
Generalized Stationary Points and an Interior-Point Method for

Mathematical Programs with Equilibrium Constraints∗

Xinwei Liu†and Jie Sun‡

Abstract. Generalized stationary points of the mathematical program with equilibrium constraints
(MPEC) are studied to better describe the limit points produced by interior point methods for MPEC. A
primal-dual interior-point method is then proposed, which solves a sequence of relaxed barrier problems
derived from MPEC. Global convergence results are deduced under fairly general conditions other than
strict complementarity or the linear independence constraint qualification for MPEC (MPEC-LICQ). It
is shown that every limit point of the generated sequence is a strong stationary point of MPEC if the
penalty parameter of the merit function is bounded. Otherwise, a point with certain stationarity can be
obtained. Preliminary numerical results are reported, which include a case analyzed by Leyffer for which
the penalty interior-point algorithm failed to find a stationary point.

Key words: Global convergence, interior-point methods, mathematical programming with equilibrium
constraints, stationary point

∗Research is partially supported by Singapore-MIT Alliance and Grant RP314000-042/057-112 of National

University of Singapore.
†Singapore-MIT Alliance, National University of Singapore and Department of Applied Mathematics, Hebei

University of Technology, Tianjin, China. Email: smaliuxw@nus.edu.sg
‡School of Business and Singapore-MIT Alliance, National University of Singapore, Republic of Singapore.

Fax: (65)6779-2621. Email: jsun@nus.edu.sg

1



1. Introduction

Given functions f : <n+m → <, c : <n+m → <p, g : <n+m → <`, and F : <n+m → <m,
consider the mathematical program with equilibrium constraints (MPEC):

min f(x, y) (1.1)

s.t. c(x, y) ≤ 0, (1.2)

y ∈ S(x), (1.3)

where S(x) is the solution set of a parametric variational inequality problem (PVI)

y ∈ S(x) ⇐⇒
{
g(x, y) ≤ 0,
F (x, y)>(z − y) ≥ 0, ∀ z such that g(x, z) ≤ 0.

(1.4)

Throughout the paper, we suppose that f , c, and F are twice continuously differentiable and
that g is triply continuously differentiable. We note that if ` = m and g(x, y) = −y, then the
PVI is reduced to a parametric nonlinear complementarity problem, in which case MPEC is
specifically called the mathematical program with complementarity constraints (MPCC).

MPEC includes the bilevel programming problem (e.g., [14, 45]) as its special case and has
extensive applications in practical areas such as traffic control, engineering design, and economic
modeling, see [2, 26, 35, 36]. Since there are variational inequalities in the constraints of the
problem, the feasible region may be nonconvex, nonsmooth, disconnected, and non-closed even
if all involved functions have very good analytical properties (see [35]). As such, MPEC is known
to be a class of very difficult optimization problems [4, 8, 9].

There have been many papers dealing with MPEC in recent years. Some of them considered
the existence and stationarity of its solution, for example [19, 25, 27, 35, 37, 39, 44], while some
other papers proposed algorithms for MPEC, see [13, 18, 20, 21, 28, 35, 36, 38, 41, 43]. Upon
the success of interior-point methods for linear and nonlinear programming (NLP), the interior-
point approach has been extended to solve MPEC as well. The penalty interior-point algorithm
(PIPA) developed by Luo, Pang and Ralph [35] is the first interior-point method for MPEC. Its
global convergence requires the linear independence constraint qualification for MPEC (MPEC-
LICQ) and strict complementarity. However, it was found recently by Leyffer [29] that some
conditions required by PIPA for convergence may collapse at some iterates. As a result, PIPA
may fail to find a stationary point for a simple MPCC.

An interesting idea of designing algorithms for MPEC, discussed in a series of recent studies,
e.g., [5, 6, 10, 11, 13, 15, 31, 40] 1, is to reformulate the MPEC as an NLP problem or a
sequence of NLP problems and to solve the reformulated problem(s) by various algorithms of
NLP. On one hand, this approach allows us to take advantage of certain NLP algorithms to
obtain rapid local convergence (see Fletcher, Leyffer, Ralph, and Scholtes [16]) and, on the
other hand, it brings new challenges to the NLP algorithm to be used. In particular, since
MPECs violate the Mangasarian-Fromovitz constraint qualification [8, 42], the usual conditions
for global convergence of an NLP algorithm may not be met and the linearized complementarity

1The papers [5, 10, 31, 40] were available to us after the first draft of this paper was submitted.
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constraints may be inconsistent even for iterates close to the solutions (see [31] for a detailed
analysis). Therefore, a successful NLP algorithm should be able to handle the irregularity of the
reformulated problem. An example of such algorithms is due to Fletcher and Leyffer [15] where
their filter SQP method shows very good performance on a large collection of test problems
called MacMPEC [30]. Benson, Shanno and Vanderbei [6] identified the possible difficulties in
convergence when applying LOQO (an interior-point method for NLP) to MPEC, some heuristics
for implementation were suggested to overcome difficulties in global convergence.

In this paper we present an interior-point method for MPEC. The method, together with
its convergence theory, is an extension of a robust method [32, 34] developed by the authors
for NLP. The original motivation of that research was to develop an algorithm that can handle
some “bad” cases of NLP. The idea and analysis used in that research turn out to be useful
in studying MPEC as well. In the context of MPEC, the PVI constraint in MPEC is first
transformed to a group of complementarity constraints, the complementarity equations are then
relaxed to inequalities with a relaxation parameter θ (see (3.4) below). We then solve the relaxed
problem by an interior-point method in which the barrier parameter µ is a fixed fraction of θ,
so it is decreased simultaneously with θ. To our knowledge, the relaxation scheme is known (see
for instance Scholtes [41]) for some time, but is not fully explored and the way of reducing θ
and µ appears to be new. The method has the following properties.

1. All linearized constraints including the linearized complementarity constraints are always
consistent.

2. Global convergence results are derived under fairly general conditions other than the
MPEC-LICQ or the strict complementarity condition.

3. Under certain conditions, the algorithm can find a point with certain stationarity. Specif-
ically, it is shown that every limit point of the generated sequence is a strong stationary
point of the MPEC if the penalty parameter of the merit function is bounded. Otherwise,
one of the limit points could be a singular stationary point, an infeasible stationary point,
or a weak stationary point (All of the related definitions will be given later).

The method has been implemented to solve the test problems of Facchinei, Jiang and Qi
[13] with satisfactory results. We present two numerical examples to show the behavior of the
algorithm when the problem is infeasible and when the MPEC-LICQ does not hold, respectively.
In addition, we solve the example given by Leyffer [29] for which the PIPA fails to find a
stationary point. Numerical experience with the MacMPEC test problems are also reported.

The solution of the relaxed barrier problem plays an important role in our method. The
search direction is computed in two-steps. First, an auxiliary step is computed through a
minimization problem. Then, the auxiliary step is used in a modified primal-dual Newton
equation to calculate the search direction. In addition, the barrier function with `2-penalty is
selected as the merit function where the penalty parameter is adjusted adaptively. Different
steplengths for the primal and dual updates are used, while special care is taken to avoid rapid
reduction in slack variables.
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The paper is organized as follows. In Section 2, we define certain weak stationarities of MPEC
used in our convergence analysis. In Section 3, we describe the relaxation scheme that paves
a way of solving MPEC by interior-point methods. It is shown that, under certain conditions,
the KKT points of the relaxed problems converge to strong stationary points of the MPEC as
the relaxation parameter tends to zero. In Section 4, we present a primal-dual interior-point
method and derive convergence results for the relaxed barrier problems. In Section 5, we describe
our algorithm for MPEC and present global convergence results. In Section 6, we report our
numerical results.

It is better to clarify some notations at this point. All vectors are column vectors except that
for simplicity we write (x, y) to stand for the column vector [x> y>]>. A vector with superscript
k is related to the k-th iterate; its subscript j means its j-th component. All matrices related to
iterate k are indexed by subscript k. The norm ‖ · ‖ represents the Euclidean norm. ∇gi(x, y) =
(∇xgi(x, y),∇ygi(x, y)), i = 1, ..., `, and ∇g(x, y) = [∇g1(x, y) . . . ∇g`(x, y)], ∇gJ (x, y) =
[∇gj(x, y)|j ∈ J ], where J is an index set. For functions involving x, y and other vectors such
as H(x, y, λ) used below, we use the notations ∇H(x, y, λ) = (∇xH(x, y, λ),∇yH(x, y, λ)) and
∇EH(x, y, λ) = (∇xH(x, y, λ),∇yH(x, y, λ),∇λH(x, y, λ)) (“E” for “entire”). For any vector
v, diag (v) stands for the diagonal matrix whose diagonal is the vector v.

We often have to deal with different index sets. Here is a list of them, in which λj is the
multiplier associated with gj .

C0(x, y) = {j ∈ {1, . . . , p}|cj(x, y) = 0}
G0(x, y) = {j ∈ {1, . . . , `}|gj(x, y) = 0}
G0(λ) = {j ∈ {1, . . . , `}|λj = 0}

G00(x, y, λ) = {j ∈ {1, . . . , `}|gj(x, y) = 0, λj = 0}
G0+(x, y, λ) = {j ∈ {1, . . . , `}|gj(x, y) = 0, λj > 0}

Finally, we denote the feasible set of the MPEC by F and by strict complementarity we
mean that G00(x, y, λ) = ∅.

2. Generalized stationary properties of MPEC

We make the following blanket assumption throughout this paper.

Assumption 2.1

(1) For every (x, y) ∈ F , the vectors {∇ygj(x, y)| j ∈ G0(x, y)} are linearly independent.

(2) For any fixed x ∈ {x ∈ <n|c(x, y) ≤ 0 for some y ∈ <m} and each j ∈ {1, . . . , `}, gj(x, ·)
is convex.

It should be noted that Assumption 2.1 always holds in the important special case of MPCC.
Under Assumption 2.1, y ∈ S(x) if and only if there is a unique λ ∈ <` such that

{
F (x, y) +

∑`
j=1 λj∇ygj(x, y) = 0,

λ ≥ 0, g(x, y) ≤ 0, λ ◦ g(x, y) = 0
(2.1)
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where ◦ denotes the Hadamard product. In general we designate the set of λ that satisfies (2.1)
as M(x, y). It is easy to show that if Assumption 2.1 holds and if (x, y) is bounded, then M(x, y)
is also bounded and problem (1.1)-(1.3) is equivalent to

min f(x, y) (2.2)

s.t. c(x, y) ≤ 0, (2.3)

H(x, y, λ) = 0, (2.4)

λ ≥ 0, g(x, y) ≤ 0, λ ◦ g(x, y) = 0, (2.5)

where H(x, y, λ) = F (x, y)+
∑`

j=1 λj∇ygj(x, y). However, Assumption 2.1 does not imply strict
complementarity. See the following example.

Example 2.2 Consider the MPEC

min f(x, y1, y2) =
1
2
(x− 1)2 + y1 + y2 (2.6)

s.t. x ≥ 0, (2.7)

y1 ≥ 0, y2 ≥ 0, (2.8)
(

2x
y1 − y2

)> (
z1 − y1

z2 − y2

)
≥ 0, ∀z1 ≥ 0, z2 ≥ 0. (2.9)

Assumption 2.1 holds at the optimal point (x∗, y∗1 , y
∗
2) = (1, 0, 0) with λ∗1 = 2, λ∗2 = 0. However,

the strict complementarity does not hold.

The following definition is well known.

Definition 2.3 A point (x, y) ∈ F is a B-stationary point of MPEC if

∇xf(x, y)>dx + ∇yf(x, y)>dy ≥ 0, for all (dx, dy) ∈ T (x, y;F), (2.10)

where T (x, y;F) is the tangent cone of F at (x, y).

It is generally difficult to give an explicit expression of T (x, y;F). Instead, the following
concepts of strong and weak stationary points of MPEC, due to Scholtes and Scheel [42], are
often used in algorithmic design.

Definition 2.4

(1) A point (x, y) ∈ F is a strong stationary point of MPEC if for λ ∈ M(x, y) there
exist multipliers ζ ∈ <p, η ∈ <` and π ∈ <m such that

∇f(x, y) + ∇c(x, y)ζ + ∇g(x, y)η + ∇H(x, y, λ)π = 0, (2.11)

ζ>c(x, y) = 0, ζ ≥ 0, (2.12)

π>∇ygj(x, y) = 0, ∀ j ∈ G0+(x, y, λ), (2.13)

ηj = 0, ∀ j /∈ G0(x, y). (2.14)

π>∇ygj(x, y) ≥ 0, ∀ j ∈ G00(x, y, λ), (2.15)

ηj ≥ 0, ∀ j ∈ G00(x, y, λ). (2.16)
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hold.

(2) A point (x, y) ∈ F is called a weak stationary point of MPEC if for λ ∈M(x, y) there
exist ζ ∈ <p, η ∈ <`, and π ∈ <m such that (2.11)-(2.14) hold.

Obviously, a strong stationary point must be a weak stationary point, but not vice versa.
However, under strict complementarity, the two concepts are equivalent since the set G00(x, y, λ)
is vacuous. In general, B-stationarity and strong stationarity do not imply each other unless the
so-called MPEC-LICQ holds, see Proposition 2.6 below.

Definition 2.5 For any (x, y) ∈ F and λ ∈M(x, y), the MPEC-LICQ holds at (x, y) if
(

∇H(x, y, λ) ∇cC0(x,y)(x, y) ∇gG0(x,y)(x, y) 0
∇λH(x, y, λ) 0 0 [ej , j ∈ G0(λ)]

)
(2.17)

has full column rank, where ej is the j-th coordinate vector.

Proposition 2.6 If MPEC-LICQ holds at (x∗, y∗) ∈ F , then (x∗, y∗) is a B-stationary point of
MPEC if and only if it is a strong stationary point of MPEC.

This proposition can be derived in a similar way to the derivation of Theorem 3.3.4 in [35],
where the result has been proved in a more general setting. Similar results are obtained in
[39, 42].

To describe convergence properties of our algorithm, we need to consider other types of
stationarity.

Definition 2.7

(1) A point (x, y) ∈ F is called a singular stationary point of MPEC if the MPEC-LICQ
does not hold at (x, y).

(2) A point (x, y) is called an infeasible stationary point of MPEC if (x, y) /∈ F , and for
some λ ∈ <` and some scalar θ > 0, (x, y, λ) is a stationary point of the problem

min(x,y,λ) {‖c+‖2 + ‖H‖2 + ‖g+‖2 + ‖λ−‖2 + ‖(λ ◦ g + θe)−‖2}, (2.18)

that is, (x, y, λ) satisfies the following equations

∇c c+ + ∇H H + ∇g g+ + ∇g Λ(λ ◦ g + θe)− = 0, (2.19)

∇yg
>H + Λλ− + diag (g)(λ ◦ g + θe)− = 0, (2.20)

where Λ = diag (λ), H = H(x, y, λ), c+ = max{c(x, y), 0}, g+ = max{g(x, y), 0}, λ− =
min{λ, 0}, e = (1, . . . , 1) and (λ ◦ g + θe)− = min{λ ◦ g(x, y) + θe, 0}.

These definitions were first given in the context of NLP in [32]. Here we extend them to
MPEC. We note that the objective function (2.18) can be thought of as the `2-measure of the
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total infeasibility of problem (3.1)-(3.4) below, so the infeasible stationarity makes sense. Of
course, if (x, y, λ) is a feasible point, then for any θ > 0, this quantity is zero.

3. An NLP relaxation of MPEC

Suppose θ > 0 is a parameter. By θ-relaxation of MPEC we mean the following nonlinear
program

min f(x, y) (3.1)

(NLP(θ)) s.t. c(x, y) ≤ 0, (3.2)

H(x, y, λ) = 0, (3.3)

λ ≥ 0, g(x, y) ≤ 0, −λ ◦ g(x, y) ≤ θe, (3.4)

where the complementarity constraints in the reformulated MPEC (2.2)-(2.5) are relaxed into
inequalities. It is obvious that if θ = 0 then (3.1)-(3.4) reduces to (2.2)-(2.5). The following
result shows that the MPEC-LICQ implies the LICQ of NLP(θ) for all sufficiently small θ.

Proposition 3.1 For (x∗, y∗) ∈ F and λ∗ ∈ M(x∗, y∗), if the MPEC-LICQ holds at (x∗, y∗),
then there exists a neighborhood N of (x∗, y∗, λ∗) so that for sufficiently small θ > 0, the LICQ
holds at any (x̄, ȳ, λ̄) ∈ N feasible to NLP(θ).

The proof of Proposition 3.1 is based on a continuity argument and similar results have been
proved in [20, 41]. For brevity, we omit it. To simplify the notation, let

G̃(x, y, λ) = (c(x, y), g(x, y), −λ), (3.5)

Gθ(x, y, λ) = (G̃(x, y, λ), −λ ◦ g(x, y) − θe). (3.6)

Then the constraints of NLP(θ) can be written as Gθ(x, y, λ) ≤ 0, H(x, y, λ) = 0 and

∇Gθ(x, y, λ) = [∇c(x, y) ∇g(x, y) 0 − [∇g(x, y)]λ] , (3.7)

∇λGθ(x, y, λ) = [0 0 − I − diag (g(x, y))] , (3.8)

where I is the `× ` identity matrix. The Lagrange function of program (3.1)-(3.4) is

Lθ(x, y, λ, u, v) = f(x, y) + u>Gθ(x, y, λ) + v>H(x, y, λ), (3.9)

where u ∈ <p+3`
+ and v ∈ <m are the multipliers. Let ū = (u1, . . . , up), û = (up+1, . . . , up+`) and

ũ = (up+2`+1, . . . , up+3`). By using (3.7)-(3.8) and noting that ∇λH(x, y, λ) = ∇yg(x, y)>, the
KKT conditions of NLP(θ) can be written as

∇f(x̄, ȳ) + ∇c(x̄, ȳ)ū+ ∇g(x̄, ȳ)η + ∇H(x̄, ȳ, λ̄)v = 0, (3.10)

∇yg(x̄, ȳ)>v ≥ diag (g(x̄, ȳ))ũ, λ̄ ◦ (∇yg(x̄, ȳ)>v − diag (g(x̄, ȳ))ũ) = 0, (3.11)

λ̄ ≥ 0, ũ ≥ 0, −λ̄ ◦ g(x̄, ȳ) − θe ≤ 0, ũ ◦ (−λ̄ ◦ g(x̄, ȳ) − θe) = 0, (3.12)

η − (û− λ̄ ◦ ũ) = 0, (3.13)

û ≥ 0, g(x̄, ȳ) ≤ 0, û ◦ g(x̄, ȳ) = 0, (3.14)

ū ≥ 0, c(x̄, ȳ) ≤ 0, ū ◦ c(x̄, ȳ) = 0, (3.15)

H(x̄, ȳ, λ̄) = 0. (3.16)
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Now we show that as θ → 0, the KKT points of NLP(θ) converge to a strong stationary
point of MPEC if the primal and dual variables are bounded.

Proposition 3.2 Suppose that (x̄, ȳ, λ̄) is a KKT point of NLP(θ), (ū, û, ũ, v) is the corre-
sponding multiplier vector associated with constraint (c, g,−λ ◦ g − θe,H). If the sequence
{(x̄, ȳ, λ̄, ū, û, ũ, v)} is uniformly bounded as θ → 0 and (x∗, y∗, λ∗, ū∗, û∗, ũ∗,v∗) is one of its
limit points, then (x∗, y∗) is a strong stationary point of the MPEC (1.1)-(1.3).

Proof. By using ū∗, η∗ and v∗ to replace ζ∗, η∗ and π∗, it is easy to see that (2.11) and (2.12) hold
because of (3.10) and (3.15). Assumption 2.1, (3.12)-(3.15), and (3.16) imply that (x∗, y∗) ∈ F
and λ∗ is the unique element of M(x∗, y∗). For any j ∈ G00(x∗, y∗, λ∗), one has λ∗j = 0 and
g∗j = 0. Thus, by (3.11), v∗>∇yg

∗
j ≥ g∗j ũ

∗
j = 0, which proves (2.15). For j ∈ G0+(x∗, y∗, λ∗), by

(3.11), one has v∗>∇yg
∗
j = g∗j ũ

∗
j = 0, which proves (2.13). Finally, we have (2.14) and (2.16) by

(3.13).

In the remainder of this section, we will use (x̄, ȳ, λ̄) to denote a KKT point of NLP(θ). The
following example shows the usage of the θ-relaxation and the role of Proposition 3.2.

min f(x, y) =
1
2

[
(x− 1)2 + (y − 1)2

]
(3.17)

s.t. 2x− λ = 0, (3.18)

λ ≥ 0, y ≥ 0, λy ≤ θ, (3.19)

where θ > 0. Its KKT conditions are as follows.

x− 1 + 2v = 0, y − 1 − û+ λũ = 0, 2x− λ = 0, (3.20)

λ ≥ 0, −v + yũ ≥ 0, λ(−v + yũ) = 0, (3.21)

ũ ≥ 0, λy − θ ≤ 0, ũ(λy − θ) = 0, (3.22)

û ≥ 0, y ≥ 0, ûy = 0. (3.23)

For θ ≤ 1
2 , all solutions satisfy λy = θ and they are

(i) (x̄, ȳ, λ̄) =
1
2
(1, 1, 2) +

(√
1
4
− 1

2
θ

)
(1,−1, 2), (û, ũ) =

(
0,

1
2

)
; (3.24)

(ii) (x̄, ȳ, λ̄) =
1
2
(1, 1, 2) −

(√
1
4
− 1

2
θ

)
(1,−1, 2), and(û, ũ) =

(
0,

1
2

)
; (3.25)

(iii) (x̄, ȳ, λ̄) =
√

2
2
θ(1, 1, 2), (û, ũ) =

(
0,

√
2 − θ

2θ

)
. (3.26)

It is easy to see that solutions (i) and (ii) converge to the strong stationary points (1, 0) and (0, 1)
respectively, but solution (iii) does not where ũ is unbounded. Satisfication of the MPEC-LICQ
at (1,0) and (0,1) implies that they are also B-stationary points.

The example shows that the success of solving MPEC by NLP(θ) depends on the dual
boundedness of NLP(θ). We next derive a sufficient condition for this property. We start with
some definitions.
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Definition 3.3 A sequence {(x̄, ȳ, λ̄)} is asymptotically weakly nondegenerate, if (x̄, ȳ, λ̄) →
(x∗, y∗, λ∗) as θ → 0, and there is a θ̄ > 0 such that for θ ∈ (0, θ̄) and all i ∈ G00(x∗, y∗, λ∗)∩Iθ,
there exist constants ς1 ≥ ς2 > 0 such that ς1 ≥ |gi(x̄, ȳ)/λ̄i| ≥ ς2, where Iθ = {i | −λ̄igi(x̄, ȳ) =
θ}.

This definition is of similar nature to that given by Fukushima and Pang [20], which requires
that λ̄i and gi(x̄, ȳ) tend to zero in the same order. It is noted that if the strict complemen-
tarity holds at (x∗, y∗), then the asymptotically weakly nondegenerate condition holds since
G00(x∗, y∗, λ∗) = ∅, but not vice versa.

The following definition is well known in the theory of NLP.

Definition 3.4 For θ > 0, the second-order necessary optimality condition of NLP(θ)
holds at (x̄, ȳ, λ̄) if (x̄, ȳ, λ̄) is feasible to NLP(θ), and there exist u = (ū, û, u, ũ) ∈ <p+`+`+` and
v ∈ <m such that (3.10)-(3.16) are satisfied and

d>∇2Lθ(x̄, ȳ, λ̄, u, v)d ≥ 0 (3.27)

for all d = (da, dλ) satisfying

∇ci(x̄, ȳ)>da = 0, for i ∈ C0(x̄, ȳ); (3.28)

∇EH(x̄, ȳ, λ̄)>d = 0; (3.29)

∇gi(x̄, ȳ)>da = 0, for i ∈ G0(x̄, ȳ); (3.30)

λ̄i∇gi(x̄, ȳ)>da + gi(x̄, ȳ)dλi = 0, i ∈ Iθ. (3.31)

We have the following sufficient conditions for the dual boundedness required by Proposition
3.2, which is similar in flavor to Theorem 3.1 of [20].

Proposition 3.5 Suppose that {(x̄, ȳ, λ̄)} is bounded as θ → 0, Θ is an infinite set of θ in a
sufficiently small neighborhood of zero such that (x̄, ȳ, λ̄) → (x∗, y∗, λ∗) as θ ∈ Θ and θ → 0.
Then {(ū, ũ, û, v) | θ ∈ Θ} is bounded if




the second order necessary optimality condition of NLP(θ) holds at (x̄, ȳ, λ̄) for θ ∈ Θ,
{(x̄, ȳ, λ̄) | θ ∈ Θ} is asymptotically weakly nondegenerate, and
the MPEC-LICQ holds at (x∗, y∗, λ∗).

Proof. By the MPEC-LICQ and (3.10), {(ū, η, v) | θ ∈ Θ} is uniformly bounded. Thus, for
θ ∈ Θ, ûi, where i ∈ G0(x̄, ȳ), and λ̄iũi, where i ∈ Iθ) = {i|− λ̄igi(x̄, ȳ) = −θ}, are also bounded.
Suppose ũ is unbounded. Let πθ(x, y, λ) = u>Gθ(x, y, λ), da = (dx, dy) and d = (da, dλ), then

d>∇2
Eπθ(x̄, ȳ, λ̄)d =

∑

i∈C0(x̄,ȳ)

ūid
>
a ∇2ci(x̄, ȳ)da +

∑

i∈G0(x̄,ȳ)

ûid
>
a ∇2gi(x̄, ȳ)da

−
∑

i∈Iθ

λ̄iũid
>
a ∇2gi(x̄, ȳ)da − 2

∑

i∈Iθ

ũidλi∇gi(x̄, ȳ)>da. (3.32)
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It follows from the MPEC-LICQ at (x∗, y∗), Proposition 3.1, and the asymptotical weak nonde-
generacy that there exists a bounded sequence {dθ} with dθ = (da, dλ) and dθ 6= 0 for all θ ≤ θ̄

such that

∇ci(x̄, ȳ)>da = 0, ∀ i ∈ C0(x̄, ȳ); (3.33)

∇EH(x̄, ȳ, λ̄)>d = 0; (3.34)

∇gi(x̄, ȳ)>da = 0, ∀ i ∈ G0(x̄, ȳ); (3.35)

∇gi(x̄, ȳ)>da = gi(x̄, ȳ)/λ̄i, dλi = −1, ∀ i ∈ I1
θ ; (3.36)

∇gi(x̄, ȳ)>da = −1, dλi = λ̄i/gi(x̄, ȳ), ∀ i ∈ I2
θ\I1

θ , (3.37)

where I1
θ = {i ∈ Iθ | gi(x∗, y∗) = 0}, I2

θ = {i ∈ Iθ | λ∗i = 0}. By (3.36) and (3.37), we have
λ̄i∇gi(x̄, ȳ)>da + gi(x̄, ȳ)dλi = 0, i ∈ Iθ. By (3.32), there holds

d>θ ∇2
Eπθ(x̄, ȳ, λ̄)dθ → −∞ as θ → 0, (3.38)

which contradicts the second-order necessary optimality condition since

d>θ

[
∇2

Ef(x̄, ȳ) +
m∑

i=1

vi∇2
EHi(x̄, ȳ, λ̄)

]
dθ

is bounded. The result follows immediately.

Let us recall the example (3.17)-(3.19). For solution (i), it is apparent that the MPEC-LICQ
and the strict complementarity hold at the limit (1, 0, 2). Moreover, it is easy to verify that the
second-order necessary optimality condition holds since for all d = (dx, dy, dλ) satisfying

2dx − dλ = 0, (3.39)

λ̄dy + ȳdλ = 0, (3.40)

we have

d>∇2L(x̄, ȳ, λ̄, û, ũ, v)d =

[
1
2
− θ

(1 +
√

1 − 2θ)2

]2

d2
λ ≥ 0. (3.41)

The same is true for solution (ii). Thus the three conditions in Proposition 3.5 hold for solutions
(i) and (ii). Consequently, the dual variables of (i) and (ii) are bounded as θ → 0. On the other
hand, at solution (iii) some of dual variables are unbounded and the second order necessary
optimality condition does not hold. Hence, the results are consistent with Proposition 3.5.

4. The relaxed barrier problem

We note that applying interior-point approach to (2.2)-(2.5) directly will result in a conflict.
This is because, by introducing slack variables, the barrier problem corresponding to (2.2)-(2.5)
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is

min f(x, y) −
p∑

i=1

µ ln z̄i −
∑̀

j=1

µ ln ẑj −
∑̀

j=1

µ ln λ̂j (4.1)

s.t. c(x, y) + z̄ = 0, (4.2)

H(x, y, λ) = 0, (4.3)

g(x, y) + ẑ = 0, −λ+ λ̂ = 0, −λ ◦ g(x, y) = 0, (4.4)

where µ > 0 is the barrier parameter, z̄ > 0, ẑ > 0 and λ̂ > 0 are slack variable vectors.
Constraints (4.4) indicate that for j = 1, . . . , ` we must have λ̂j = 0 if ẑj is bounded away from
zero and vice versa, which conflicts with the objective function (4.1) that attempts to draw both
ẑj and λ̂j away from boundary.

We therefore consider to apply the interior-point approach to the θ-relaxation of MPEC,
which leads us to the following θ-relaxed log-barrier problem, henceforth referred as the relaxed
barrier problem:

min f(x, y) −
p∑

i=1

µ ln z̄i −
∑̀

j=1

µ ln ẑj −
∑̀

j=1

µ ln λ̂j −
∑̀

j=1

µ ln z̃j (4.5)

s.t. c(x, y) + z̄ = 0, (4.6)

H(x, y, λ) = 0, (4.7)

g(x, y) + ẑ = 0, (4.8)

−λ+ λ̂ = 0, (4.9)

−λ ◦ g(x, y) + z̃ = θe. (4.10)

By using (3.6), (4.5)-(4.10) can simply be written as

min f(s) −
q∑

i=1

µ ln zi (4.11)

s.t. Gθ(s) + z = 0, (4.12)

H(s) = 0, (4.13)

where s = (x, y, λ) ∈ <n+m+` is the variable vector, z = (z̄, ẑ, λ̂, z̃) is the slack vector, f(s) =
f(x, y), Gθ(s) = Gθ(x, y, λ), H(s) = H(x, y, λ) and q = p+ 3`.

In the following two subsections, we describe a primal-dual algorithm for solving problem
(4.11)-(4.13) for fixed µ and derive global convergence results of the algorithm. The algorithm
for MPEC is then presented in Section 5, which uses the algorithm in this section as the inner
loop and decreases µ in the outer loop.

4.1. The algorithm for problem (4.11)-(4.13). Define the merit function with `2 penalty

φ(s, z; ρ) = f(s) −
q∑

i=1

µ ln zi + ρ‖(Gθ(s) + z,H(s))‖, (4.14)
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where ρ > 0 is the penalty parameter, the norm ‖ · ‖ is the Euclidian norm.

At the current iterate (sk, zk), suppose that uk ∈ <q
+ and vk ∈ <m are the approximate

multipliers corresponding to constraints (4.12) and (4.13), respectively. Let Zk = diag (zk),
Uk = diag (uk), ∇Gk

θ = ∇Gθ(sk), ∇Hk = ∇H(sk) and ∇fk = ∇f(sk). Let Bk be a positive
definite approximation to the Lagrangian Hessian

∇2L(sk, uk, vk) = ∇2fk +
q∑

i=1

uk
i ∇2(Gθ)ki +

m∑

j=1

vk
j ∇2Hk

j .

Suppose that (d̂k
s , d̂

k
z) is an approximate solution of the problem

min ψk(ds, dz) =
1
2
(d>s Bkds+d>z Z

−1
k Ukdz)+ρk‖(Gk

θ +zk+∇Gk
θ
>
ds+dz,H

k+∇Hk>ds)‖ (4.15)

such that some prescribed conditions (see the next subsection) hold. Then we compute the
search direction (dk

s , d
k
z , d

k
u, d

k
v) by solving the modified primal-dual system of equations

Bkds + ∇Gk
θdu + ∇Hkdv = −(∇fk + ∇Gk

θu
k + ∇Hkvk), (4.16)

Ukdz + Zkdu = −(ZkUke− µe), (4.17)

∇Gk
θ
>
ds + dz = ∇Gk

θ
>
d̂k

s + d̂k
z , (4.18)

∇Hk>ds = ∇Hk>d̂k
s . (4.19)

Note that the right-hand-sides of (4.18) and (4.19) are different from the traditional interior-
point approach. For motivation of this modification the reader is referred to [33, 34].

We are now ready to state our algorithm for the relaxed barrier problem with fixed θ and µ.

Algorithm 4.1 (The algorithm for problem (4.11)-(4.13))

Step 1 Set µ > 0, (s0, z0, u0, v0) ∈ <n+m+` × <q
++ × <q

++ × <m, B0 ∈ <(n+m+`)×(n+m+`)

and scalars ρ0 > 0, ξ ∈ (0, 1), 0 < β1 < 1 < β2, σ0 ∈ (0, 1
2 ). Let k := 0;

Step 2 Calculate the primal search direction (dk
s , d

k
z) and the dual direction (dk

u, d
k
v) by the

primal-dual system of equations (4.16)-(4.19), where (d̂k
s , d̂

k
z) is derived by approxi-

mately minimizing (4.15);

Step 3 Let
πk(dk; ρk) = ∇f>k dk

s − µe>Z−1
k dk

z − ρkδ(dk
s , d

k
z),

where dk = (dk
s , d

k
z ) and

δ(dk
s , d

k
z) = ‖(Gk

θ + zk,Hk)‖ − ‖(Gk
θ + zk + ∇Gk

θ
>
dk

s + dk
z ,H

k + ∇Hk>dk
s)‖.

If

πk(dk; ρk) ≤ −1
2
dk

s
>
Bkd

k
s − 1

2
dk

z
>
Z−1

k Ukd
k
z , (4.20)

let ρk+1 = ρk; Otherwise, we replace ρk by a larger ρk+1 (for example ρk+1 ≥ 2ρk)
such that (4.20) holds;
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Step 4 Compute α̂k ∈ (0, 1] such that zk + α̂kd
k
z ≥ ξzk, and select firstly σ ∈ (0, 1] and then

γk ∈ [0, 1] as large as possible such that

φ(sk + σα̂kd
k
s , z

k + σα̂kd
k
z ; ρk+1) − φ(sk, zk; ρk+1) ≤ σ0σα̂kπk(dk; ρk+1), (4.21)

β1µe ≤ (Uk + γkD
k
u)max{zk + σα̂kd

k
z ,−Gθ(sk + σα̂kd

k
s)} ≤ β2µe, (4.22)

where Dk
u = diag (dk

u). Let αk = σα̂k. The new primal iterate is generated by

sk+1 = sk + αkd
k
s , (4.23)

zk+1 = max{zk + αkd
k
z ,−Gk+1

θ }, (4.24)

and the new dual iterate is generated by

uk+1 = uk + γkd
k
u, v

k+1 = vk + dk
v ; (4.25)

Step 5 If the stopping criterion holds, stop; else calculate values ∇Gk+1
θ , ∇Hk+1, ∇fk+1,

Gk+1
θ and Hk+1, update the approximate Hessian Bk by Bk+1, let k := k + 1, and

go to Step 2.

In practical implementations of the algorithm we may use some more flexible update for
generating the dual iterate. Since Algorithm 4.1 is only taken as an inner loop of our algorithm
for MPEC, we will give the stopping criterion in the algorithm for MPEC.

4.2. Convergence of Algorithm 4.1. Notice that the relaxed barrier problem differs from
the inequality-constrained NLP only by adding an equality constraint. To simplify the proofs,
we will refer to the results in [32, 33] if a proof is lengthy and is the same as in the references.

Suppose that an infinite sequence {(sk, zk, uk, vk)} is produced by Algorithm 4.1. We need
the following general assumptions.

Assumption 4.2

(1) {sk} is bounded. That is, there is an open and bounded set Ω ⊂ <n+m+` such that sk ∈ Ω
for all nonnegative integers k.

(2) There exist constants ν1 ≥ ν2 > 0 such that ν2‖d‖2 ≤ d>Bkd ≤ ν1‖d‖2 for all d ∈
<n+m+`.

(3) ∇H(sk) has full column rank for all k ≥ 0.

The following results can be derived similarly to Lemma 4.2 in [32] and Lemmas 3.2, 3.3, and
3.6 in [33].

Lemma 4.3 Under Assumption 4.2, we have

(1) {zk} is bounded;

(2) {uk} is componentwise bounded away from zero.

Furthermore, if {ρk} is bounded, then
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(3) {zk} is componentwise bounded away from zero;

(4) {uk} is bounded;

(5) if {(dk
s , d

k
z , d

k
u)} is bounded, then there exists α∗ ∈ (0, 1] such that αk ≥ α∗ for all k ≥ 0.

Lemma 4.4 Under Assumption 4.2, if (d̂k
s , d̂

k
z) solves problem (4.15) exactly, then (d̂k

s , d̂
k
z) sat-

isfies the following conditions.

(1) (∇Gk
θ (Gk

θ + zk) + ∇HkHk, Zk(Gk
θ + zk)) → 0 as (d̂k

s , d̂
k
z) → 0.

(2) It holds that ψk(d̂k
s , d̂

k
z) ≤ ψk(0, 0), and there exist constants ρ̂ > 0 and ς > 0 so that for

all ρk ≥ ρ̂,

ψk(d̂k
s , d̂

k
z ) − ψk(0, 0) ≤ −ςρk‖(∇Gk

θ(G
k
θ + zk) + ∇HkHk, Zk(Gk

θ + zk))‖2.

(3) There exist ν ∈ (0, 1), ρ̂ > 0 and $ > 0 so that ∀ ρk ≥ ρ̂,

‖(d̂k
s , Z

−1
k d̂k

z)‖ ≤ $‖(Gk
θ + zk,Hk)‖ (4.26)

and
ψk(d̂k

s , d̂
k
z ) ≤ νψk(0, 0) (4.27)

if one of the following conditions holds:

(i) {zk} is componentwise bounded away from zero;

(ii) The vectors ∇Hk
j , j = 1, . . . ,m, ∇(Gθ)ki , i ∈ Gk

0 = {i | zk
i = 0, i = 1, . . . , q} are

linearly independent.

(4) For all k, (d̂k
s , Z

−1
k d̂k

z)/
√
ρk are uniformly bounded.

Proof. (1) Suppose that there is an infinite index subset K such that for k ∈ K, k → ∞,
(∇Gk

θ(G
k
θ + zk) + ∇HkHk, Zk(Gk

θ + zk)) 6→ 0. Then as (d̂k
s , d̂

k
z ) → 0,

‖(Gk
θ + zk + ∇Gk

θ
>
d̂k

s + d̂k
z ,H

k + ∇Hk>d̂k
s)‖ 6= 0, and are bounded ∀ k ∈ K. (4.28)

Since (d̂k
s , d̂

k
z) solves problem (4.15), we have ∇ψ(d̂k

s , d̂
k
z) = 0. Hence

Bkd̂
k
s + ρk

∇Gk
θ(G

k
θ + zk + ∇Gk

θ
>
d̂k

s + d̂k
z) + ∇Hk(Hk + ∇Hk>d̂k

s)

‖(Gk
θ + zk + ∇Gk

θ
>
d̂k

s + d̂k
z ,H

k + ∇Hk>d̂k
s)‖

= 0, (4.29)

Ukd̂
k
z + ρk

Zk(Gk
θ + zk + ∇Gk

θ
>
d̂k

s + d̂k
z)

‖(Gk
θ + zk + ∇Gk

θ
>
d̂k

s + d̂k
z ,H

k + ∇Hk>d̂k
s)‖

= 0, (4.30)

which contradicts the supposition as (d̂k
s , d̂

k
z) → 0. Thus, we have proved (1).

For simplicity of subsequent statements in this proof, we define

B̃k =

(
Bk

ZkUk

)
, C̃k =

(
∇Gk

θ ∇Hk

Zk

)
, c̃k =

(
Gk

θ + zk

Hk

)
, d̃k =

(
d̂k

s

Z−1
k d̂k

z

)
,
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and ψk(d̃k) = ψk(d̂k
s , d̂

k
z).

(2) The inequality ψk(d̂k
s , d̂

k
z ) ≤ ψk(0, 0) is obvious. By Proposition 2.2 in [32], letting

d̄k = −min(1, ηk)B̃−1
k C̃kc̃

k,

where ηk = (c̃k>(C̃>
k B̃

−1
k C̃k)c̃k)/(c̃k>(C̃>

k B̃
−1
k C̃k)2c̃k), then we have

ψk(d̃k) − ψk(0) ≤ ψk(d̄k) − ψk(0) ≤
1
2

{
1 − ρk min[

1
‖c̃k‖

,
ηk

‖c̃k‖
]
}
c̃k>(C̃>

k B̃
−1
k C̃k)c̃k. (4.31)

If ρ̂ ≥ 2M1 ≥ 2‖c̃k‖ (M1 is a constant), then for ρk ≥ ρ̂ we have 1−ρk/‖c̃k‖ ≤ −ρk/(2M1) <
0. If ηk ≥ 1, then it follows from (4.31), Assumption 4.2 (2), and (4.22) that

ψk(d̃k) − ψk(0) ≤ −[ρk/(4M1)]min{ν−1
1 , β−1

2 µ−1}‖C̃k c̃
k‖2. (4.32)

If ηk < 1, then by (4.31), we have

ψk(d̃k) − ψk(0) ≤
1
2

{
1 − ρkηk/‖c̃k‖

}
c̃k>(C̃>

k B̃
−1
k C̃k)c̃k

=
1
2

{
1 − ρk

‖(C̃>
k B̃

−1
k C̃k)

1
2 c̃k‖2

‖(C̃>
k B̃

−1
k C̃k)c̃k‖2‖c̃k‖

}
c̃k>(C̃>

k B̃
−1
k C̃k)c̃k (4.33)

≤ 1
2

{
1 − ρk

‖(C̃>
k B̃

−1
k C̃k)

1
2 ‖2‖c̃k‖

}
c̃k>(C̃>

k B̃
−1
k C̃k)c̃k.

If ρk > ρ̂ ≥ 2M2 ≥ 2‖(C̃>
k B̃

−1
k C̃k)

1
2 ‖2‖c̃k‖ (M2 is a constant), then

ψk(d̃k) − ψk(0) ≤ −[ρk/(4M2)]min{ν−1
1 , β−1

2 µ−1}‖C̃k c̃
k‖2. (4.34)

The result follows from (4.32) and (4.34) by selecting ς = min{1/(4M1), 1/(4M2)}·min{ν−1
1 , β−1

2 µ−1}.
(3) Let d̃k

0 = −B̃−1
k C̃k(C̃>

k B̃
−1
k C̃k)−1c̃k. Then

ψk(d̃k) ≤ ψk(d̃k
0) =

1
2
c̃k>(C̃>

k B̃
−1
k C̃k)−1c̃k. (4.35)

If any one of conditions (i) and (ii) holds, then C̃k has full column rank, which implies that
ψk(d̃k) ≤ ς1‖c̃k‖2 (ς1 > 0 is a constant). By Assumption 4.2 (2) and the boundedness of YkΛk,
we have ψk(d̃k) ≥ ς2‖d̃k‖2 (ς2 > 0). Thus ‖d̃k‖ ≤

√
(ς1/ς2)‖c̃k‖. The result of (4.26) follows by

letting $ =
√
ζ1/ζ2.

Under the given conditions, {(C̃>
k B̃

−1
k C̃k)−1} is uniformly bounded, thus we have ψk(d̂k

s , d̂
k
z) ≤

νψk(0, 0) for ρk ≥ ρ̂ ≥ 1
2‖(C̃

>
k B̃

−1
k C̃k)−1c̃k‖. Thus, (4.27) is also valid.

(4) This result follows readily from the coerciveness of ψk. A detailed proof can be found
from Lemma 4.10 in [32].

Remark. In practical implementations, we do not need the exact solution of problem (4.15).
The approximate solutions which satisfy (1) – (4) of Lemma 4.4 can be computed very easily.
We omit the details and refer the interested reader to [32].
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Lemma 4.5 Under Assumption 4.2, if {ρk} is bounded, then {(dk
s , d

k
z , d

k
u)} and {vk} are bounded.

Proof. By Lemma 4.4, ψk(d̂k
s , d̂

k
z) ≤ ψk(0, 0), then it follows from the coerciveness of ψk(d̂k

s , d̂
k
z)

that (d̂k
s , d̂

k
z ) is bounded. The solution to the system of equations (4.16)-(4.19) can be written

as 


dk
s

dk
z

dk
u

vk+1




= Q−1
k




−(∇fk + ∇Gk
θu

k)
−(Uke− µZ−1

k e)
∇Gk

θ
>
d̂k

s + d̂k
z

∇Hk>d̂k
s



, (4.36)

as long as Qk is invertible, where

Qk =




Bk 0 ∇Gk
θ ∇Hk

0 Z−1
k Uk I 0

∇Gk
θ
>

I 0 0
∇Hk> 0 0 0



. (4.37)

We next show thatQk is truly invertible andQ−1
k is bounded. LetQ11

k =

(
Bk 0
0 Z−1

k Uk

)
, Q12

k =
(

∇Gk
θ ∇Hk

I 0

)
, then Q11

k is positive definite, Q11
k

−1 is bounded, and Q12
k has full column rank

by Lemma 4.3 and Assumption 4.2 (3). By doing some calculations, we have

Q−1
k =

(
Q11

k
−1 −Q11

k
−1
Q12

k (Q12
k

>
Q11

k
−1
Q12

k )−1Q12
k

>
Q11

k
−1

Q11
k

−1
Q12

k (Q12
k

>
Q11

k
−1
Q12

k )−1

(Q12
k

>
Q11

k
−1
Q12

k )−1Q12
k

>
Q11

k
−1 −(Q12

k
>
Q11

k
−1
Q12

k )−1

)
.

It can be seen that Q−1
k exists and is bounded. The lemma follows from (4.36), the boundedness

of Q−1
k and Lemma 4.3 immediately.

The following result shows that the algorithm converges to the KKT point of program (4.11)-
(4.13) if {ρk} is bounded.

Lemma 4.6 Under Assumption 4.2, if ρk is bounded, then

lim
k→∞

‖(dk
s , d

k
z)‖ = 0, (4.38)

lim
k→∞

‖(Gk+1
θ + zk+1,Hk+1)‖ = 0, (4.39)

lim
k→∞

‖Zk+1Uk+1e− µe‖ = 0, (4.40)

lim
k→∞

‖∇fk+1 + ∇Gk+1
θ uk+1 + ∇Hk+1vk+1‖ = 0. (4.41)

Moreover, γk = 1 for all sufficiently large k.

Proof. It follows from (4.20), (4.22) and Lemma 4.4 (2) that

πk(dk; ρk) ≤ −1
2
ν2‖dk

s‖2 − 1
2
β1‖Z−1

k dk
z‖2. (4.42)
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Since the sequence {ρk} is monotonically increasing and is bounded, there exists a positive
integer k0 such that ρk = ρk0 for all k ≥ k0. Thus, by (4.21), {φ(sk, zk; ρk)} is a monotonically
decreasing sequence for k ≥ k0. Since |φ(sk, zk; ρk)| is bounded by Assumption 4.2 and Lemma
4.3 (3), φ(sk, zk; ρk) is bounded below. Hence, the limit of the sequence {φ(sk, zk; ρk)} exists,
which by Lemma 4.3 (5) implies that

πk(dk; ρk) → 0, as k → ∞. (4.43)

Then (4.38) follows from (4.42), (4.43) and Lemma 4.3 (3).

By (4.38), (4.18) and (4.19), we have

‖(∇Gk
θ
>
d̂k

s + d̂k
z ,∇Hk>d̂k

s)‖ → 0 as k → ∞, (4.44)

which implies that δ(d̂k
s , d̂

k
z) → 0 as k → ∞. Since ψk(d̂k

s , d̂
k
z ) ≤ ρk‖(Gk

θ + zk,Hk)‖, we have

1
2

[
ν2‖d̂k

s‖2 + β1‖Z−1
k d̂k

z‖2
]
≤ ρkδ(d̂k

s , d̂
k
z). (4.45)

Thus, (d̂k
s , d̂

k
z) → 0 as k → ∞. It follows from Lemma 4.4 (1) that ‖(Gk

θ + zk,∇HkHk)‖ → 0.
Then (4.39) is obtained by (4.38) and Assumption 4.2 (3).

By (4.17), (4.38) and Lemma 4.3 we have limk→∞Zk(uk + dk
u) − µe = 0. Then by (4.38)

again, we have
lim

k→∞
Zk+1(uk + dk

u) − µe = 0, (4.46)

which implies that γk = 1 in Step 5 of the algorithm. Thus (4.40) is derived.

The limit (4.41) follows from (4.16), (4.38), and the continuity of ∇f , ∇Gθ and ∇H.

The following lemma addresses the case where {ρk} is unbounded.

Lemma 4.7 Under Assumption 4.2, if ρk is unbounded, then

(1) {zk} is not componentwise bounded away from zero and there exists a convergent sub-
sequence with k ∈ K such that (sk, zk) → (s∗, z∗) as k ∈ K and k → ∞ with ∇G∗

θi, i ∈ G∗
0 ,

∇H∗
j , j = 1, . . . ,m being linearly dependent, where G∗

0 = {i | z∗i = 0};
(2) there is a subsequence {(sk, zk) | k ∈ K} such that

lim
k∈K,k→∞

∥∥∥∥∥

(
∇Gk

θ ∇Hk

Zk 0

)(
Gk

θ + zk

Hk

)∥∥∥∥∥ = 0. (4.47)

Proof. (1) Suppose that it is not the case. Then, for sufficiently large k ∈ K, zk is componentwise
bounded away from zero, or ∇Gk

θi, i ∈ Gk
0 , ∇Hk

j , j = 1, . . . ,m, are linearly independent, where
Gk

0 = {i | zk
i = 0}. Thus by Lemma 4.4 (3), there exist constants $i > 0 (i = 1, 2) such that

‖(d̂k
s , Z

−1
k d̂k

z)‖ ≤ $1‖(Gk
θ + zk,Hk)‖, (4.48)

ψk(d̂k
s , d̂

k
z) − ψk(0, 0) ≤ −$2ρk‖(Gk

θ + zk,Hk)‖. (4.49)
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It follows from (4.16)-(4.19) that

πk(dk; ρk) +
1
2
dk

s
>
Bkd

k
s +

1
2
dk

z
>
Z−1

k Ukd
k
z

≤ ∇f>k d̂k
s − µe>Z−1

k d̂k
z + ψk(d̂k

s , d̂
k
z) − ψk(0, 0). (4.50)

Thus, there exists a constant ρ̂ > 0 such that πk(dk; ρk) ≤ 0 for ρk ≥ ρ̂, which, by Step 3 of
Algorithm 4.1, implies that {ρk} is bounded, a contradiction.

(2) Suppose that (4.47) does not hold. Then, for all sufficiently large k, there exists a
constant χ1 > 0 such that

∥∥∥∥∥

(
∇Gk

θ ∇Hk

Zk 0

)(
Gk

θ + zk

Hk

)∥∥∥∥∥ ≥ χ1. (4.51)

By Lemma 4.4 (2) and (4), for all k ∈ K, there are positive constants χ2 and ς such that
‖(d̂k

s , Z
−1
k d̂k

z)‖ ≤ χ2
√
ρk and

ψk(d̂k
s , d̂

k
z ) − ψk(0, 0) ≤ −ςχ2

1ρk. (4.52)

Thus, there exists a constant χ3 > 0 such that

πk(d̂k; ρk) +
1
2
(d̂k

s )>Bkd̂
k
s +

1
2
(d̂k

z)
>Z−1

k Ukd̂
k
z ≤ χ3

√
ρk − ςχ2

1ρk. (4.53)

The inequality (4.53) indicates there exists a large ρ̂ > 0 such that (4.20) holds for all ρk ≥ ρ̂,
which is a contradiction to the assumption that ρk → ∞.

We summarize the results in the following theorem.

Theorem 4.8 Under Assumption 4.2, suppose {(sk, zk)} is an infinite sequence generated by
Algorithm 4.1, {ρk} is the penalty parameter sequence. Then one and only one of the following
assertions is true:

(A) The sequence {ρk} is bounded. Then for every limit point (s∗, z∗), there exists (u∗, v∗) so
that

‖(G∗
θ + z∗,H∗)‖ = 0, Z∗U∗e = µe, ∇f∗ + ∇G∗

θu
∗ + ∇H∗v∗ = 0, (4.54)

namely, (s∗, z∗) is a KKT point of (4.11)-(4.13).

(B) The sequence {ρk} is unbounded and there is a limit point (s∗, z∗) which either satisfies that
‖((G∗

θ)+,H
∗)‖ = 0 and that ∇H∗

j (j = 1, . . . ,m), ∇G∗
θi(i ∈ I = {i ∈ {1, . . . , q} : G∗

θi = 0})
are linearly dependent, or satisfies that ‖((G∗

θ)+,H
∗)‖ 6= 0 and that

∇G∗
θ(G

∗
θ)+ + ∇H∗H∗ = 0. (4.55)
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Proof. Conclusion (A) follows from Lemma 4.6. The first part of (B) is derived by Lemma 4.7
(1). Now suppose ‖((G∗

θ)+,H
∗)‖ 6= 0, by Lemma 4.7 (2), Z∗(G∗

θ + z∗) = 0. Since G∗
θ + z∗ ≥ 0 by

(4.24), we have G∗
θ + z∗ = (G∗

θ)+. Hence, by Lemma 4.7 (2), the second part of (B) is obtained.

5. The algorithm for MPEC and its global convergence

Based on the algorithm and analysis in previous sections, we now present our algorithm for
MPEC and give its global convergence results.

A traditional approach is that we solve the relaxed barrier problem by letting µ ↓ 0 for each
fixed θ. The process is then repeated as θ ↓ 0. For examples we can see [13, 41].

Unlike the traditional approach, our algorithm takes a shortcut to reduce µ and θ simultane-
ously. In particular, the barrier parameter µ is selected to be a fraction of θ (so θ is a multiple of
µ). Thus, the barrier problem (4.11)-(4.13) is slightly different from its traditional counterpart
in that the barrier parameter appears both in the constraints and in the objective function. All
the convergence results in the last section would be still valid, however, since all those results
were independent of how µ is specified.

Algorithm 5.1 (The algorithm for the MPEC)

Step 1 Set the initial point (x0, y0, λ0, z0, u0, v0) with (x0, y0, λ0) ∈ <n+m+`, z0 ∈ <p+3`
++ ,

u0 ∈ <p+3`
++ and v0 ∈ <m, the initial barrier parameter µ0 > 0, penalty parameter

ρ0 > 0, constants σ > 0, τ > 0, γ > 0, κ ∈ (0, 1), and the stopping tolerances
ε > 0, ε

′
> 0. Let θ0 = τµ0, j := 0;

Step 2 Starting from (xj , yj , λj, zj , uj , vj), solve the barrier problem (4.11)-(4.13) by Algo-
rithm 4.1. The Algorithm 4.1 is terminated when the iterate (xkj , ykj , λkj , zkj , ukj , vkj )
satisfies one of the following groups of conditions:

(i)





‖(Gkj

θj
+ zkj ,Hkj )‖ < γµj,

‖Zkj
Ukj

e− µje‖ < γµj,∥∥∥∥∥∥∥∥




∇xfkj
+ ∇xG

kj

θj
ukj + ∇xH

kjvkj

∇yfkj
+ ∇yG

kj

θj
ukj + ∇yH

kjvkj

∇λG
kj

θj
ukj + ∇λH

kjvkj




∥∥∥∥∥∥∥∥
< γµj;

(5.1)

(ii)





‖((Gkj

0 )+,Hkj )‖ ≥ γε,

‖(∇EG
kj

θj
(Gkj

θj
+ zkj ) + ∇EH

kjHkj , Zkj
(Gkj

θj
+ zkj ))‖ < ε;

(5.2)

(iii)





‖((Gkj

0 )+,Hkj )‖ < ε,

det
([

∇E(G̃kj )Ĩj
∇EH

kj

]> [
∇E(G̃kj )Ĩj

∇EH
kj

])
< ε,

(5.3)
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where Zkj
= diag (zkj ) and Ukj

= diag (ukj ), Gkj

0 is the value of Gkj

θ when θ = 0,
det(·) is the determinant, G̃kj = (ckj , gkj ,−λkj ), Ĩj = {i||(G̃kj )i| < ε}, ∇E(G̃kj )Ĩj

is the submatrix of ∇E(G̃kj ) consisting of all columns indexed by i ∈ Ĩj.

Set

(xj+1, yj+1, λj+1) = (xkj , ykj , λkj ), (5.4)

(zj+1, uj+1, vj+1) = (zkj , ukj , vkj ), (5.5)

and
ρj+1 = max{ρkj

, ‖(uj+1, vj+1)‖ + σ}. (5.6)

If min(yj+1) < ε
′
and Algorithm 4.1 terminates at (5.2) or (5.3), stop. If Algorithm

4.1 terminates at (5.1), go to the next step.

Step 3 If µj < ε, stop; else set µj+1 = κµj, θj+1 = τµj+1, j := j + 1, and go to Step 2.

Different from the algorithm for general nonlinear programming in [32], we update the
penalty parameter ρj by the information on multipliers, see (5.6), where we do not need scalar
σ to be positive.

The stopping conditions (5.1), (5.2) and (5.3) are based on the results of last section. For any
given µj, if Algorithm 4.1 has found an approximate KKT point of the relaxed barrier problem,
then we proceed the algorithm to a new and smaller barrier parameter. Otherwise, by Theorem
4.8, if the tolerances are sufficiently small, then the algorithm will produce a sequence with a
limit point (x∗, y∗, λ∗) for which one of the following assertions is true.

(1) ‖((G∗
θj

)+,H∗)‖ = 0, and the vectors ∇EG
∗
θj i (i ∈ Ij = {i | (G∗

θj
)i = 0}), ∇EH

∗
i (i =

1, . . . ,m) are linearly dependent. In this case, (x∗, y∗, λ∗) is a feasible point of NLP(θj) with
θj = τµj. If ‖((G∗

0)+,H
∗)‖ = 0, that is, (x∗, y∗, λ∗) is also feasible to MPEC, then Ij =

{i | G̃∗
i = 0}, and (x∗, y∗) is a singular stationary point of MPEC since the vectors ∇EG̃

∗
i

(i ∈ {i | G̃∗
i = 0}), ∇EH

∗
i (i = 1, . . . ,m) are linearly dependent. In this case, Algorithm 5.1

terminates at (5.3); otherwise, the point (x∗, y∗) is an infeasible stationary point of MPEC and
Algorithm 5.1 terminates at (5.2).

(2) ‖((G∗
θj

)+,H∗)‖ 6= 0 and ∇EG
∗
θj

(G∗
θj

)+ + ∇EH
∗H∗ = 0, so (x∗, y∗) is an infeasible

stationary point of MPEC. Algorithm 5.1 terminates at (5.2).

Recall that these results require an assumption that ∇EHj(xk, yk, λk), j = 1, . . . ,m are
linearly independent, which is guaranteed if F (xk, ·) is strongly monotone and gj(xk, ·), j =
1, . . . , ` are convex for all k ≥ 0.

To summarize, we have the following convergence results for the algorithm.

Theorem 5.2 At termination, one of the two alternatives must hold.

(A) For some µj, Algorithm 5.1 does not proceed to Step 3. It terminates at an inner
loop. Then the termination point is an approximate singular stationary point of MPEC if it is
approximately feasible to the MPEC, otherwise it is an approximate infeasible stationary point.
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(B) For each µj, Algorithm 5.1 proceeds to Step 3, the algorithm terminates at an outer loop.
Then it terminates either at an approximate strong stationary point or at an approximate weak
stationary point.

Proof. (A) This result has been given by the above statements (1) and (2).

(B) We have this result since the point satisfying (5.1) for sufficiently small µj and θj is an
approximate weak stationary point of MPEC, furthermore, if ukj and vkj are bounded, then it
is also an approximate strong stationary point (Proposition 3.2).

The case (B) of Theorem 5.2 can be further clarified as follows, which does not require a
proof.

Theorem 5.3 Assume that Algorithm 5.1 proceeds to Step 3 for each µj, ε = 0 and an infinite
sequence {(xj , yj, λj)} is generated. Moreover, assume that {(xj , yj, λj)} is uniformly bounded.

(B1) If {ρj} is bounded, then every limit point of {(xj , yj)} is a strong stationary point
of MPEC (1.1)-(1.3). If in addition the MPEC-LICQ holds at this limit point, then it is a
B-stationary point of the MPEC.

(B2) If {ρj} is unbounded, then every limit point of {(xj , yj)} is a weak stationary point of
MPEC, which may not be a strong stationary point of MPEC.

6. Numerical results

Algorithm 4.1 and Algorithm 5.1 have been coded in MATLAB. The initial parameters in
Algorithm 4.1 are selected as σ0 = 0.1, β1 = 0.01, β2 = 100, and ξ = 0.005. B0 = I is the
identity matrix. The computation of (d̂k

x, d̂
k
y) is done by Algorithm 6.1 in [32]. In Algorithm 5.1,

we select µ0 = 0.1, ρ0 = 1, σ = −10, τ = 2, κ = 0.1, γ = 100 and ε = 10−6, ε
′
= 10−15. The

initial slack variables and the dual variables are given by

z0 = e(p+3`), u
0 = µ0e(p+3`), v

0 = 0, (6.1)

where e(p+3`) is a (p + 3`)-dimensional vector of ones. In implementing Algorithm 4.1, we

terminate the algorithm if ‖(dkj
s , d

kj
z )‖ is sufficiently small (less than εµj) or if one of the stopping

criteria (5.1)-(5.3) is met.

The approximate Hessian Bk is updated to Bk+1 by the well-known damped BFGS update
procedure.

6.1. The set of test problems in [13] and some special examples. The numerical
tests in this subsection are conducted on a COMPAQ personal computer with a Pentium-III
450MHz processor and WINDOWS98 operating system. We first applied our algorithms to the
set of test problems listed in the Appendix of [13]. Some of the test problems were also used in
[1, 3, 37, 38, 43] to test various algorithms developed for MPEC.
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The test problem 7 has a nondifferentiable term w = max{0, x1 + x2 + y1 − 2y2 − 40} in the
objective function, we reformulate it as a smooth problem with

f(x, y) = 2x1 + 2x2 − 3y1 − 3y2 + 2000w2 − 60, (6.2)

and w ≥ 0, w ≥ x1 + x2 + y1 − 2y2 − 40.

The initial x0s are given by [13], but there is no information on how to select y0 and λ0. To
our convenience we set

y0 = η1em, λ
0 = η2e` (6.3)

where em and e` are respectively m-dimensional and `-dimensional vectors of ones, and η1 and
η2 are two constants (given in Table 1), which for most test problems are selected to be 0 or x0

1

(the first component of x0), depending which one gives a better numerical result.

The computational results are reported in Tables 1 and 2, in which we label the problem in
the same way as in [13], for example, 1(a) represents the test problem 1 with the starting point
(a), whereas 8(2) is the test problem 8 with the second group of data.

Table 1 includes the solutions and the optimal values obtained by our algorithm. Compared
to Table 1 in [13], The optimal values are agreeable up to 10−6 with that given by [13]. In the
test we also noted that the solution may not be unique for some test problems such as Problems
9 and 10 if we use different y0 and λ0.

We list the numbers of function evaluation (FN), gradient evaluation (GR), the number of
total inner iterations (IT) in Table 1. The function evaluation includes the evaluation of the
objective function and the constraint functions. Similarly, the gradient evaluation also include
the evaluation of the gradients of the objective function and the constraint functions. For easy
comparison with [13], the total numbers of evaluating nonlinear functions and their gradients
are put in parentheses in the respective columns, where all components of H(x, y, λ) are always
treated as nonlinear functions. Note that we count the evaluation number in term of vectors
while [13] counts each component separately, so the number in the parentheses equals the number
out of the parentheses multiplied by the number of nonlinear functions in the corresponding
problems. The evaluations on λ ◦ g(x, y) are not included because they can be derived directly.
Comparing with the results of Table 2 in [13], we see that our algorithm generally requires fewer
computations on the functions and their gradients except for a few problems such as problem 6.

While the relaxation parameter is linearly dependent on the barrier parameter, the barrier
parameter is decreased by a fixed factor 0.1. Hence the number of outer iterations is 7 for
all test problems. This way of updating the barrier parameter has been used in a number of
interior-point algorithms for NLP such as Byrd, Hribar and Nocedal [7]. Some other strategies
are reported in [23, 24]. Our preliminary experiment appears to show that there is no obvious
impact on the number of iterations if we change from the fixed factor to a variable factor. One
of the reasons may be that the solution to the MPEC is always feasible to the NLP relaxation
NLP(θ) and can be reached even if θ is not sufficiently small. However, we agree with a referee
on that this point may worth to be investigated in more details in future.

In Table 2, we report the optimal penalty parameter ρ∗ and the residuals of first-order
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Table 1. Solutions and optimal values

Prob (η1, η2) x∗ f∗ IT FN GR
1(a) (0,0) 4.06041 3.207700 16 17 (119) 17 (119)
(b) (0,0) 4.06041 3.207700 15 16 (112) 16 (112)

2(a) (0,0) 5.15361 3.449404 19 20 (140) 20 (140)
(b) (0,0) 5.15360 3.449404 15 16 (112) 16 (112)

3(a) (0,0) 2.38942 4.604254 16 18 (126) 17 (119)
(b) (0,0) 2.38942 4.604254 19 20 (140) 20 (140)

4(a) (0,0) 1.37313 6.592684 15 17 (119) 16 (112)
(b) (10,10) 1.37313 6.592684 21 29 (203) 22 (154)

5(a) (0,0) (0.50018,0.50018) -1.000000 12 13 (65) 13 (65)
6(a) (0,5) 93.33333 -3266.666667 33 101 (202) 34 (68)
7(a) (0,0) (25.00125,30.00000) 4.999375 30 46 (138) 31 (93)
8(1) (75,75) 55.55129 -343.345260 22 23 (115) 23 (115)
8(2) (75,75) 42.53824 -203.155072 22 23 (115) 23 (115)
8(3) (75,75) 24.14506 -68.135650 23 24 (120) 24 (120)
8(4) (75,75) 12.37270 -19.154065 24 25 (125) 25 (125)
8(5) (75,75) 4.75356 -3.161181 24 25 (125) 25 (125)
8(6) (25,25) 50.00000 -346.893197 27 28 (140) 28 (140)
8(7) (20,20) 39.79144 -224.037202 29 33 (165) 30 (150)
8(8) (15,15) 24.25713 -80.785972 27 28 (140) 28 (140)
8(9) (12.5,12.5) 13.01965 -22.837119 30 32 (160) 31 (155)

8(10) (10,10) 6.00235 -5.349137 23 24 (120) 24 (120)
9(a) (0,0) (5.00000,9.00000) 1.640116e-12 15 17 (51) 16 (48)
9(b) (0,0) (5.00000,9.00000) 1.640719e-12 16 17 (51) 17 (51)
9(c) (0,0) (5.00000,9.00000) 1.640082e-12 17 18 (54) 18 (54)
9(d) (0,0) (5.00000,9.00000) 6.752681e-15 17 18 (54) 18 (54)
9(e) (0,0) (5.00000,9.00000) 1.845236e-14 15 16 (48) 16 (48)

10(a) (0,5) (7.00000,3.00000, -6600.000000 77 97 (485) 78 (390)
12.00000,18.00000)

11(a) (2,2) (0.00038,2.00000) -12.678711 24 25 (200) 25 (200)
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Table 2. Residuals on KKT conditions

Prob ρ∗ RD RP RC CC
1(a) 1 3.91260e-06 9.43459e-13 1.40066e-06 1.08144e-07
(b) 1 3.88400e-06 9.31053e-13 1.40395e-06 1.08133e-07

2(a) 1 6.47515e-06 6.21528e-10 1.40000e-06 1.08331e-07
(b) 1 4.06954e-06 2.90570e-13 1.40004e-06 1.08346e-07

3(a) 2 2.54043e-06 7.87426e-11 1.40000e-06 1.32039e-07
(b) 2 2.45985e-06 6.17211e-11 1.40000e-06 1.32039e-07

4(a) 2 7.36826e-06 1.07658e-12 1.40000e-06 1.62779e-07
(b) 2 7.37578e-06 1.08232e-12 1.40000e-06 1.62779e-07

5(a) 1 3.21444e-07 4.71205e-14 1.06296e-06 3.62825e-11
6(a) 119.0367 9.64017e-06 1.42109e-14 4.30350e-07 6.64785e-08
7(a) 21.6355 2.94241e-06 4.94778e-15 2.39160e-06 1.04159e-07
8(1) 213.5024 5.07962e-08 3.08413e-15 2.60000e-06 1.06089e-07
8(2) 219.9075 6.38270e-07 4.94071e-13 2.60000e-06 1.04141e-07
8(3) 232.9427 3.92007e-07 4.84775e-15 2.59377e-06 1.01998e-07
8(4) 244.5515 2.77047e-07 1.72379e-15 2.60043e-06 1.00927e-07
8(5) 253.7753 8.98560e-07 1.79391e-15 2.60000e-06 1.00335e-07
8(6) 92.7429 1.66264e-10 6.35312e-15 2.60000e-06 1.92255e-07
8(7) 74.3471 4.44064e-09 2.70727e-13 2.60000e-06 1.94887e-07
8(8) 52.6502 3.36448e-11 2.41483e-14 2.60000e-06 1.88150e-07
8(9) 41.3860 5.10181e-08 3.26219e-13 2.60000e-06 1.93200e-07

8(10) 28.0840 9.71402e-06 1.34951e-13 2.60000e-06 1.58395e-07
9(a) 1 2.09588e-06 9.12282e-16 1.00001e-06 1.00012e-07
9(b) 1 2.40326e-06 3.09777e-15 1.00001e-06 1.00012e-07
9(c) 1 2.24411e-06 5.13123e-15 1.00001e-06 1.00012e-07
9(d) 2 3.31860e-07 3.66756e-15 1.00000e-06 1.00000e-07
9(e) 1 2.06686e-06 1.25382e-15 1.00000e-06 1.00000e-07

10(a) 311.7059 5.27949e-07 7.62533e-16 4.50000e-06 1.00000e-07
11(a) 2 8.59246e-07 9.58334e-08 1.47988e-06 1.44038e-07
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conditions, constraint violations and complementarity, where RD= ‖∇f∗ + ∇G∗u∗ + ∇H∗v∗‖,
RP= ‖(G̃∗

+,H
∗)‖ (G̃ is defined by (3.6)), RC= z∗>u∗ and CC= ‖λ∗ ◦ g∗‖∞. These data are

not reported in [13]. We include them for future reference. The results in Table 2 show that
Algorithm 5.1 obtained approximate strong stationary points for all test problems including the
problems without strict complementarity (e.g. Problem 1). As indicated in our analysis, the
penalty parameter should be, and in fact it is, bounded for all those test problems.

Another observation from Table 1 is that for most test problems the number of function
evaluations (FN) is not much larger than the number of iterations, which means that a full
Newton step has been used in most iterations (especially for problems 1, 2, 3, 4(a), 5, 8, 9, 11),
which is a condition to guarantee local superlinear convergence. The interested reader can find
more details about Newton steps in [32]. In the computational test we observed that, when the
parameter µ is small enough, the algorithm tends to solve the relaxed barrier problem in very
few iterations (not more than 3 iterations as µ = 10−7 for all test problems and only 1 iteration
for most problems).

We then apply our algorithm to three special examples. The first example is presented by
Leyffer in [29] to show that PIPA may not find a stationary point.

min x+ y (6.4)

s.t. x ∈ [−1, 1], (6.5)

−1 + x+ λ = 0, (6.6)

y ≥ 0, λ ≥ 0, yλ = 0. (6.7)

The standard starting point is (0, 0.02, 1), and the optimal solution is (−1, 0, 2). Our algo-
rithm solves it successfully after 8 iterations. FN=GR=9, ρ∗ = 1, RD=1.67696e-06, RP=0,
RC=3.65130e-07 and CC=7.52964e-09.

The second example is

min (x− 2)2 + y2 (6.8)

s.t. x ≥ 0, (6.9)

(1 − x)3 − λ = 0, (6.10)

y ≥ 0, λ ≥ 0, yλ = 0, (6.11)

of which the optimal point is (1, 0, 0) and is also a singular stationary point of the problem.
The initial point is (1, 1, 1). The algorithm stops at (5.3) of Step 2 with residues 1.0967e-
15 and 0, respectively. The solution is (1.00000, 0.00707, 0.00000) and the multiplier vector
is (0.0141,−9.3213e+10, 9.3213e+10, 0.0001, 0.5000) after 42 iterations. The solution is an
approximate singular stationary point. FN= 85, GR= 43, µ = 1.0000e-04, ρ∗ = 1.4837e+11,
RD= 1.08486, RP= 1.09669e-15, RC= 3.98811e-04 and CC= 7.49567e-18.

The third example is

min x+ (y − 1) (6.12)
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s.t. x2 + 1 ≤ 0, (6.13)

x+ y − λ = 0, (6.14)

y ≥ 0, λ ≥ 0, yλ = 0, (6.15)

which is obviously an infeasible MPEC. The point (0, 0, 0) minimizes the `2-infeasibility of
constraints. The initial point is (−1, 1, 1). Our algorithm stops at (5.2) after 221 iterations
with residues 1.0000 and 5.6985e-07. The solution is (9.06114e-06,−9.53364e-08,9.86731e-06),
which is an approximate infeasible stationary point. FN= 323, GR= 222, µ = 1.0e-07, ρ∗ =
1.3251e+20, RD= 2.40724e+15, RP= 1.00000, RC= 1.91654e-06, CC= 9.40713e-13. These
results are interesting since they show that Algorithm 5.1 may obtain certain points with weak
stationarity defined in this paper when some other methods may fail to find meaningful solutions.

6.2. The MacMPEC test problems using AMPL interface. By hooking our MATLAB
codes to AMPL, we apply Algorithm 5.1 to the MacMPEC test problems (see [15, 30]) which
are the same as [15], where .nl files are read by a mex file amplfunc.mexhp7*. However, we
have a difficulty to use the sparse version spamfunc.c to derive the corresponding mex file. It
happens that, when the problem is large, we were out of memory (partially due to the MATLAB
environment). Those problems in Table 3 are marked by “-” in the corresponding columns. The
last two problems are marked by “out of domain”, meaning that certain iterate goes beyond
the domain of some function used, so the solution process is adjourned. The details on using
MATLAB with AMPL can be found in Gay’s preprint [22] and in the book of Fourer et al. [17].

The computational experiments have been done on a Hewlett Packard C3600 workstation
with the UNIX system. Many test problems in the former subsection are included in this test
suite, it is still worthwhile to solve them again since these problems have been uniformly refor-
mulated as MPECs in a “blackbox” format; namely we do not have the freedom to reformulate
them into a form that is convenient for applying our algorithm. All starting points are standard
and fixed by the suite or the default of AMPL. In this experiment, we have ρ0 = 10 for all test
problems if not specified.

The numerical results are given in Table 3, where n, mi, me and p are the numbers of
variables, inequality constraints (including bound constraints), general equality constraints, and
complementarity constraints, respectively. “iter” represents the number of total inner iterations.
f∗ is the value of the objective function at the solution. “cc” is the maximum of residues of
complementarity constraints. ρ∗ is the value of the penalty parameter when the algorithm
terminates. Due to memory limitation, we cannot solve some large problems with more than
1500 variables.

It can be noted from Table 3 that Algorithm 5.1 does well on almost all problems of relatively
small sizes. According to the stopping criterion, and referring to the results given by [6, 15], we
have derived the approximate strong stationary points if they exist for the solved problems. It
might be worthwhile to note that the algorithm has found the approximate optimal solutions
for problems ex9.2.2, qpec2, ralph1 and scholtes4 which do not possess a strong stationary
point. However, it has trouble with twelve MPECs (≈ 9% of the test problems). Six of them
took 1000 iterations and the accuracy requirement was yet to meet. For the other six, from our
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Figure 1: Plot of the Performance Profile Πs(t)

observation, the trouble is that the direction-finding linear system (4.16)-(4.19) cannot be solved
correctly. We noted that the algorithm may produce a rank-deficient coefficient matrix for the
linear system. This kind of unsuccessful cases are marked “rank deficient” in the table. It has
been pointed out by a referee that the optimal packaging problems pack-comp1-*, pack-comp1c-

*, pack-comp2-*, pack-comp2c-*, pack-rig1-*, pack-rig1c-*, pack-rig2-* and pack-rig2c-* possess
constraints other than the complementarity constraints which cause the problem to have no
strict interior. Hence inspite of the relaxation of the complementarity constraints, NLP(θ) will
still have no interior, which may be the reason of the peculiar behavior of the algorithm in
solving those problems. The problems pack-rig1p-*, pack-rig2p-* are penalty reformulations of
pack-rig1-*, pack-rig2-* respectively, which possess a strictly feasible interior, so the algorithm
can solve these instances and can converge with bounded penalty parameter.

Lastly, we provide a comparison of the algorithm with FilterSQP and LOQO (see [6, 15]) by
showing their log scaling performance profiles (see Dolan and Moré [12]) respectively in Figure
1, where we use the 106 problems the algorithm solved successfully in less than 1000 iterations.
The data for the filterSQP and LOQO are taken from [15] and [6]. The performance of the
algorithms is measured by

Πs(t) =
1
|P |

∣∣∣∣{p : log2(
iter(s, p)
best iter(p)

) ≤ t, p ∈ P}
∣∣∣∣ ,

where P is the set of problems, | · | is the cardinality of a set ·, iter(s, p) is the number of
iterations the solver s took on problem p and best iter(p) is the smallest number of iterations
any known solver took. Under this measure, the algorithm (named as pdipm in the figure)
performs similarly to LOQO but inferior to filterSQP for the test problems (We have the same
observation for data in [5]). However, as mentioned in Section 6.1, it appears that the algorithm
has a strength in handling “irregular” problems such as the infeasible ones or the ones with
dependent gradients at optimality.
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Table 3. Numerical results on MacMPEC test suite

name n mi me p iter f∗ cc ρ∗

bar-truss-3 35 25 28 6 64 10166.572803 1.6270e-07 1.5418e+03
bard1 5 8 1 3 14 17.000000 1.3328e-07 10
bard1m 6 9 1 3 14 17.000000 1.3305e-07 10
bard2∗ 12 24 5 3 26 6597.999999 5.4752e-09 311.4002
bard2m 12 24 5 3 36 -6597.999999 5.7923e-09 361.1261
bard3 6 8 3 1 15 -12.678711 8.0868e-08 10
bard3m 6 10 1 3 20 -12.678711 1.4404e-07 10
bem-milanc30-s 3436 4401 1968 1464 - - - -
bilevel1 10 21 2 6 18 5.000000 1.0416e-07 21.5562
bilevel2 16 33 4 8 45 -6600.000000 1.3333e-07 348.8307
bilevel3 11 13 6 3 78 -12.678711 1.5765e-07 10
bilin∗ 8 15 0 6 30 14.600015 1.9753e-07 62.5889
dempe 3 2 1 1 184 28.253005 1.0009e-07 3.9687e+03
design-cent-1∗ 12 9 6 3 15 1.860648 1.6402e-07 10
design-cent-2∗ 13 13 6 3 22 3.483817 1.7977e-07 10
design-cent-3∗ 15 9 6 3 30 3.723370 1.7985e-07 10
design-cent-4∗ 22 23 10 8 20 3.079201 1.3660e-07 10
desilva 6 8 2 2 12 -1.000000 3.6283e-11 10
df1 2 6 0 1 19 5.861327e-08 5.8602e-08 10
ex9.1.1 13 16 7 5 25 -13.000000 1.0000e-07 10
ex9.1.10 11 15 5 3 18 -3.250000 1.0000e-07 10
ex9.1.2 8 11 5 2 10 -6.250000 2.1145e-07 10
ex9.1.3 23 26 15 6 39 -23.000002 1.9276e-07 106.7366
ex9.1.4 8 10 5 2 16 -37.000000 1.0000e-07 13.7433
ex9.1.5 13 18 7 5 18 -0.999999 3.2263e-07 20
ex9.1.6 14 20 7 6 17 -21.000000 2.9875e-07 10
ex9.1.7 17 23 9 6 51 -23.000001 1.8512e-07 8.5062e+03
ex9.1.8 11 15 5 3 18 -3.250000 1.0000e-07 10
ex9.1.9 12 17 6 5 14 3.111111 1.4492e-07 10
ex9.2.1 10 14 5 4 20 17.000000 1.5170e-07 10
ex9.2.2 9 14 4 3 33 99.997418 1.9998e-07 8.3923e+03
ex9.2.3 14 21 8 4 14 5.000001 3.3676e-07 10
ex9.2.4 8 9 5 2 13 0.500000 1.4141e-07 10
ex9.2.5 8 11 4 3 23 9.000000 1.8471e-08 20
ex9.2.6 16 22 6 6 14 -1.000000 1.2360e-07 10
ex9.2.7 10 14 5 4 20 17.000000 1.5170e-07 10
ex9.2.8 6 9 3 2 9 1.500000 1.2285e-07 10
ex9.2.9 9 13 5 3 15 2.000000 1.3238e-07 10
gauvin 3 6 0 2 19 20.000000 1.1231e-07 10

∗: The problem is to maximize the objective function
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name n mi me p iter f∗ cc ρ∗

gnash10 13 26 4 8 21 -230.823207 1.0707e-07 270.2724
gnash11 13 26 4 8 21 -129.911923 1.0458e-07 218.0477
gnash12 13 26 4 8 19 -36.933107 1.0198e-07 229.6021
gnash13 13 26 4 8 22 -7.061783 1.0075e-07 234.3271
gnash14 13 26 4 8 25 -0.179046 1.0014e-07 213.9936
gnash15 13 26 4 8 38 -354.699061 1.8852e-07 90.1694
gnash16 13 26 4 8 29 -241.441977 1.6940e-07 80
gnash17 13 26 4 8 33 -90.749102 1.6533e-07 80
gnash18 13 26 4 8 32 -25.698218 1.9273e-07 40.0445
gnash19 13 26 4 8 28 -6.116709 1.7049e-07 28.4629
hakonsen∗ 9 16 3 4 1000 0.770772 0.0783 1.1608e+03
hs044-i 20 36 4 10 27 15.617769 1.8396e-08 10
incid-set1-16 485 818 225 225 1000 3.366361e-05 7.3424e-09 10.6350
incid-set1-32 1989 3162 961 961 - - - -
incid-set1-8 117 222 49 49 36 6.356917e-06 8.8204e-09 10
incid-set1c-16 485 833 225 225 1000 4.148022e-05 9.6845e-09 12.6678
incid-set1c-32 1989 3193 961 961 - - - -
incid-set1c-8 117 229 49 49 28 6.353101e-06 9.2713e-09 10
incid-set2-16 485 593 225 225 1000 2.897858e-02 9.0651e-06 10
incid-set2-32 1989 2201 961 961 - - - -
incid-set2-8 117 173 49 49 1000 4.524923e-03 8.8210e-09 10
incid-set2c-16 485 608 225 225 862 3.628239e-03 1.0416e-08 10
incid-set2c-32 1989 2232 961 961 - - - -
incid-set2c-8 117 180 49 49 760 5.478109e-03 8.2327e-09 10
jr1 2 2 0 1 10 0.500000 3.8194e-09 10
jr2 2 2 0 1 13 0.500000 1.6180e-07 10
kth1 2 3 0 1 8 2.999778e-07 1.9998e-14 10
kth2 2 3 0 1 10 5.857865e-08 5.8579e-08 10
kth3 2 3 0 1 11 0.500000 1.4141e-08 10
liswet1-050 152 151 52 52 101 1.400069e-02 8.9013e-08 357.0119
liswet1-100 302 301 102 100 239 1.374580e-02 9.3840e-08 5120
liswet1-200# 602 601 202 200 424 1.722617e-02 9.6002e-07 1.6384e+05
nash1 6 8 2 2 19 1.821599e-13 1.0000e-07 10
outrata31 5 10 0 4 18 3.207700 1.0814e-07 10
outrata32 5 10 0 4 25 3.449404 1.0833e-07 10
outrata33 5 10 0 4 17 4.604254 1.3204e-07 10
outrata34 5 10 0 4 15 6.592684 1.6278e-07 10
pack-comp1-16 467 561 225 225 82 0.616969 1.5226e-07 2.3932e+06
pack-comp1-32 1955 2205 961 961 - - - -
pack-comp1-8 107 147 49 49 500 0.600001 2.4569e-07 1.5049e+05

∗: The problem is to maximize the objective function
#: Unable to reach the accuracy
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name n mi me p iter f∗ cc ρ∗

pack-comp1c-16 467 576 225 225 rank deficient
pack-comp1c-32 1955 2236 961 961 - - - -
pack-comp1c-8 107 154 49 49 72 0.600002 1.0180e-07 4.7045e+06
pack-comp2-16++ 467 561 225 225 84 0.727153 5.2989e-08 1.0249e+06
pack-comp2-32 1955 2205 961 961 - - - -
pack-comp2-8 107 147 49 49 36 0.673121 1.5785e-08 2.2742e+07
pack-comp2c-16 467 576 225 225 165 0.727486 5.0518e-08 6.1505e+05
pack-comp2c-32 1955 2236 961 961 - - - -
pack-comp2c-8 107 154 49 49 27 0.673462 1.6139e-08 1.2528e+05
pack-rig1-16 380 483 204 158 rank deficient
pack-rig1-32 1622 1987 856 708 - - - -
pack-rig1-8 87 123 46 32 46 0.787935 1.3330e-07 10
pack-rig1c-16# 380 498 204 158 29 0.827957 1.3475e-05 7.3474e+05
pack-rig1c-32 1622 2018 856 708 - - - -
pack-rig1c-8 87 130 46 32 37 0.788303 1.3330e-07 10
pack-rig1p-16 445 592 225 203 114 0.826035 1.3333e-07 1.5075e+03
pack-rig1p-32 1855 2348 961 861 - - - -
pack-rig1p-8 105 156 49 47 65 0.787938 1.3330e-07 330.9957
pack-rig2-16 375 473 204 149 rank deficient
pack-rig2-32 1580 1903 856 661 - - - -
pack-rig2-8 85 119 46 30 39 0.780407 1.3331e-07 16.0290
pack-rig2c-16 375 488 204 149 rank deficient
pack-rig2c-32 2505 1825 1665 0 - - - -
pack-rig2c-8 85 126 46 30 35 0.799308 1.3331e-07 21.3126
pack-rig2p-16 436 574 225 194 rank deficient
pack-rig2p-32 1808 2254 961 814 - - - -
pack-rig2p-8 103 152 49 45 53 0.780410 1.3331e-07 674.3009
portfl1 87 98 13 12 29 1.767494e-05 1.3975e-07 10
portfl2 87 98 13 12 32 1.487351e-05 1.4151e-08 10
portfl3 87 98 13 12 29 9.047109e-06 1.4048e-07 10
portfl4# 87 98 13 12 31 2.479286e-06 1.3596e-08 10
portfl6 87 98 13 12 32 2.713946e-06 1.3578e-08 10
qpec-100-1 105 202 0 100 40 9.900168e-02 1.9058e-08 20
qpec-100-2 110 202 0 100 86 -6.445211 1.6244e-08 10
qpec-100-3 110 204 0 100 62 -5.481672 1.9065e-08 20
qpec-100-4 120 204 0 100 50 -4.051063 1.8266e-08 10
qpec-200-1# 210 404 0 200 67 -1.934937 1.9937e-07 182.1994
qpec-200-2 220 404 0 200 89 -24.069335 1.8289e-07 31.8562
qpec-200-3+ 220 408 0 200 81 -1.953457 1.9720e-07 55.1771
qpec-200-4 240 408 0 200 72 -6.211054 1.8185e-07 20
qpec1 30 40 0 20 12 80.000003 2.1922e-08 10
qpec2 30 40 0 20 37 44.982114 1.9998e-07 2.2379e+04

#: Unable to reach the accuracy
+: The initial penalty parameter ρ0 = 0.1
++: The initial penalty parameter ρ0 = 1000
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name n mi me p iter f∗ cc ρ∗

ralph1 2 3 0 1 29 -4.470137e-04 1.9991e-07 1280
ralph2+ 2 3 0 1 20 -3.183714e-08 1.6117e-08 4.1157
ralphmod# 104 208 0 100 100 -683.033020 1.0104e-06 953.3140
scholtes1 3 3 0 1 16 2.000000 2.1922e-08 10
scholtes2 3 3 0 1 13 15.000000 4.1668e-16 15.3228
scholtes3 2 3 0 1 13 0.500000 1.4141e-08 10
scholtes4 3 5 0 1 27 -8.941272e-04 1.9996e-07 2560
scholtes5 3 5 0 2 12 1.000000 1.1716e-07 10
sl1# 8 12 2 3 96 1.000348e-04 7.9038e-09 10
stackelberg1 3 5 1 1 30 -3266.666667 1.0422e-07 60.2045
tap-09 86 104 32 32 1000 1708.559835 1.5752e+03 1.1957e+03
tap-15 194 260 68 83 rank deficient
tollmpec∗ 2403 4078 628 1748 - - - -
tollmpec1∗ 2403 4078 628 1748 - - - -
water-FL 213 398 116 44 out of domain
water-net 66 124 36 14 out of domain

#: Unable to reach the accuracy
+: The initial penalty parameter ρ0 = 0.1
∗: The problem is to maximize the objective function
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