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1 Introduction

1.1 Motivation

Let 8™ be the set of m x m symmetric matrices and let ST* be its subset of symmetric positive
semidefinite matrices. We consider the problem of finding a point in a convex body I' of S*",
where I' is defined by an oracle. For any Y e S the oracle either confirms that Y el or
returns a cut, i.e., an A € 8" such that I" is in the half-space {Y € §™ : AeY < Aof/}. The
semidefinite feasibility problem (SFP for short), as described above, has many applications in
operations research [1, 8, 9]. For example, arising from Lyapunov stability analysis of systems

under uncertainty, it is desired to know whether the following system is feasible

AY — (XTY +YX,)eST i=1,...k
Y -TeS8T!
Y eds!

for given A € R and I,X; € R™™, i = 1,...,k. See [1, 8] for more details. Although
this problem could be theoretically treated as a semidefinite program with a trivial objective
function, it is practically impossible to solve it in this way if k is very large, say > 10, 000. In
stead of handling all constraints at once, a cutting plane method ( sometimes called “column
generation method”) generates the solution by gradually tightening up a simple set containing

I" and therefore could be an effective way to solve large-scale feasibility problems.

Another advantage of the cutting plane method is that it allows the set I" to be defined in very
general terms. For instances, (a) I' could be implicitly defined such as the case, where the cut
returned by the oracle is obtained by solving an optimization problem; (b) I' could be defined
by nonlinear constraints; or (c¢) I' could be defined by infinitely many inequalities. In all such
cases the feasibility problem can not be handled by solving a semidefinite program, but could

be solved by using a cutting plane method.

There has been an extensive literature in recent years on semidefinite programming. The book
of Nesterov and Nimirovskii [8] provides a classical treatment of this topic and convex pro-
gramming in general. The review paper of Boyd and Vandenberghe [9] gives a comprehensive
introduction to the theory, applications, and algorithms for semidefinite programming. The
website of semidefinite programming (http://www.zib.de/helmberg/semidef.html) contains a
nice categorized list of papers in this area. Recently, there has been also an increasing interest
in cutting plane methods based on analytic centers. The paper of Goffin and Vial [3] and the
references therein provide a convenient overview on the related work. Our paper attempts to
make a connection between the semidefinite programming techniques and the analytic center
cutting plane methods. We hope that the analysis in this paper can stimulate further research

in both topics.



Our main technical references are [2] and [5]. In [2], Goffin, Luo, and Ye developed an analytic
center cutting plane method for I' € IR™, while in [5], Luo and Sun contributed a cutting
surface method for I' defined by self-concordant functions. Our paper is different from [2] and
[5] in the following aspects. Since we are dealing with space S rather than IR, our working
set is no longer the polytope used in [2]. In addition, a number of important estimates in [2]
has to be re-built using matrix analysis. Compared to [5], we use moderately deep cuts rather
than shallow cuts (for the meanings of shallow and moderately deep cuts, see [4]). Moreover,
we include the barrier term of S in our potential function. Therefore the method proposed
in this paper guarantees that all iterates are positive definite, a favorable property for many

applications.

1.2 Notations and Assumptions

For matrices A,Y € 8™, we define
m
AeY :=tr(ATY) = Y AV,
ij=1

where “I” stands for the transpose. We write Y = 0 and Y > 0 if Y is positive definite and
positive semidefinite, respectively. For Y > 0, we denote its symmetric square root by Y1/2.

The 2-norm of a vector z is denoted by ||z||. For A € 8™, we write
1Al p = (Ao )2 Ay = max {||Az(l/[lz]l = [zl =1}, A(A):= (A(A),.... Am(A)T,

where A\1(A),...,\n(A) are the eigenvalues of A. Note that [|A|; = ||A(4)| and [|4], =

|A(A)]|,.- We shall use these facts in the paper without explicitly mentioning them.

Generally, we use capital letters for matrices, lower case ones for vectors, and Greek letters for

scalars.

Let svec be a linear isometry identifying S™ with R™™ /2 s that K eL = svec(K ) svec(L)
and let smat be the inverse of svec. Given any m x m symmetric matrix G, we define the
linear map G ® G : R™m+1/2 _, Rm(m+1)/2 y,y

(G®G)svec(M) = svec(GMG).

It is easy to see that If G is positive definite, then G &) G is positive definite, (G ® G)~! =
G'®G! and (G® G2 =GYV?® G2,

We make the following assumptions:

Al: T is a convex subset of S™.



A2: T contains a full dimensional ball of radius € > 0. That is, there exists Y¢ € 8" such that
{YeS™: ||V =Y p<etCT.

A3: T' C Qp, where
Qo:={YeS":0<xY <1I}.

The upper bound in Assumption A3 is made for convenience. It can be satisfied by scaling if
the original convex set I is bounded. That is, suppose there exists a constant v > 0 such that
forall Y € I, |Y|2 < 7. Then the scaled set T = {Y /v : Y €T} satisfies A3.

This paper is organized as follows. In Section 2 we describe an analytic center cutting plane
method for SFP, which includes an introduction to the log-barrier potential function. Section 3
shows the quadratic convergence of the Newton method applied to the potential function. This
result will be used in the complexity analysis. In Section 4, we discuss how to update to a new
approximate analytic center after each call of the oracle. Section 5 is devoted to estimating
the reduction in the potential function and the analysis of complexity. Our main result shows
that the proposed method will terminate with a feasible point in O*(m?/e?) Newton steps,

where the notation O* means that lower order terms are ignored.

2 An analytic center cutting plane method

We first define the analytic center and then propose an analytic center cutting plane method
at the end of this section. Let A; oY < ¢;, i = 1,...,k, be all the cuts defining the current
working set 2. Define

A= (svecAy,svecAs, ... ,svecAy), c¢:=(c1,c2,...,c5)T.
Then the set €2 can be represented by
Q= {Y €Qy : Al'svecY < c}.

We define the following potential function on the set :
$(Y) = = In(c; — A; oY) — In(detY) — In [det(I — V)],
and denote

#(Q) = min{e(Y) : Y € Q}. (2.1)

We shall use the notation ¢ (-) to denote the potential function associated with the kth working

set 2, when necessary.



It is easy to see that the analytic center of set Qg is I/2, where I is the unit matrix. As a

matter of fact,

¢o(Y) = —In(detY) — In[det(I — V)]
= —In lﬁ )\i(Y)] —In [ﬁ (I — Y)}
1=1 i=1

= =2 )= X))
i=1
The minimum of ¢(Y") must satisfy A (V) =--- = A\ (Y) =1/2. Hence Y = I/2.

It is known [8, Proposition 5.4.5] that ¢ is a strongly 1-self-concordant function on Q2 and

k
A
Y) = — Yl (I-Y)!
Vo(Y) svec ;ci—AioY + ( ),
V(YY) = ASCAT Y @Y+ (I-Y) @I -Y),
where s; = ¢; — A; oY and S = diag (s1,---,5%). Let = (z1,...,2)7 and s = (s1,...,s1)7.
The analytic center Y is determined by V¢(Y') = 0 or, equivalently, by the following optimality
conditions:
Sz = e (e denotes the vector of ones)
YZ =1
I-Y)w =1
ATsvecY +s5 = ¢ (2.2)
Ax —svecZ +svecV = 0
I-Y >0, Z V>0, s,x >0,

where x,s,Z, and V are auxiliary variables. With a slight abuse of language, we also call
(z,s,Y,Z,V) the analytic center of Q for convenience if it is the solution of (2.2). Since the
potential function is strictly convex and tends to infinity near the boundary of €2, the solution

of (2.2) exists and is unique.
An analytic center cutting plane method
Step 0. Set k = 0. Let £ be the initial working set and let Y = I/2 be the initial point.

Step 1. At the kth iteration call for the oracle which either confirms that Y}, is a feasible point
of I' or returns a matrix Ay € 8™ with ||Ag41]|p = 1. If Yi, € I, stop; Otherwise, construct
the new working set

Qpr1 = QN {Y D Agr10Y < Apiqe Yk} .

Step 2. Find a point Y in the interior of Q1.

4



Step 3. Find an approximate analytic center Yjii; of Qx4 by using the following (dual)

Newton procedure with starting point Y:

Vi =¥ = [V2a (V)] Vora(y),

where ¢r41 is the potential function of Q. ;. Update k& and go to Step 1.

Remarks: Step 2 is necessary because Y} lies on the boundary of ;41 and it cannot be used
as a starting point for the dual Newton procedure. We will show in Section 4 how to find a
point Y in the interior of 2,1, and that Step 3 needs no more than 4 Newton iterations to

find an approximate analytic center.

3 A dual Newton procedure for computing analytic centers

We discuss a quadratic convergence property of the Newton method applied to our potential
function. We shall use it in the analysis of our cutting plane method in subsequent sections.

The result is also of interest on its own.

Definition 3.1 Given a point (x,s,Y,Z, V) € RFxRFx 8™ x 8™ x 8™ with0 <Y < I, we
define

0., Y. 2.V) = ISz — el + ]AYZ) — e|® + AL - Y)V] ] (3.1)

We call (x,s,Y,Z, V) an n-approzimate (analytic) center of Q if n(x,s,Y,Z, V) < n, all the
linear equalities in (2.2) are satisfied, x,s > 0, and Z,V = 0. Obviously, a 0-approzimate

center is exactly the analytic center of Q.

Definition 3.2 Given Y € 8™ with 0 <Y < I, let s = ¢ — ATsvec(Y). We define

(Y) = min {n(a:,s,Y, Z, V) : Az —svec(Z) +svec(V) =0, z € RF, Z,V ¢ Sm}. (3.2)

Here and below, we designate
e = le, svec(l), svec(I)]”
The next two lemmas establish some results for the function n(x,s,Y, Z, V) when (z, Z,V) is
a specially given point.
Lemma 3.3 Given Y € S™ such that 0 <Y < I. Suppose s = c — ATsvec(Y) > 0. Then

() = V()T [V20(V)1Ve(Y) = nlay.s Y. Zy, V), (3.3)

where (xy, Zy, Vy) is the unique minimizer of (3.2).



Proof. Let U =1 —-Y and

G — [‘Asflj _y-1/2 @Y’l/Q, —1/2 ®U71/2} :

H = V%) = AS2AT+yv ey l+uteUul
Then H = GGT and for any (z, Z,V) we have

Sx
Az — svec(Z) +svec(V) = G | svec(Y'/2ZY1/?)
svec(UY2V U/?)

It is readily seen that the minimization problem (3.2) can be re-written as follows:

Sx
(Y) =min\« |le — svec(Yl/zZ Y'1/2)
svec(UY2V U'/?)

svec(YV2ZY1/2) | =03}, (3.4)
svec(UY2V U'/?)

The minimum value in (3.4) and its unique minimizer (zy, Zy, Vy') is easily shown to be given

by
Saxy

oY) = |Pe], svec(Y'/2Zy Y1?) | = e — Pe, (3.5)
svec(UY/2Vy U/?)
where P := GTH~1G is the orthogonal projection of R¥ x R™m+1)/2 » R™(m+1)/2 onto the

range of GT. Hence we have
5(Y) = VeI PTPe = VelPe = Vel GTH-Ge.

The desired result is obtained by observing that Vo(Y) = Ge. O

Lemma 3.4 Let (2,5,Y,7,V) be the analytic center of Q. Given'Y € 8™ such that 0 <Y <
I, let s =c— ATsvec(Y). We have

n(z,s,Y,Z,V) = \/svec(Y —Y)T Hsvec(Y —Y),

where H = V2¢(Y).

Proof. Let U =1 —-Y and U =1 — Y. We have
n(@,5,Y, 2, V)72 = | Xs—e| +|| 22y 21/ - IH +||vrrruvrz IH

= |Xs-9)*+||2 - Y)ZmHF + [y - Y)VWHF

= HS'_l,ATsvec(Y — }7)H2 + HY‘l/z ® Y V2svec(Y — ?)Hz - HU_1/2 ® U Y2svec(Y — Y

= svec(Y —Y) ' Hsvec(Y —Y).



Now we are ready to show the quadratic convergence of Newton’s method for the dual potential

function in S*. This extends the results in [2, 10] and some earlier literature from IR} to S

Theorem 3.5 GivenY € S™ that satisfies0 <Y < I, s =c—Alsvec(Y) >0, and 6(Y) < 1.
Let H = V2¢(Y) and g = V¢(Y). Suppose that AY = —smat(H 'g) and Y, =Y + AY.
Then 0 <Yy <1, sy =c— Alsvec(Y,) > 0, and

S(Yy) < 8(Y)2 (3.6)

Proof. First note that since
H2[ASZAT + Y @Y 4+ (1-Y) @ -Y) | H 2 = 1
we have
HY2(AST2ATYHY?2 <1,  HYV2(y'®Y YH)YH /2 <1, (3.7)
H2(I-YV)'®I-Y) ' \H Y <1 (3.8)

Let U =1-Y and Uy = I —Y,. Then sy = s — Al'svec(AY) and U, = U — AY.
We first show that s; > 0. Since sy = S(e — S~1ATsvec(AY)), it suffices to show that
HS‘lATsvec(AY)H <1

= svec(AY)TAS2 AT svec(AY)

— gTH_l(AS_2AT)H_1g

_ gTH—1/2 [H—I/Q(AS—QAT)H—I/Q} H—1/2g
< ¢'H g = 5(Y)? < 1.

HSilATsvec(AY)H2

Note that we used Lemma 3.3 in the proof above. Next we show that Y, > 0. Since Y, =
YY2(I + Y~ 12(AY)Y ~1/2)Y1/2 it suffices to show that HYfl/Q(AY)YflmHF <1
2 2
Hy—1/2(Ay)Y_1/2HF _ H(Y—1/2 ®Y_1/2)H_19H
= g H'(YT®Y HH Yy
_ gTH—1/2 [H—l/Q(Y—l @Y—l)H—uz] H—l/zg
< ¢g"H'g = 5(v)? < 1.

Similarly, we can show that U} > 0. Hence Y, < I.

Now we turn to the proof of (3.6). By the definition of §(Y ), we have

Sy oy, 5. ay
6(¥e) = ||| svee(v{zy, v%) | —e|l < ||| sveer} 2y v} | —e
svec(Ui/2VY+ Uiﬂ) sveC(UJlr/ZVY UJlr/Z)



Note that since
GTsvec(AY) = —-GTH 'Ge = —Pe,

hence from (3.5) in the proof of Lemma 3.3, we have

S~ ATsvec(AY) Sy — e
—svec(Y1/2(AY) Y ~1/2) = | svec(Y'/2Zy YV/2) — svec(I)
svec(U1/2(AY)U~1/?) svec(UY2Vy U'/?) — svec(I)

To complete the proof of (3.6), we shall consider the following parts:
(a) ||Sizy —¢ = ny(s — ATsvec(AY)) — eH

= HS:EY — SXy (S ' ATsvec(AY)) — eH

= ||Szy — SXy(Szy —e) —e|]| < |Szy —e|?,

where Xy = diag (zy);

b) |yl od| = vz -l = |7 vz -1,
- HZQ/QYZQ/Q + Z2(AY)Z? - IHF
= ||&vz? -2 v oy -zt -1,

- lePrap-itl, < A il

ORI A L all LU R
- HVQ/QUVQQ — VAV - IHF
WU - owo oy -1
ol UL IR M [l

Combining (a)—(c), we have

S0P < [|Shay — el + |22y v IH; + ||l v uy? - IH;
< ||ISzy —e|* + HY1/2ZyY1/2 - IH?m + HU1/2VYU1/2 - IHL;
< (sty —e|? + HYWZYYV2 - IH; + HU1/2VyU1/2 - IH;)Z

S(Y)2, O

Theorem 3.6 Let (%,5,Y,Z,V) be the analytic center of 2. Given Y € S™ that satisfies
0<Y <1I,s=c— Alsvec(Y) >0, and 6(Y) < 1/3. We have

1—[1-36(Y)]"/3
T =343

U(fUY, S, Ya ZY? VY) < 77(557 S, Y7 Za V)



Proof. The right-hand side inequality follows from Theorem 2.2.2 (iii) in [8] (note that there is
a typographic error in [8, (2.2.16)], where the numerator should not be squared) and Lemmas
3.3 and 3.4. The left-hand side inequality follows from the fact that (zy,Zy,Vy) is the

minimizer of n(-,s,Y,-, ). -

Remarks. This section studies the behavior of Newton’s method applied to the potential
function. Lemma 3.3 shows that the quantity 6(Y") is the so-called Newton decrement of ¢
at Y [8, (2.2.1)]. It also implies that a full Newton step is within the range of the Dikin
ball at Y, {X : || X —Y|g <1, H = V?¢(Y)}, and therefore the new iterate remains in
Q if 6(Y) < 1. Theorem 3.5 further proves that if §(Y) < 1, then Y belongs to the region
of quadratic convergence of Newton’s method. Thus, to guarantee efficiency of the Newton
method, it is crucial to find a point within this region, which will be the target of the next

section.

The case of §(Y) > 1 is more sophisticated. It is shown in [8, Theorem 2.2.1] that at such a
point there is no certificate for a full Newton step to be within 2. Thus a damped Newton step
is necessary. Moreover, if the stepsize is taken as 1/(146(Y")) for instance, then the decrement
will satisfy [8, Theorem 2.2.3]

¢(Yy) = ¢(Y) <In[l +6(Y)] - (V).

Since we can easily find a point ¥ such that §(Y") < 1 with respect to ¢p41 as will be seen in

the next section, we will not go in depth along this direction.

4 Construction of a strictly feasible starting point in ;.

Given an n-approximate center (z*,s*, Yy, Zy, Vi) for Qi, where n < 1 is sufficiently small,
suppose we add a cut {Y € S"|[AeY < AeY}} to 2 and call the new set Q1. We want to
use Newton’s method to find an approximate analytic center for 2;11. However, Y} is on the
boundary of 241 on which the potential function for 2341 is not defined. Thus, before using
Newton’s method, we need to construct a point (x,s,Y, Z, V) in the interior of Q1 that is
close enough to the center of {211 so as to guarantee that a few Newton steps from it will
produce an n-approximate center for Q1. In mathematical terms, the point (z,s,Y,Z, V)

should satisfy the following conditions.

AT e
(Svec(A)T> sveelV) s = ( svec(A) svec(V}) ) ®1)
[A, svec(A)]x — svec(Z) + svec(V) = 0 (4.2)
I-Y =0, ZV=0 x,5>0 (4.3)



n(z,s,Y,Z,V) < 7, (4.4)

for some ~ that might be larger than 1 but should still be small, say v < 1. Let

rp = \/svec(A)TlT-Ik_1 svec(A), (4.5)

where Hy = V2¢;(Y%). The following theorem shows how such an interior point for €41 can
be obtained.

Theorem 4.1 Suppose (z¥, " Yy, Z;., Vi) is an n-approzimate center for Q, with n < (vV/2 —

1)/(v2+1). Let 3 =1/\/2 and

AY = - i smat(H, 'svec(A)),

As = —ATsvec(AY),

Az = -5, %As = S;2ATsvec(AY),
AZ = —smat ([Yk_1 ®Y, svec(AY)) ,

AV = smat ([(1 - Y;)™ @ (I - Yi) "] svec(AY)).

Consider (z,s,Y,Z,V') defined as follows:
& — ATsvec(Y) sk 4+ As
S = = 5
svec(A)Tsvec(Y}) — svec(A) svec(Y) Bry

zF + Az
r = ,
B/ri
Y = Yi4AY, Z = Zu+AZ V= Vit AV,

then Y s in the interior of Qi1 and (z,s,Y, Z, V') satisfies the conditions (4.1)—(4.4) with
y=n+1+n)/V2

An intuitive justification for the direction used in the above theorem is that AY is some sort of
“Newton direction” with svec(A) as the gradient and Hy, as the Hessian. Recall that svec(A)
is perpendicular to the boundary of ;1 at the current point Y and the potential function
tends to infinity at the boundary of 1, thus svec(A) can be thought of as the gradient on
the “infinite contour” of the potential function of (21 at Y;. Given AY', the other directions,
As, Az, AZ and AV, are motivated by our desire to satisfy the feasibility conditions (4.1)-
(4.3). Similar constructions have been used by Mitchell [6] and Ye [10] in the vector case. We

split the proof of Theorem 4.1 into two lemmas.

10



Lemma 4.2 The point (x,s,Y,Z,V) defined in Theorem 4.1 satisfies conditions (4.1)—(4.3).

Proof. Let
p = S;'As = -5, ' Al'svec(AY),
Q = v, vy

It is clear that (z,s,Y, Z, V) satisfies equation (4.1), but we still need to show that s > 0. Note

that
. (sk~|—As) _ (Sk(e+p) ) .
By Bk

since e +p > (1 — B)e > 0. Now we verify that (z,s,Y, Z, V) satisfies equation (4.2):

[A, svec(A)]z — svec(Z) + svec(V)

= Az* —svec(Zy) + svec(Vi) + (B/ri)svec(A) + AAz

+ (Y @Yy svec(AY) + (I = Vi) @ (I - Yi) ™! svec(AY)
= (B/r)svec(A) + [ASZAT + Y @Y+ (1= Vi) T @ (1 - i) ™! svec(AY)
= (B/ry) svec(A) + Hysvec(AY) = 0.

Furthermore,

o (fwm) _ (s,;l (Ska® — (Sx)~1As) ) _ (Skl(Skxk—p) ) -
B/rk B/ B/r

since Spz* —p > (1 —n — B)e > 0. Next we show that Y = 0, Z = 0 and V = 0. Firstly,
Y = Y+ AY = v (14+y Py ) v = vPa sy - o,
since I + @ > (1 — )1 > 0. Secondly
Z = Z-v Ayt = vy P (PP - Q) v - 0
since Ykl/QZkYkl/2 —Q > (1—n—p0)I = 0. We shall skip the proof for V' > 0 as it is similar to

the one we have just given for Z. O

Lemma 4.3 The point (x,s,Y,Z, V) defined in Theorem 4.1 satisfies condition (4.4) with
y=n+1+n)/V2<1.

11



Proof. Let p and Q be defined the same as in the proof of Lemma 4.2 and let
R = (I-Y) Y2AY)(I -Y;)" V2
It is easily verified that
Ipll* + QI + 1R = svec(AY)" Hysvec(AY)

= 3 [ 'svee(A)] 1y [H svee(4)] /17

= (2
We have
oo - [ GRXE=P)etp)me) (k™ —e) + (SkXg — I)p — Pp
3 -1 3 -1 ’
where P = diag(p). Thus,
IXs—e| < |Ska® —e| + |Ska® —e|| lIpll + Vilpl* + (1= g2)2. (4.6)

Also
vZ-1 =YV -1+ QY2 - 1) - @*| v, ',
implying that

INYZ) =l = |2z -1+ Q (VP2 - 1) - ¥,

IN

|22 = 1))+ | Pz = 1))l + 11
= [IANYiZe) — el A+ 1Rl F) + Q1% - (4.7)
Similarly
INE=YIWV) —ell < [0V~ 1|, + [0 Vv ~ 1] 1BIL + 121
= [IANUVR) = el (1 + | Rll) + IR, (4.8)
where Uy, = I — Y. Combining (4.6)—(4.8) together, we get

n(x,s,Y,Z,V)
1/2

IN

[kas’f e @ )+ IAYRZ0) — el (14 Q1) + IMURVE) — el (1 + [ R]|)?

+ [l + QU + 121 + (- 527 "

(1+8) (kask — |+ 1Az — el + MOV - e”2>1/2

IN

12



(1P + @i+ 1)+ o -]

(1+B)m + /B + (1= p?)?

= (14+1/V2)n + 1/vV2=r. O

IN

Next we show that starting from the interior point (x,s,Y,Z, V), constructed in Theorem
4.1 for Qp41, it takes at most 4 Newton steps to find an n-approximate center of {241 for
sufficiently small 7.

Theorem 4.4 Let n = 1/15. Suppose (z¥,s* Yy, Z;., Vi) is an n-approzimate center of S,
satisfying n(z*, s%, Yy, Z1,, Vi) < n. Let (z,s,Y,Z, V) be the point constructed from it as in
Theorem 4.1. Then starting from the point (x,s,Y, Z, V'), the dual Newton procedure described
in Section 8 takes at most 4 iterations to find an n-approrimate center Yyi1 € Qpi1, and it
satisfies

n(jk+la Sk+17 Yk-‘rla Zk?-‘rl’ Vk-‘rl) < m, (49)

fk—l-l’ §k+1

where ( JYei1, Zi1, Viey1) is the analytic center of Q1.

Proof. By Theorem 4.1, the point (z,s,Y, Z, V) satisfies n(z,s,Y, Z, V) <, where (z, Z,V)
is feasible for the problem (3.2) and v =1+ (14 17)/v/2 < 1. By Definition 3.2, 6(Y) < v. By
Theorem 3.5, a point Yj 1 with 6(Yj41) < 7% = 4% < 5 can be found in at most 4 Newton
iterations. Then by Theorem 3.6, the point Y satisfies the inequality (4.9). O

Remark: The theorem and its proof will remain valid if 1/200 < n < 1/15.

5 Potential increment and complexity
Suppose Q = {Y € Qy : ATsvecY < c} is the current working set. Let (Z,5,Y,Z,V) be the
analytic center of 2. Given an approximate analytic center Y of Q with

77(_7§7 )A/-? Z’ ‘7) S n' (5'1)

If Y is not inside T, the oracle will generate a cut with normal A (|A||r = 1), and this will

lead to a new working set,
Q4 = {Y € : (svecA)Tsvecy < (svecA)Tsvec?}. (5.2)

Let ¢(-) and ¢4 (-) be the potential functions associated with € and €4, respectively. Then

the minimum potential values associated with these two sets satisfy the inequality given in the

13



next lemma. It will be used in the complexity analysis of our analytic center cutting plane

algorithm.

Lemma 5.1 Let (z,5,Y,Z,V) be the analytic center of Q and

= \/(svecA)T.F_I—l(svecA)7

where H = V2¢(Y). Then
61(Q4) = 6(Q) —In7+a,

where a is a constant depending only on n, and o« > 0 if n = 1/15 is selected.

Remark: For the complexity analysis, a > 0 is not necessary. The complexity bounds remain

valid as long as « is a universal constant independent of m and k.
Proof. Let Y, be the analytic center of €, and
57 =c— ATsvec(Y,), §Z+1 —AeY —AeY,, §=c— ATsvec(Y).
Let U = I — Y. Note that H = G GT, where
a — (AS«—I’ _y-1/2 @Y—Uz’ 712 ® 0—1/2) '

We have

=+ T Y Y

5,1 = (svecA)” (svecY —svecY)

= (svecA)TH '@ (C_}Tsvecf/ - C_?Tsvec)_@)

= (GTH 'svecA)T (GTsvec(Y —Y) - GTsvec(Y, — Y))

IN

HC_}’Tf_I_lsvecAH (HC_}Tsvec(f/ - Y)H + HC_}Tsvec(YJr - Y)H)
= 7 [n(f,é,Y,Z, V) +77(:f,§+,}7+,2,17)],
where we used Lemma 3.4 in (5.3). Thus, we have

=+
S < 7o,

where
e— S~ 1st
p o= n+||e—AY V2V Y12
e — \T-120,0-1/2)

14
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Note that

ZeV, = t(ZV4) = u(Y-V2V+Y-12) = JAY-12Y,¥-112),
ZeY = tr(ZY) =tr(I) = m,
and the analogues hold for V and U. Using (2.2), we have
T8 st 4 TNV V2y, Y= V2) 4 INO V20,012

= 7l(c— ATsvecY, )+ ZeY, + Ve U,

= e+ Vel

= l(c—AlsvecY)+ ZeY + Ve lU

= 154+ ZeY + Vel

= n+2m.

As in the proof of Theorem 2 of [10], there exists a constant o > 0 (we select n = 1/15) such
that

k —+ m
pHi_—iH TR YO RO )] < e
i=1 % =1

From the results above we obtain

ko + % ]

~ 5; detY, detU

D+(24) — () = —In [SZFH H 5 detf; detg]
i=1 ¢

kK —+ m
> —Inr —In [p S% (/\Z.(Y—1/2Y+Y—1/2))\i(U—l/2U+U—1/2))]
i=1 5121
> —In7+ a.
The lemma is proved. -
Let H; = V2¢;(Y;) and
_ T 77—1 1/2 .
Ty = [(svecAHl) Hz (SVGCAH,l)} , 1= O7 ey k. (54)

The complexity analysis of our analytic center cutting plane algorithm is based on the following
idea. For the sequence of working set €2, we can establish upper and lower bounds on ¢ (£2).
The upper bound is approximately kIne~!, which is due to the assumption that I' contains a
ball of radius € and the observation that €2, is defined by k£ cuts. The lower bound is obtained
by estimating — Zf;ol In7; + ko, which is a conclusion of Lemma 5.1. An estimation of 7 gives
rise to a lower bound proportional to gln % Hence the algorithm must terminate before the
lower and upper bounds conflict each other. This idea is adapted from the vector case (e.g.

[2, 5]). We shall omit some of the proofs that are similar to the vector case.

We first establish an upper bound on ¢ ().

15



Lemma 5.2 Let Q D T be defined by k linear inequalities and the positive semidefinite con-
straint. Then
oe(Q) < —(k+2m)Ine.

Proof. Assumptions A1-A3 imply that there exists a point Y€ € I', such that
(i) All eigenvalues of Y and I — Y€ are greater than or equal to ¢;
(ii) For any A € 8™ with ||A||p =landa € R, ifI' C{Y : AeY < a},thena—AeY* >e.
Since I' C Q,
o) < Or(Y) = =YK In(e; — A @ V) —In(detY ) — In(det(I — Y°)).

Noting that ||Ai||p =1, ¢; — A; ¢ Y > ¢, and

detY® = ﬁ Xi(Y€) > €™, det(I —Y°) = ﬁ)\i(I —-Y°) >€m,

i=1 i=1

we have the desired inequality. O

Now we turn to finding a lower bound for ¢(€). By Lemma 5.1, this reduces to finding an
upper bound for 7; for each i. Following the idea introduced by Nesterov for the case of IR™,
we can establish the following lemma whose proof we shall omit as it is similar to the one

appeared in [7, Theorem 3.1].

Lemma 5.3

y k
;:) 72 < m2(m+ 1) (1 QT 1>> : (5.5)

By using Lemmas 5.2 and 5.3, we can now derive an expression for which the number k& of

oracle calls must satisfy. The precise statement is given in the next lemma.

Lemma 5.4 The analytic center cutting plane method must terminate with a feasible solution

before the number k of oracle calls violates the following inequality

m 2 k
. 7+m(m+1)ln<1+m)ex ( 2ak ) (5.6)

- 2m + k 2m + k
Proof. By Lemmas 5.2 and 5.1, we have

—(2m+k)lne > ¢k(Qk)
k—1

1
> ¢0(Qo)—§zlnf¢2+ka
=0
L=
= —2mln§—§§lnﬁ+k‘a.
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Thus

1 i < ! min - + kil -
ne— o —— [ 2mIn— nr;
2m+k - T 2(2m+ k) 4 &0
1. (2m(1/4 e
< —In m(/4) + i T (using the concavity of In)
2 2m + k
1 m/2+m?(m+ 1) In(l + —~—)
< —-In Am?(m+1) (using Lemma 5.3)
2m +k
or
,  BmEAm et DIn(l+ pof) < 2ak >
e < ex .
2m + k 2m + k
The algorithm must terminate before the above inequality is violated. a

The complexity analysis of our analytic center cutting plane algorithm is completed with the

following theorem.

Theorem 5.5 The analytic center cutting plane method terminates in at most O*(m3/e?)

Newton steps, where the notation O* means that lower order terms are ignored.
Proof. Ignoring lower order terms (assuming k > m), Lemma 5.4 implies that the algorithm

k m?
m(e/m?) = ¢ <e2> '

For large k, In k is negligible compared with k, hence the algorithm requires at most

* m3
o (3)

iterations. The theorem follows by noting that for the prescribed values of n = 1/15 and

stops as soon as k satisfies

g=1/ V2, the number of Newton steps per iteration is at most 4 as estimated in Section 4. O
Conclusions

We have analyzed an analytical center cutting plane method for semidefinite feasibility prob-
lems. The iteration complexity of this method is O* (m?®/€?), where at most 4 Newton equa-
tions of size m(m + 1)/2 are solved in each iteration. The method allows the constrained
set to be defined in very general terms. The dynamical feature of adding cuts looks particu-
larly attractive for large-scale problems. Possible future research may include a multiple cut
version of this approach which would be more efficient in practice and computational studies
on semidefinite feasibility problems arising from operations research and other areas such as

financial engineering and computational geometry.
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