oz+Ur(é) =v(() (6.9)
y<r()<y

TEﬁ( NE,(I’)

Notice that for a two-stage problem we should have ® = [Ng]. Similar to the definition (2.6) of non-

infinite bounds in our general model, we denote the index sets of non-infinite bounds in our two-stage

model:
L= { m] - y; > _OO} (6.10)
J={ie[m]:7y; <+oo}
Notice that if we were to choose
0 VjiedJ
YT { —o0  Wjeml\J (6.11)
y; = +oo Vi € [m]

we obtain model (6.1) exactly. To construct the BDLDR, we consider the following pairs of optimization

problems. Firstly, for each ¢ € J |

min d'p
P
st. Up=0
pi=1 (6.12)

p; >0 Vje
p; <0 VjieJ\{i}

Notice that for j € (l N j) \ {i}, the constraints imply that p; = 0. Similarly, for i € J,

min d'q
q
st. Ug=0
g =—1 (6.13)

;<0 VjelJ
q; >0 VjeJ\{i}
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By defining J° C J as the index set of i such that problem (6.12) is feasible, J° C J as the index set of
i such that problem (6.13) is feasible, and p°, @ as the respective optimal solutions for each i in J° and

J° respectively, we consider an SLDR satlsfylng

T(Q)z+Ur({) =v({)
r(C) 2y, vjieJ\J° (6.14)
(&) <7 Vied\J

The associated BDLDR is then defined from the SLDR by:

O+ (@ —y,) 8+ (rld) -

ieJ° i’

(6.15)

<l
~_
+
QL

Some properties of the BDLDR are stated in Proposition 4 which follows.

Proposition 4 The Bi-Deflected Linear Decision Rule, f’(&), satisfies the following properties

Proof : Please see Appendix C.2.
This implies that as long as we have an SLDR that satisfies (6.14), we can find a feasible BDLDR.
Under the BDLDR, problem (6.9) becomes:

fil(n) cx+ sup Ep (dr()+ ) (7%‘(5) —y)_ dp + ) <n(f) - ?¢)+d/‘f

ieJ® ieJ®
s.t.
T ({)ax +Ur(C) = v(d) (6.16)
ri(6) >y, (ASPAVA
Tj(&)gij Vjej\jo

When d'p* or d'p’ is negative, the objective becomes non-convex. Thus, we consider an approximation

of Problem (6.16) from above, by defining the reduced index sets:

Jy £ {ieJ°:dp >0}
L

{i eJ :dg > 0} (6.17)
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We then use the convexity of the supremum to obtain the formulation of the BDLDR problem:

ZBpLpR" = min ca:+supE]p> (d’r(f))

z,7() PR
- - + .
+ > supBe ((n(C) ~y) >d’p’ + > supEe <( (&) - ) >d’q“
“— peF o PeF
1€lR i€Jp
s.t.
T(Qz+Ur(¢) =v(C)
ri(¢) 2y, VieJ\J°
ri(¢) <7; vieJ\J
rc ﬁ( NE, CI))
Using the bounds developed in Section 5 to approximate sup Ep (()i), we obtain the explicit final form
PeF
of the BDLDR model:
ZBDLDR— mln c’w+d’r0+sup {d/Ré}
z, 0 R éefi
+ Z T (—r? + Y. —R’ei> Z ( —7;,,Re ’) dq

icJy ’LGJR

i (6.18)
T2+ Ur’ =0
Tiz+URel — v Vj € [Ng]
Wte'RC>y,  VCeV VieJ\J

r'+e'RC<y; VeV Ve \J

6.3 Comparison of BDLDR with DLDR and LDR

In this subsection, we will proceed to show that the BDLDR improves upon the DLDR and SLDR for
Problem (6.9). Without loss of generality, we can consider a simplified version of the problem, such
that the lower recourse constraint has the structure:

yj:O, Vied

since we can simply apply a change of variables if the above was not true. For reference, we begin by
writing Problem (6.9) under the SLDR explicitly as:

ZSLDR = mm c’w—l—d/ro—i—sup{d’Rf}

z, 70 R C*@}
st. T2 +Ur" =00
i i i ; (6.19)
T'z+URe =v Vj € [Ng]
MW+ e'RC>y, VeV Vield
) + e/’ R¢ <7 VeV Yjeld
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Next, we consider the DLDR. In order to apply the DLDR we need to introduce slack linear recourse
variables s;(C), Vj € J to convert (6.9) into the form of (6.1). The constraint set becomes:

T({)x +Ur({) = v(¢) B
ri(¢) +5;(C) = 7; VielJ
ri($) >0 Vjed
5;(¢) >0 VjeT
r,s € L(m,Ng, ®)

Under the DLDR model of recourse, we need to solve the sub-problem (6.2) for each ¢ € J, which

corresponds to the inequalities 7;(¢) > 0. After eliminating the slack variables, the problem takes the

form:
min d'p
P
st. Up=0
pi=1 (6.20)
pi=0 Vjed
p;<0 VjelJ

Similarly, the inequalities SZ(E > 0 requires us to solve the following sub-problem (again after elimi-

)
nating the slacks) for each i € J,

min d'q
q
st. Ug=0
g =—1 (6.21)
>0 Vjel
;<0 VjelJ

We denote by J, the set of indices i € J such that (6.20) has a feasible solution, with corresponding

optimal solution p,, and by 7OD the set of indices i € J such that (6.21) is feasible, with corresponding
optimal solution @,,. From the DLDR formulation (6.5), after rearrangement of terms, Problem (6.9)
under the DLDR reduces to:

ZDLDR = min c’a:+d’r0+sup {d/Ré}

z,79 R Eev
+ 3 w( =y, —Re)dB, + > 7 g, Re')da,
s.t. (6.22)
T2 4+ Ur" =00
Tz +URe = v’ Vj € [Ng]

r?+ej/RCZyj Y¢eV VieJ\Jp
. - . - (¢]
Wre'RC<y; eV Viel\Jj
where we define the reduced index sets:
Jhr & {i€Js dp, >0}
Top 2 {z eJp:dq, > 0}
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We now summarize the result relating the optimal objectives to Problem (6.9) under the SLDR, DLDR,
and BDLDR in the following proposition:

Proposition 5 The optimal objective to Problem (6.9) under the BDLDR, DLDR, and the SLDR, and
are related by

ZBpLDR < ZpLDR < ZSLDR (6.23)

Proof : Please see Appendix C.3.

Remark :  The discussion above underscores an important distinction between deterministic linear
optimization and robust linear optimization: In the deterministic case, it is trivial to include slack
variables to convert the feasible set of a linear program into the standard form {x: Ax = b,x > 0}.
The decision to convert or not is typically a result of the trade-off between storage space and solver
performance, and would not affect the final optimal solution. However, in the robust case, using the LP
“standard form” obscures the information of the set J, which is in turn required to use the BDLDR.

As we have seen, this could potentially deteriorate the optimal solution of the robust linear program.

6.4 Non-anticipative Bi-Deflected Linear Decision Rule

In the previous section, we introduced the two-stage BDLDR and showed that it generalizes and im-
proves upon the DLDR and SLDR. We notice that each component of the two-stage BDLDR is a sum
of its original underlying SLDR and piecewise-linear functions of other SLDRs, disregarding any infor-
mation dependencies between the original SLDRs. Using the two-stage BDLDR, could therefore violate
non-anticipative constraints present in the model, and result in an optimal solution which nonetheless
improves upon the SLDR, but would otherwise be practically meaningless. In this section, we will
further adapt the BDLDR for the case of non-anticipative recourse. This includes, but is not restricted

to, multi-stage models. We will introduce the following notation:

N*(k) = {je[K]:®, C ®;}

_ . (6.24)
N=(k) = {je[K]:®; C Py}

Notice that k € N*(k) Vk € [K], guaranteeing that N* (k) cannot be empty. Furthermore, the following

property follows directly from the definitions above:
jENT (k)& ke N (j) (6.25)
Now, for each k € [K], i € J, we consider the polyhedron P(i, k) defined by the constraints:

>jen+n U'P"™ =0

™ >0 Vied; Vj e Nt (k)

i <0 viel; Vje Nt(k)\ {k} (6.26)
piFF <0 Wie T\ {3}

b; =1
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Similarly, for each k € [K], i € Jj, we consider the polyhedron Q(i, k) defined by the constraints:

D jeN+ (k) quzi’k’j: =0
gt <0 Vel Vj € Nt (k)
g™ >0 Vel Vje NT(k)\ {k} (6.27)
gt >0 WieJdp\{i}
q; = -1

For convenience, we collect the indices ¢ which yield feasible instances of (6.26) and (6.27) in the following
index sets Vk € [K]:
Sy =A{i CJy: P(i,k) # 0}

sk mEket (6.28)
Je={iC Jp:Q(i, k) #0}
Now suppose that we have a set of SLDRs, 7% € L(my, Ng, ®1), Yk € [K], which satisfies
-~ K -~ ~
T(QOz+ ) U () =v(C)
k=1
50 > Vk € [K],Vj € J\ I} (6.29)
k(&) <7k Vk € [K],Vj € Tp \ Ty
rk e E(mk,N ,(I)k) vk € [K]

Based on the SLDR, we define the non-anticipative BDLDR, denoted by #* (5) ,Vk € [K], as

FOLE+ Y | X (@ -y) pr Y (@ 7)) g (6.30)

JEN=(k) \ieJ? i€

6.5 Properties of BDLDR

Similar to the two-stage BDLDR, the non-anticipative BDLDR is a sum of its original SLDR with
nonlinear components from the other SLDRs. However, in constrast to the two-stage BDLDR, we only
sum over each j € N~ (k), which, from its definition in (6.24) means that we include in the sum only
the SLDRs which have information index sets that are contained by the current information index set.
If we interpret the information index sets as a temporal realization of information, this means that we

only sum over previous SLDRs. We make this property explicit in the following proposition.

Proposition 6 The information index set of the k' BDLDR, denoted by dy,, is equal to the information
index set of its underlying SLDR, ®y,.

Proof : Please see Appendix C.4.

This result implies that if the underlying set of SLDRs has a non-anticipative requirement, the de-
rived BDLDR will also have the same non-anticipative requirement. In the next proposition, we show

that the non-anticipative BDLDR also obeys similar constraints to the two-stage BDLDR.
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Proposition 7 Fach non-anticipative BDLDR, 'Fk(f) satisfies the following properties:
K N K z
103 Ukrk(() = k1 Uka(C)

2. y* < () <g*, ke [K]

Proof : Please see Appendix C.5.

6.6 Comparison of non-anticipative BDLDR with SLDR

Defining the reduced index sets VI € {0} U [M],Vk € [K],Vj € N~ (k) as:

3 ! ..
T £ Ji€J;dFphit >0

—0

Tl ik i€ J;dF gt >0

[1>

Using Proposition 7, Problem (2.4) under the BDLDR then is approximated as:

ZBDLDR

= min .
m7{r0’k7Rk}k:1

s.t.

K K
c[]/m + Zdo,k’ro,k + sup {Z dO,k’Rké}

k=1 éev k=1

K
P30 30 30wl )

k=1jeN—(k)icJ§ ;

K
+Z Z Z - (Tgvj _?ijj/ez) dO,k’qi,j,k

k=L jEN=(K) icT3, .

K K
cl/iB + Zdl,k/ro,k —l—Sup {Z dl’k/Rké}

k=1 ¢ev k=1

K
+ Z Z Z ™ (—T?’j -+ gz’ _Rj,ei) dl’k/pi’ij

k=1jeN= (k) i€; .

K
] ; . . ’
32 Y A (Vg R dW gt <y vie (M)

k=1jeN=(k)ieJ]

K
T2 + Z UFrOk = 10
k=1
Trx + ZUkRkeJ =/
k=1
r?’k + ej/RkC > g;? V¢ eV

P +e'REC <y Veev
x>0

Vk € [K],Vj € [Ng]

Vk € [K]mjelk\lz
Vk e [K],j e T\ T}

(6.31)

Proposition 8 Problem (6.31) has has an optimal objective not worse than Problem (4.14), i.e.,

ZBDLDR < ZSLDR

Proof : Please see Appendix C.6.
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Remark :  Although we have shown that the non-anticipative BDLDR improves upon the SLDR so-

ik,
jEN* (k) and {q J}jeN+(k)

which satisfy the polyhedral constraint sets (6.26) and (6.27) respectively. We leave it as an open ques-

lution, we notice that the BDLDR requires a choice of feasible points { pihi }

tion how to optimally choose points within these feasible polyhedra in the general case. If the model (2.4)
can be reformulated such that there are no expectation constraints, we have a similar situation to the

simpler two-stage BDLDR, and the optimal choices {p’ ’W} and {cj” k can be found

,j}
JEN+(k JENT (k)

from the solutions of the following pairs of optimization problems

mln g dOJ i,k,J IIllIl E doﬁ.] i,k,J

{PZ k’] }j€N+(k) € P(i, k) 5-t. {ql lw }jENﬂk) € Qi k)

In the general case, due to the coupling between the expectation constraints and the objective, solving

ik j
jen+(ry A 1@}y for

use in the BDLDR. However, since (6.32) explicitly decreases the objective of the original problem, we

the pair of sub-problems (6.32) will no longer guarantee optimal {ﬁi’k’j }

feel that it remains as a viable heuristic for choosing a feasible points for use in the BDLDR, which will

nonetheless be an improvement over the original SLDR.

7 Conclusions

We have presented a framework for the robust optimization of linear programs under uncertainty, by
using linear-based decision rules to model the recourse variables. We have shown how we segregated
uncertainties can lead to new decision rules, SLDRs, which improve over LDRs. Furthermore, we have
presented a new linear-based decision rule, which we call the BDLDR, and we have shown that it
generalizes and improves upon the DLDR of Chen et al [15], and yields a further improvement upon
the SLDR. We also discussed how the BDLDR can be used in a non-anticipative modeling context.
We have shown how different pieces of information about the underlying uncertainties lead to separate
bounds on the expected positive part of a corresponding SLDR, in order to apply the BDLDR. Finally,
in Appendix D, we presented a multi-period inventory management example, which showed how our
techniques can be put together to robustly solve a linear program under uncertainty. We notice from the
example that the construction of the decision rules, and the subsequent solution, can be rather onerous
on the modeler. To address this, we are currently developing a software modeling tool to automate this
process. We believe that our framework is particularly adept for implementation in software due to its

modular structure, and we intend to present comprehensive computational studies in a future work.
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Appendix A Proofs of LDR and SLDR reductions

A.1 Proof of Proposition 1

When L(myg, N, Ij) is used to approximate ) (my, N, I;.), Problem (2.4) becomes

K
min 'z + sup Ep <Z dOF yk (2))

e {v ()}, Per k=1
K !/
s.t. '@ + sup Ep Zdl’k yi(2) | <b Ve [M]
PeF —

K
T(2)z+ ) UryH(z) =v(2)
k=1

yF <yF(Z) <7 Vk € [K]
x>0
y* € L(my, N, I) Vk € [K]

Applying the definition of L£(my, N,Ij) in (4.1) for each k € [K], the problem above equivalently

becomes:

K
min p e+ sup Ep (Z dOF' (yo’k + Yk,%)
m7{y0,kyyk}k:1 PclF 1

K
s.t. 'z + IsPu%F) Ep ( d-+’ (yo’k + Yk2)> <b Vie[M]
€ k=1

K (A.1)
T(2)z+ Y U* (" + Y’“%) — v(2)

Yk <yOF L YFZ <gh Vk € [K]

YFrel =0 Vi & I, Vk € [K]

We now proceed to show that Problems (A.1) and (4.2) are equivalent. We first notice that due to

linearity, the expectation terms in the objective first M constraints can be expressed as:

K K K
sup Ep (Z d (yo’k + Yk£)> = Z dl’k/yo’k + sup (Z dl’k/YkEp (2))

PeF 1 =1 PeF \ ;1
K K

/ / .

= E db* yo’k + sup g d"FyFz
k=1 z2eW \g=1

for any [ € {0} U [M]. Next, for the following constraints to hold for the random variable Z,

K
T(Z)z+ > U (yo’k + Ykz> = v(2)
k=1

Y <yt +Yrz <y Vk € [K]
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it is necessary and sufficient for the constraints to hold within the support, i.e.

K
T(z)x + ZU"” (yo’k + Ykz> =v(z) VzeW
k=1
yb <yOk YRz <7 Vz € W,Vk € [K]

Since the model data T'(-),v(-) are assumed to be affine in their respective arguments, we can equiva-

lently re-write the equality constraint as a sum of the components of z, as:

K N K
<T0:1: + Z UFyOk — 'v0> + Z % <Tim + Z Uryre' — vi> =0 VzeW
i=1 k=1

k=1

Finally, since W is assumed to be full-dimensional, the constraint holds iff the individual coefficients

vanish, i.e.
K
Tz + Z UhyOF = 2"
k=1
. K . .
T'z+ ) U'Y"e' =o' Vie[N]
k=1
Putting these all together, Problems (A.1) and (4.2) are equivalent as desired. [ |

A.2 Proof of Proposition 2

For an arbitrary z € RV, we consider ¢ = M (z), and the components of v = F¢, Vi € [N],
vi = €'F¢

L-1
— g’
= Z Z e’ ¢ (by structure of F) (A.2)

1=0 j=i+IN
- Z ¢
7€2 (i)
Where the set ®(7) is defined for brevity as
D) 2 {j € [Ng) i = ((j — 1) mod N) + 1)
Now, for each i € [IN], we first consider the case where

3j € ®(i), G ¢ {&intrs

We can omit £ = 1 and k = L + 1 in the consideration of the set above, since (; # £oo. In this case,
since {§Zk},€;1 segments the extended real line, 3k* € [L]

Sikr < Gjr < &ikry1

for some j* € ®(i). Furthermore, using the definition of a segregation (4.6), (;+ = z;, and
Cikr < 2i < &ik=41
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Using property (4.5), Vk € [L + 1], we get

z; > f@k if  k<k*
zi < f@k it k>k*

Hence, using the definition of a segregation (4.6) again, and recalling that k = [j/N], this implies that
Vi e ®(1),

G = &rq i g<g”
G = &Gk it j>g"
G = % if j=j"

Hence, substituting into (A.2), we get

Vi = ZCj

7€2 (1)
= GG G
jED (i) jED (i)
J<j* J>3*
L
= zi+ Z §ik
k=2
= % —Gi

Since this holds for each i € [N], and an arbitrary z € R, we therefore have
FM(z) = z—g VYzeRV
as required. Next, we consider the case that
vj € (1), € {&ntiy

There are L elements in ®(i), and ¢; can take on L — 1 distinct values. Hence, we can apply the
pigeonhole principle, which implies that 3k* € {2,...,L},3j1,j2 € ®(i), such that {;, = (5, = & k-~
From the definition of a segregation, (4.6), we can establish that [j; — jo| = N, and (j, = (j, = z;. We

can express this alternatively as 35* € ®(7), such that

2 = Cjr = CjrpN = & jox

and, again recalling k = [j/N], we again have

G = &ikt1 it j<j*
G = &k it j>g"
G = &=z i j=j
and by the same argument as the case above, we obtain z = FM (z) +g vz ¢ ®V. |
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A.3 Proof of Proposition 3

To prove the first inequality, we express ¢ = M (z), and equivalently re-express Problem (4.7) as

ZsLpRr* = min c a:—l—ZdOk Ok 4 sup (ZdOk ch>

e {r* ()}, k=1 éev™ \k=1
s.t. cm+Zdlk Ok—{—sup (Zdlkch><bl vl € [M]
k=1 éev” \p=1
K
T(F¢ +g)x + (Z UFrO 4 UkRkC> =v(F¢+g) V¢eV*
k=1
y* <r0F 4 RF¢ <7k V¢ € VF Yk € [K]
x>0
rko M € Y(my, N, I,) Vk € [K]
(A.3)

We assume that we have some (cc, {ro’k,Rk}]I::J that is feasible in the approximated SLDR prob-
lem (4.14). The inclusion V" C V, implies that the first M inequalities in Problem (A.3) are satisfied.

Furthermore, the inclusion V* C V implies that the upper and lower bounds in Problem (A.3) are also
satisfied. To show that the equality constraint in Problem (A.3) is satisfied, we consider the following

expression for an arbitrary ¢ € V*:

T(F¢+g)z + (ZU’“ 0’“+U’“ch> v(FC+g)

k=1
K

N
Tz + Z (" F¢ + g)T! ) + (Z Ukr0h 4 U’“R’“C) - ('vo +Y (e"F¢+ gz-)vz)
=1

k=1

N N K
<T$+Zngz$+ZUk 0,k O_Zgi,vi> +Z(61/F<) (sz—’vz)—{—ZUkRkC
k=1
N
_ (Tm+ZUk°k 1/0> > (e F¢) (T — v') +ZU"3R’“C
=1

= kl
N Ng

Tac—i—ZUkOk u0>+ZZFUgj (T'z — ') +kZUkRkZ(eJ
1 1=J

i=1 j=1

N
Toac—l—ZUk 0.k I/O>+ZECJZF m—’vi)—i—ZCjZUkRkej
j=1 i=1 =1
N
(Tow—l—ZUkro’k—uo> iCJ (T]a:—vj—i—ZUkRke])
k=1

k=1 j=1

Hence, the system of equality constraints in Problem (4.14) implies that the above expression vanishes
component-wise for any ¢ € RV, which in turn implies that it vanishes component-wise for any ¢ € V*.

Finally, we consider the non-anticipative requirement. Denoting by (M (2)); the j'* component of M (z)
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for some j € [Ng], and recalling that M (-) represents a segregation, we have

(M <z + ZA#)) = (M(z); YAenV
i¢l j

for any index set I C [N]iff (¢ — 1) = (j — 1) mod N for some ¢ € I. Specifically, if I = Ij, then by

definition (4.13), Vk € [K],

jedre [ M|z+> Ne = (M (2)); YAeRrV (A.4)
i1, j

Next, we expand the composite function:

rFoM(z) = %%+ R*M (2)
Ng
= "+ RFY (M (2)); €
7=1
o i (A.5)
= + Z ;R e’
= rOF 4 Z Rke]
JEPK

where the last equality is due to the assumption of feasibility in (4.14), which gives RFel =0,V ¢ Dy
Hence, for an arbitrary A € RY,

rFoM | z+ Z Net | = Ok Z M| z+ Z \e' R*e!  (by (A.5))
= %"+ > (M (2)); R’ (by (A.4))

JEP
= rFo M (2) (by (A.5))

implying that ¥ o M € Y(my, N, I;,) as required. Therefore, we have established that any feasible
solution to (4.14) is always feasible in (A.3), with an objective that is not smaller. Hence we have

ZsLpR" < ZSLDR-
To prove the second inequality, we consider Problem (4.14), and choose Vk € [K],

R = YFF
POk — yO,k+Ykg
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Problem (4.14) becomes:

ZSLDR = Or;link . € 33+Zd0k yoF + sup (ZdOkYk(F(j+g))
z {y"h Y} k=1 eV \k=1
s.t. c:1:+Zdlky0k+sup(ZdlkYk(FC—&-g))Sbl vl € [M]
k=1 ey
K
Tz + (Z UryO* + UkYkg> =0
k=1
Tz +) UY Fel = Vj € [Ng]
k=1
Y <y +YNFC+g) <yt eV Vk € [K]
YiFel =0 Vj ¢ &, Vk € [K]
x>0

Expanding the terms {T Iy };.V:EI, we obtain

ZSLDR = min ¢ ac—l—ZdOkyOk—i—sup( d FC—I—g))
x {yok, Y} k=1 ¢ev \k=1
s.t. cm+Zdlky0k+sup< dlkY’“ FC+g))§bl Vi € [M]
k=1 ¢eV \k=1

<T0m+ZUk 0k _ )
+Zgz (T’w+ZU"’Y’f i >
ZFW (Tzzc—kZU’“Yk g ) Vj € [Ng]

yk<y0k+Yk(FC+g) AR =RY Vk € [K]
Y*Fel =0 Vj ¢ &y, Yk € [K]
x>0

Since M (-) represents a segregation, F' is the horizontal concatenation of L identity matrices. Hence,
Vj € [Ng], Fe/ = €’ where (i—1) = (j—1) mod N. Notice that e/ € RV while e’ € RV. In particular,
for any index set I C [N],

Ye=0 Viel & YFel=0 Vje{jc[Ng]:Jiel:(i—1)=(j—1) mod N}
In particular, if we choose I = I}, then using the definition of ®; (4.13), we can express the above as
Ye!=0 Vi¢Il, & YFel =0 Vj¢a,
By definition of @, (4.13), Hence, using (4.8), any feasible point <:c, {yo’k,Yk}szl) in Problem (4.2)

is also feasible in Problem (4.14), and since their objectives coincide, we have Zsrpr < ZrpR- ]
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Appendix B Proofs of Bounds on Ep ((-)")

B.1 Proof of Theorem 1

For the case of a fixed mean ¢ = p, Natarajan et al. [26] provided a tight bound for the expectation of
a general piecewise-linear utility function applied to an LDR. We specialize their result for the case of

the utility function u(z) = 2% , to obtain
-+
sup Ep <(r0 + r’C) ) = inf | §p+sup (max {ro +7'¢ - 5S¢, —S'C})
&, e seRVs cev

and equality is obtained because of the strong duality result of Isii [24]. In general, when the mean is not

-+
fixed, the ambiguity-averse bound on Ep ((7‘0 + 7 C) > is simply obtained by taking the supremum

over the allowed values of f €V, which yields
0, 5\ " 1,0
sup Ep (r —i—rC) =7 (r’r)
PelF,
as required. ]

B.2 Proof of Theorem 2

In Natarajan et al [26], the authors use a projection method by Popescu [27] to show that if ¢ has a

known mean é = p and covariance 3, the following equality holds:

-\ + 1
_ sup Ep (<T0+T,C> ) 5(7" —i—ru)—i— \/7“0—1—7'“) +r'3r
¢~ (p,3y)

-\ +
To construct the worst-case bounds of Ep ((7’0 + 7’ C) ) over all P € 9, we simply need to find the

supremum over all allowable (CA , ZV) in Fo. We obtain the bound by solving the following optimization

problem:
0, s5\" 2,0 .\ A Lo, iz 1 219
sup Ep (r +rC> =n(r’,r) = sup 7<r +rC)+f (M +r ()2 +r'X,r
PE]FQ é:zv 2 2
st. FO,F =%
N
z, €
ceVv

where SN denotes the positive semidefinite cone of symmetric N x N matrices. We complete the proof
by showing that the bounds n?(r°,r) and = (r 7’) are equivalent. Suppose Jy € RV s.t. Fly = r,
then 7'3,r = ¥y FX,F'y = y'Sy, and the bounds are easily seen to be equivalent. Now suppose
By € RV s.t. F'y = r. This causes the outer optimization problem defining 72 (7"0, r) to be infeasible,
and 72 (ro,r) = +o00. We proceed to establish that 7%(r,r) = +oo as well. We introduce some

notation, denoting by R(A) the column space of a matrix A, and by N(A) the nullspace of A. We
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also use R*(A) to denote the orthogonal complement of the column space of A. To begin the proof,

we choose

-1 1

»)=F (FF) =(FF) F

which satisfies FZ%F’ = . We notice that FF’ is invertible since Nz > N, and F is assumed to be

full rank. Next, we choose y = (FF’ )71 Fr, and express r as the following sum:
r=Fy+r,

for some r; € RT(F')\ {0}. We notice that Fr, = 0 since R+(F') = N(F). For some A\ € R,
consider

EV ()\) = 2?, + )\T’LT’L/
We notice that X, (\) € S]IE. Furthermore, we have
F(S,(\))F = FX)F +0
= X

The objective function therefore becomes

sup {5 (104 7) + 5/ 00+ 0 O

&72\/
T { (r0+7¢) + \/ (r0 +7/¢)2 +r’23r+A<r’n>2}
é:zv 1
= sup {2 (ro + r’(f) \/(TO + T’C) + 7% + N (y'Fr + rL’rL)2}
é?EV
1 ~
= sup {2 (1 +7¢) + WO + 702 + 1S+ A ||mH2}
572\/
taking the limit as A — oo, the objective increases without bound. Thus, 7%(r",r) = +oo when
Ay st. Fly=r. [ |

B.3 Proof of Theorem 3

We only have to prove the bound in the non-infinite case. We begin by noticing that we can express
2V + 'z, as:
0 1z — .0 /2 /(=
r+axzZ,=r a2, +x (2, — 2,)
Now, we use the property VA > 0 that
wt A
< —exp ( ) Yw € R,
e A
and the independence of each component of Z, to obtain the general bound
A 1 i Goi = 20.4)
E(O x'Z +><—e -~ s x'2 Ep (e AL B
p( (2" +2'Z,) _€Xp/\2p{w+ U}JHIP Xp 5
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and the property of the forward and backward deviations in [14] that VP € Fs,

n (EP <eXp (l’j (%o — 20,;')))) _ ] aded 2N ifa; >0
A ~ | #303,/2)\*  otherwise

Combining these results, when (r%,r) = (2° + 2'g,, F/ ), we get
-\ +
sup Ep <(7"0 + T/C) ) = sup Ep ((z° + 2'2,)") < ¢(2°, 2) (B.1)
PeF3 Pelfs
Next, using the identity z+ = + 2~ Vo € R, by the same argument,
0 12\ T 0 1R 0
i (0400)") < [+ supre) -, 2
PeF3 CAEf/

Since choosing (s, s) = (2, ) in (5.4) reduces to (B.1) and choosing (s%, s) = (0, 0) in (5.4) reduces to
(B.2), we have shown that 73 (r%, r) is not larger than either (B.1) or (B.2). Finally, we establish that

A+
73 (r% r) indeed bounds Ep <<r + r’C) > from above. For any (s%; 5,2, x) s.t. (2 +2'g,, Flx) =

(r%, 7), we have

(r® = s%) — s'g, +sup (r — s'F,) C4+p(s® — 20 s — ) + (0, s)

Cev
> (20— %)~ (@~ 8) gy +sup (@ — ) Fol) + (s~ 2,5 — @) + (s, s)
éev
> sup Ep ( (2% — 5% + (z — s) £U)+) + sup Ep ((so + s'ig)Jr) (by (B.1) and (B.2))
PeF3 PclFs
> sup Ep ( 2° +a'Z,) ) (by subadditivity)
PelFs

= sup Ep <(r0 +'r’C~) )
PeFs
Since the above inequality holds for any choice of (s°, s, 2°, ) which satisfies (z° +2'g,, F\,z) = (v, ),
-\ +
it also holds when we take the infimum, and hence 73 (ro, 7’) bounds sup Ep ((ro +7'¢ ) ) from above

PelFs
as required. |

B.4 Proof of Theorem 4

S

We begin by noticing that each (7‘0, 'r) is convex and positive homogeneous in its arguments. From
0

positive homogeneity of each 7° (r 7'), we have 7°(0,0) = 0, which gives us the second inequality

-+
of (5.6). To establish that = (ro, r) does indeed bound sup Ep <<r0 +7'¢ ) ) from above, we have for
PclF
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each IP € (,cq Fs

Pses ™ (17 77)

0 A\t
ZsesE]p (7" ’S—i-rSC)
0 2\
Bp (Loes (10 +7°C)
0 2\
Bp ( (Sues® +77C)

Ep (7’0 + r’f)+>
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Appendix C Proofs of BDLDR Properties

C.1 Lemma: Bounding a portion of the BDLDR

For clarity of exposition, we begin the proof with the following lemmas:

Lemma 5 For each j € [m], the following inequality holds:

- - +
y, <7r;(¢) + (W(C) *gj) Tgjesey — (Tj(C) *ﬂj) Ly <9
Proof : We divide the proof into 4 cases:
Case 1: When j € [m] \ (i °uU jo), the result holds directly from Equation (6.14).

Case 2: When j € J° \jo: To prove the upper bound, it suffices to consider the case when j € J.

Furthermore, by assumption, j ¢ J°, we can apply the linear constraints of Equation (6.14),

7;(¢) < 7;. Together with the obvious Y, <7;, we get
() + (10 - y,) =max{r;(0).y,} <7,
Thus proving the upper bound. The lower bound follows directly from
y, < max {r;(0).y, }
Case 3: When j € J* \ J°, the proof follows an identical argument to Case 2.
Case 4: When j € J° N J°, we have
- ~ - ~ + -
@+ () —y,) = (m(@-7) =max{min{r;().7,}5,}

which directly satisfies both upper and lower bounds.

C.2 Proof of Proposition 4

We notice that statement I of the proposition follows directly from the feasibility of each p' and @'
in (6.12) and (6.13). To prove statement 2 of the proposition, we consider the 4t component of the

BDLDR, by considering the statement Y, <7j(¢) <Y;, Vj € [m]. We notice that the BDLDR can be

written in the following verbose form:

f’j(f) = (7’3'(5) + (Tj(f) —yj) Tgjeey - (Tj(f) _yj>+]l{j€]0}>
Y (n@-y) A+ Y (n-w)d
i€J°\{j} ieJ\{j}
To prove the upper bound, it suffices to consider j € J. We notice that we have explicitly removed j
from both summation terms, so in both sums, i # j. Furthermore, since we only sum over indices ¢ such
that p' and @ are feasible in (6.12) and (6.13) respectively and we have established that j € J \ {i},
we have ﬁ‘j < 0 and (jjl < 0. Finally, the upper bound of Lemma 5 establishes the upper bound in the

proposition statement. The lower bound can be proven with an identical argument. |
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C.3 Proof of Proposition 5

To show the second inequality, we begin by noting that each feasible solution of (6.19) is feasible in
(6.22). We further note that Vi € J, 7'(—r? + Y. —R/e?) = 0, (see Remark in Section 5.1). Similarly,
Vie J, nt(r? —7;, R'e’) = 0. Since Jpr CJand jOD,R C J, and using the property that 7(-) < 7!(-),
we obtain Zprpr < ZSLDR-

To prove the first inequality, we consider the sub-problems for the BDLDR, (6.12) and (6.13) against
the corresponding sub-problems for the DLDR, (6.20) and (6.21). We notice that they are identical,
with the sole exception that the BDLDR sub-problems (6.12, 6.13) have one less inequality constraint
compared with the DLDR counterparts (6.20, 6.21). In particular, whenever i € .J, the first DLDR
sub-problem (6.20) is always infeasible. Conversely, if i ¢ J, both the BDLDR, sub-problem (6.12) and
DLDR sub-problem (6.20) are identical. A similar relation holds for the second sub-problem. This leads

to the following set relations:
Jo=J°\T

- (C.1)
Jp=J \J
and relations for the optimal solutions to the sub-problems:
P, =p Vield) (C.2)
a@,=q Vielp '
Together, these imply the set relations for the reduced index sets:
T; DR = 7 r\J
Hence, using these relations, any feasible solution of (6.22) is feasible in (6.18). Using a similar argument
to the DLDR vs SLDR. above, we can relate the objectives by Zpprpr < ZpLDR- [ |

C.4 Proof of Proposition 6

The inclusion ®;, C &}, follows directly from the definition of the BDLDR in (6.30). To show the reverse

inclusion, we proceed by contradiction. Assume that o Z Dy, ie.

AL+ N (), VA e RNE
¢ Dy

By the definition of the information index set (2.1) applied to the underlying SLDR, we have

rk C—{—Z)\e =rk(¢), VA e RVE
Z¢¢'k

Thus, from the definition of the non-anticipative BDLDR (6.30), we require

i ¢+ het | #0(¢), vAe RNE (C.4)
qu)k
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for some j € N~ (k), and some [ € J3 Uj;. However, from the definition (6.25) of N~ (k),
jENT (k)= @ C ¥ = &) C OF
which contradicts (C.4) above. We conclude that d;, C @y, and from both inclusions, &y = ®y. [ |

C.5 Proof of Proposition 7

We consider:

S Y S (0-1) v+ T (RO -7) vt

k=1jeN—(k) \ i€JS €T’
=22 12 (r{(cf) —gf) Urphih 4y <Tf(C) —?§>+qum’k Lijen-w))
k=1j=1 \i€J i€
=YX E (@ ) Ut Y (O - 9) UM | vy
J=1k=1 \ieJS i€J;
K _ . , -
- Y (S @o-n) vt ¥ X (0 -7) v
J=LEENT(j) \i€J] keN*(j)ieT;
K _ o , -
— Z Z Z (Tf(é) _%) Ukpi,j,k + Z Z (Tf(C) _gg)‘*‘ qul,jJ{

KEN+(j)iEd RENT () icT

where we reverse the order of summation in the second equality, and use property (6.25). Considering
the final expression, we note that the polyhedral regions P(i,j) and Q(3,j) are non-empty for i € J3
and i € j; respectively, allowing us to apply the set of constraints (6.26) and (6.27). Applying the first
constraint in each constraint set, we notice that the first summation vanishes for each ¢ € l‘;, and the
second summation vanishes for each i € j;. This causes the entire expression above to vanish, implying
the result in statement 1 of the proposition. We prove statement 2 of the proposition by establishing
the upper and lower bounds component-wise. We consider the n*” component of the k** BDLDR, and

rewrite it in the more verbose form:

’.7’

¢ = rh(C) +

> Y (Hd-y)

> Y (-7

Pt + @
JEN—(k)ieds JEN=(K) ieT;
= O+ Y (RO-u) A Y Y () e
i€ JEN=(k)\{k} i€
- +
D 3 CIGE S I 'S Z( )= l) g
i} JEN—(W)\{k} icT
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And extracting the ¢ = n term from the first and third sums, we get the final expression:

O = O+ (RO ) ey — (RO -7) e
Y (FO-g) e Y Y (O -y
i€ J7\(n} JEN=(W\{k} i€J3
(4) N (B) N
+ > (RO-7) et + Y Y (HO-7) g
iedp\{n} FEN=(R)\{k}icT;
©) (D)

To prove the upper bound of statement 2 of the proposition, it suffices to consider n € J;. Again,
in each of the four sums in the expression above, we sum over indices 7 which correspond to feasible
instances of constraint sets (6.26) and (6.26), and hence we can apply these constraints. We consider
the sums (A) — (D) in turn. For (A), we notice that since ¢ # n, using the third inequality of (6.26),

piF* < 0. For (B), we notice that similar to (6.25), we have

JENT(R)\{k} & ke NT(5)\{j}

Hence, using the second inequality of (6.26), pi”* < 0 in (B). Also, using the first inequality of (6.27),
gs"* < 0'in (C) and ¢5* < 0 in (D). The upper bound follows directly using Lemma 5. The lower

bound can be proven using an identical argument. |

C.6 Proof of Proposition 8

Any SLDR solution to Problem (2.4) will take the form of Problem (4.7), using the support sets VV and
V to approximate the exact supports V* and V. We begin by noting that Vj € [K], i € J; implies
i (—r?’j +y. —Rj/ei) = 0, and similarly ¢ € J; implies wl (r?’j — yi,Rj,ei) = 0. Now, in each of
the two summation terms (in the objective and constraints), j € N~ (k) C [K], and i € J};,, C J; (in
the first sum) or i € J;’jyk C J, (in the second sum), for some [ € {0} U [M]. We further note that
7(-) < 7!(-). Hence, any feasible solution of the approximated Problem (4.7) is feasible in (6.31), and

since their objectives coincide, the objectives are related by Zgprpr < Zsr.pr as desired. |
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Appendix D Service-Constrained Robust Inventory Management

In this section, we present a robust multi-period inventory management problem, which can be modeled
using the techniques presented in this paper. The model we use is related to the inventory model
used in See and Sim [31]. In most inventory models, a linear backorder cost rate (underage cost) is
used to penalize stockouts within the objective function. While using a linear underage cost rate is
mathematically convenient, this cost rate may be difficult to quantify in practice. An alternate model
of penalizing stockouts is to use service constraints to guarantee a lower limit on the event or quantity
of non-stockouts. Because of the mathematical difficulty of handling service constraints, a technique
commonly used in the inventory managememt literature is to approximate the service constraint using
backorder costs (e.g. Boyaci and Gallego [11], Shang and Song [32]), and derive the optimal policy based
on a known demand process. In our model, we consider a distributionally robust service guarantee on

the fill rate, which is a common metric used by industry practitioners.

Problem: Consider an inventory management problem with a planning horizon of T" periods, and a
primitive uncertainty vector, 2 € R7, representing the exogenous uncertain demand in each period. The
exact distribution of Z is unknown, but the inventory manager has knowledge of some distributional
properties, as described in the Model of Uncertainty U in Section 3. We let I denote the family of
distributions having these properties. For simplicity, we shall assume that we know the mean of z
exactly, i.e. Ep (2) = pu, VP € F, where g > 0. A similar formulation can be done (albeit with more
notation) for random means, provided that the mean support is fully contained within the positive
orthant. Explicitly, we require W C {:c eRl iz > 0}.

Furthermore, in each period, we denote by ¢; the ordering cost per unit and the maximum order
quantity by M AX  Undelivered inventory at the end of each period can be held over to the next period,
with a per unit holding (overage) cost of h;. We assume no fixed cost components to all costs involved.
We denote the minimum required fill rate in each period by ;. We shall assume that the goods have
no salvage value at the end of the T periods, and that we possess no starting inventory. We also assume
that the inventory manager is ambiguity-averse and aims to minimize the worst-case expected loss over

all distributions in F.

Notation: We let z; (2) = 2 + 2,2, Vt € [T] be a set of linear decision rules representing the order

tth

quantity in the period. We let the auxilliary linear rule y; (2), V¢ € [T] represent the inventory

level at the end of each period, and yg (Z) represent the starting inventory. Vector quantities (e.g. x,
y, z4X)

level, maximum order quantity) over all periods. For example, to represent the order quantity over all

will be used to represent their respective quantities (respectively order quantity, inventory
periods, we have x(2) = =¥ + X 2.

Model: Since inventory can be held over to the next stage, and we have no starting inventory,

Yo(2) = 0
Y (2) = y—1(2)+x(2) — 2 VtelT]
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which we can write in vector form for y(2) = [y1(2) ..., yr(2)], as
Dy(z)—x(z2) = -z

where the constant matrix D € R7*7 is a first-order differencing matrix:

1 0 o0 ... 0]
-1

D—=| 0 -1 1 0
0 0 0 ... 1]

We use the definition of fill rate provided in Cachon and Terwiesch [12], to obtain the robust form of

the fill rate constraint:

inf Ep (min {2, 4-1(2) + 2(£)}) = By Vt € [T]

Using the inventory balance equations to simplify the above, we obtain

sup Ep (yt(i)_) < (=B Yte[T)
PeF

In vector form,

supEp (y(2)7) < (I — diag (8))p
PeF

where diag (-) : RT — RT*T represents the diagonalization operator. We note that the expectation
operation is applied component-wise. Thus, the ambiguity-averse cost-minimizer can be obtained as

the solution to the following problem

z(),y() PeF

Zy= min supEp (Clw(i) + (h’y(i))+>
st.  supEp (y(2)7) <
)

(D.1)

LT, [t — 1)) Vi e T
LT, [t]) vt € [T

To express problem (D.1) into the form of the general model (2.4), we add auxilliary LDRs 7(Z), s(2)

to linearize the objective and the CVaR constraints. Also, we add slack LDRs u(Z),w(Z) to convert
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the inequalities into equalities, obtaining:

Z¢ = min ;lelFF) Ep (dz(2) + h'r(%))
st sup Ep (s(2)) < (I — diag(8))u
Dy (z) -z (%) = -2

(300 - u(i) =0

8(2) + 9(2) - w(z) = (D2)
0<x(2)<aMAX

r(2),5(2), u(Z), w(z) > 0

v € L(LT,[t - 1) v e (1)

Tty Sty Ut, W, Yt € ﬁ(l,T, [t]) Yt € [T]

We notice that since the manager only has access to previous realized demand information in each
period, each LDRs should only be dependent on a subset of the full range of uncertainties. We capture

this in the information index sets I; as follows
Ilzw, It:ItflLJ{t—l}, VtE{Q,...,T+1}
By collecting the LDRs with the same information dependencies together, we define

y'(2) = m(2)
Y} (2) = [ 2(2),y1(2),m1(2), 51(2), u1(2), wi(Z)]

o o ] ) ) (D.3)
Y (2) = [2(2),y-1(2),r-1(2), 51-1(2), w—1(2), we—1(Z)]

Yy ) = lyr(2),rr(2), s1(2), ur(2), wr(2)]

In the following sections, we apply the non-anticipative BDLDR to our problem in a stage-wise manner.

D.1 First Stage BDLDR

We begin with information dependency set I; = ). Since N*(1) = [T + 1], the first nominal sub-
problem (6.32) for the BDLDR becomes:

ffe= min cdz+h'r
st. Dy—xz=0
r—y—u=0
s+y—w=20 (D.4)
r,s,u, w >0
z; =0 Vi #i
;=1
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Although the allowable set of i is simply the singleton {1}, we keep the i notation because of the

similarity with the subsequent stages. The optimal solution can be obtained by inspection:

v = Ly=iy
yi = Igsa
rio= Lysy
u; =0
s;f 0
wi = Iy

In the other direction, the nominal sub-problem (6.32) for the BDLDR becomes

9, = min cz+h'r
st. Dy—x=0
r—y—u=20
s+ty—w=0 (D.5)
r,s,u,w >0
z; =0 Vi #i

g[;i:—l

which has the optimal solution:

8

~ =i

— =iy
-0

Lij>i

Lij>iy
- 0

w £ 3 .«
L% W% Sk S % Sk Sk

S

+

Since N~ (1) = {1}, and using the identity 2™ = = + z~, the BDLDR for z;(Z) reduces to

#1(2) = wi(®) — (21(5) - M) (D.6)

D.2 Second and Subsequent Stage BDLDR

In the second stage, we have I, = {1}, N*(2) = {2,...,T + 1}, which means that in our formulation of
the nominal sub-problem (6.32), we should zero out the x; terms. For brevity, we let ¢ € {x,r, s, u,w}

represent a placeholder for the respective variables. Furthermore, according to the information depen-
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dencies (D.3), when ¢ = z, i = 2, otherwise, i = 1. This yields:

When ¢ = z, When ¢ € {r,s,u,w},
fiy = min 2322 cixy + h'r f{y = min ZtT:Qctxt—i—h’r
st. Diy—x=0 st. Diy—x=0

r—-y—u=20 r—-y—u=20
s+ty—w=20 s+y—w=20
r,s,u,w >0 r,s,u,w >0
z; =0 EX) =0
;=1 P =1

Where the new differencing matrix D, is identical to D, except with the first column replaced with all

zeros. We notice that Problem (D.7) has a similar structure to (D.4). When the optimal solution for

various ¢ is given by:

When ¢ = z, When ¢ € {r,u}, When ¢ € {s,w},

$; = ]l{j:z'} x;‘ =0 .I;k =0
v = gz oy =0 vy = 0
rio= gz 1 = L=y 7 =0
u; = 0 u; = lg=y u; = 0
S;- =0 S;f =0 S;k- == ]l{j:i}
wi = lgey  wj = 0 wi = lg=y

In the other direction, since each of the variables y1,71, s1,u1, w; are unbounded above, we only have

to solve the nominal sub-problem for o = —1, which gives a similar solution to the first stage:
zj = L=y
yi = ~lzg
r; =0
uj = Lysy
s = Lizg
w; =0

In this stage, we have N~ (2) = {1,2}, and we can add LDRs from the previous stage.

non-anticipative BDLDRs for the second stage, after reduction, becomes

B2(2) = 22(2)T — (22(8) — £AX)T

71(2) = )T +u(2)” +21(2)” +22(2)”

i(2) = w(E)* +r1(2) + (21(2) — 2} + (22(2)

51(2) = s1(B)T +wi(3) + (21(2) — AT 4 (9(5) — AT
11)1(2) w1(2)+ +81(2)7 +x1(2)7 +1‘2(2)7
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For the third and subsequent stages, we notice that a similar reduction takes place, and we can obtain
the general solution to the k" stage, where 2 < k < T + 1 as:

(2) = zp(E)T — (2(2) —2MA)T (a4 only defined for k < T)
max(k,T")

Pe1(2) = ma @Y rwa(® 7+ Y wi(2)
i-1(2) = wa (At + ) (2;(2) — aMAX) "

S1(2) = (B @)+ Y (w(E) - )
=1
ma]x(k,T)

wpo1(2) = wpa BT+ s BT+ Y 3(E)T

j=1

Using these BDLDRs the problem (D.2) now becomes

+
Zpprpr = min supEp (c'c&:(i)Jr —c (m(,%) — a:MAX> +h'7r(Z)" +huz)” + h'La:(Z))
PeF

s.t. ISPHE Ep (8(5)+ +w(2)” + L(x(2) - azMAX)+> < (I —diag(B))u
Sy (2)—x(2)=-Z%
7(2) —y(2) —u(2) = 0
5(2) +y(2) —w(2) =0
(D.10)
where the matrix L € RT*7 is given by:
(11 0 ]
11 1 0
L= : P
1 1 ... 1
i 11 1 ... 1 |

Given some partial distributional information (support, covariance, or directional deviations) of actual

distribution P, we can use the techniques presented in Section 5 to construct bounds on sup Ep (()Jr),
PeF

in order to find a deterministic reformulation. The original uncertain optimization problem (D.2) can
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therefore be approximately solved by the following deterministic conic optimization problem:

T max(T—t+1,T)
ZpprLpr = min thw(fvg,mt) + (19, 7)) + By (=, —ug) + Z hj | m(—af, —x;)
t=1 j=1
max(t,T)
st w(s)s) +m(—wd,—w)+ Y w2 @) < (1-B)m Ve T
j=1
Dy’ —z%=0

PO g0 — 0 =0
sP+y?—w'=0
DY - X =-1
R-Y-U=0
S+Y-W=0
(D.11)
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