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1. Introduction

Given functions f : R — R, ¢ : R — RP, g : RV RE, and F : Rotm — |jm
consider the mathematical program with equilibrium constraints (MPEC):

min f(z,y) (1.1)
s.t. c(z,y) <0, (1.2)
y € S(x), (1.3)

where S(x) is the solution set of a parametric variational inequality problem (PVI)

g(z,y) <0,

14
F(z,y)" (2 —y) >0, V z such that g(z,z) < 0. (1.4)

yeS(z) «— {
Throughout the paper, we suppose that f, ¢, and F are twice continuously differentiable and
that g is triply continuously differentiable. We note that if £ = m and g(z,y) = —y, then the
PVI is reduced to a parametric nonlinear complementarity problem, in which case MPEC is
specifically called the mathematical program with complementarity constraints (MPCC).

MPEC includes the bilevel programming problem (e.g., [14, 45]) as its special case and has
extensive applications in practical areas such as traffic control, engineering design, and economic
modeling, see [2, 26, 35, 36]. Since there are variational inequalities in the constraints of the
problem, the feasible region may be nonconvex, nonsmooth, disconnected, and non-closed even
if all involved functions have very good analytical properties (see [35]). As such, MPEC is known
to be a class of very difficult optimization problems [4, 8, 9].

There have been many papers dealing with MPEC in recent years. Some of them considered
the existence and stationarity of its solution, for example [19, 25, 27, 35, 37, 39, 44|, while some
other papers proposed algorithms for MPEC, see [13, 18, 20, 21, 28, 35, 36, 38, 41, 43]. Upon
the success of interior-point methods for linear and nonlinear programming (NLP), the interior-
point approach has been extended to solve MPEC as well. The penalty interior-point algorithm
(PIPA) developed by Luo, Pang and Ralph [35] is the first interior-point method for MPEC. Its
global convergence requires the linear independence constraint qualification for MPEC (MPEC-
LICQ) and strict complementarity. However, it was found recently by Leyffer [29] that some
conditions required by PIPA for convergence may collapse at some iterates. As a result, PIPA
may fail to find a stationary point for a simple MPCC.

An interesting idea of designing algorithms for MPEC, discussed in a series of recent studies,
e.g., [5, 6, 10, 11, 13, 15, 31, 40] !, is to reformulate the MPEC as an NLP problem or a
sequence of NLP problems and to solve the reformulated problem(s) by various algorithms of
NLP. On one hand, this approach allows us to take advantage of certain NLP algorithms to
obtain rapid local convergence (see Fletcher, Leyffer, Ralph, and Scholtes [16]) and, on the
other hand, it brings new challenges to the NLP algorithm to be used. In particular, since
MPECs violate the Mangasarian-Fromovitz constraint qualification [8, 42], the usual conditions
for global convergence of an NLP algorithm may not be met and the linearized complementarity

!The papers [5, 10, 31, 40] were available to us after the first draft of this paper was submitted.



constraints may be inconsistent even for iterates close to the solutions (see [31] for a detailed
analysis). Therefore, a successful NLP algorithm should be able to handle the irregularity of the
reformulated problem. An example of such algorithms is due to Fletcher and Leyffer [15] where
their filter SQP method shows very good performance on a large collection of test problems
called MacMPEC [30]. Benson, Shanno and Vanderbei [6] identified the possible difficulties in
convergence when applying LOQO (an interior-point method for NLP) to MPEC, some heuristics
for implementation were suggested to overcome difficulties in global convergence.

In this paper we present an interior-point method for MPEC. The method, together with
its convergence theory, is an extension of a robust method [32, 34] developed by the authors
for NLP. The original motivation of that research was to develop an algorithm that can handle
some “bad” cases of NLP. The idea and analysis used in that research turn out to be useful
in studying MPEC as well. In the context of MPEC, the PVI constraint in MPEC is first
transformed to a group of complementarity constraints, the complementarity equations are then
relaxed to inequalities with a relaxation parameter 6 (see (3.4) below). We then solve the relaxed
problem by an interior-point method in which the barrier parameter p is a fixed fraction of 6,
so it is decreased simultaneously with 6. To our knowledge, the relaxation scheme is known (see
for instance Scholtes [41]) for some time, but is not fully explored and the way of reducing 6
and p appears to be new. The method has the following properties.

1. All linearized constraints including the linearized complementarity constraints are always

consistent.

2. Global convergence results are derived under fairly general conditions other than the
MPEC-LICQ or the strict complementarity condition.

3. Under certain conditions, the algorithm can find a point with certain stationarity. Specif-
ically, it is shown that every limit point of the generated sequence is a strong stationary
point of the MPEC if the penalty parameter of the merit function is bounded. Otherwise,
one of the limit points could be a singular stationary point, an infeasible stationary point,
or a weak stationary point (All of the related definitions will be given later).

The method has been implemented to solve the test problems of Facchinei, Jiang and Qi
[13] with satisfactory results. We present two numerical examples to show the behavior of the
algorithm when the problem is infeasible and when the MPEC-LICQ does not hold, respectively.
In addition, we solve the example given by Leyffer [29] for which the PIPA fails to find a
stationary point. Numerical experience with the MacMPEC test problems are also reported.

The solution of the relaxed barrier problem plays an important role in our method. The
search direction is computed in two-steps. First, an auxiliary step is computed through a
minimization problem. Then, the auxiliary step is used in a modified primal-dual Newton
equation to calculate the search direction. In addition, the barrier function with fs-penalty is
selected as the merit function where the penalty parameter is adjusted adaptively. Different
steplengths for the primal and dual updates are used, while special care is taken to avoid rapid
reduction in slack variables.



The paper is organized as follows. In Section 2, we define certain weak stationarities of MPEC
used in our convergence analysis. In Section 3, we describe the relaxation scheme that paves
a way of solving MPEC by interior-point methods. It is shown that, under certain conditions,
the KKT points of the relaxed problems converge to strong stationary points of the MPEC as
the relaxation parameter tends to zero. In Section 4, we present a primal-dual interior-point
method and derive convergence results for the relaxed barrier problems. In Section 5, we describe
our algorithm for MPEC and present global convergence results. In Section 6, we report our
numerical results.

It is better to clarify some notations at this point. All vectors are column vectors except that
for simplicity we write (x,%) to stand for the column vector [z7 y]T. A vector with superscript
k is related to the k-th iterate; its subscript j means its j-th component. All matrices related to
iterate k are indexed by subscript k. The norm || - || represents the Euclidean norm. Vg;(z,y) =
(Vagi(z,y), Vygi(z,y)), i = 1,...¢, and Vg(z,y) = [Vai(z,y) ... Vg(z,y)], Vgs(z,y) =
[Vgj(z,y)|j € J|, where J is an index set. For functions involving x,y and other vectors such
as H(x,y,\) used below, we use the notations VH (z,y,\) = (VoH(z,y,\), VyH(x,y,\)) and
VeH(z,y,\) = (VoH(x,y,\),VyH(z,y,\), VaH(z,y,\)) (“E” for “entire”). For any vector
v, diag (v) stands for the diagonal matrix whose diagonal is the vector v.

We often have to deal with different index sets. Here is a list of them, in which A; is the
multiplier associated with g;.

Co(z,y) ={j € {1,....p}cj(z,y) = 0}
Go(z,y) ={j €{1,... . L}|g;(z,y) = 0}
Go(N)={je{1,...,0}|]A\; =0}
Goo(z,y,A) ={j € {1,...,}g;(z,y) =0,A; =0}
Go+(z,y,A) ={j € {L,....8}g;(z,y) =0,\; > 0}

Finally, we denote the feasible set of the MPEC by F and by strict complementarity we
mean that Goo(x,y, ) = 0.

2. Generalized stationary properties of MPEC
We make the following blanket assumption throughout this paper.

Assumption 2.1
(1) For every (x,y) € F, the vectors {Vyg;(x,y)| j € Go(x,y)} are linearly independent.
(2) For any fized x € {x € R"|c(z,y) < 0 for somey € R™} and each j € {1,...,4}, gj(x,-)

1S convex.

It should be noted that Assumption 2.1 always holds in the important special case of MPCC.
Under Assumption 2.1, y € S(z) if and only if there is a unique A € R’ such that

Fa,y) + X521 A Vygi(x,y) = 0, (2.1)
A>0, g(z,y) <0, Aog(z,y) =0



where o denotes the Hadamard product. In general we designate the set of A that satisfies (2.1)
as M (x,y). It is easy to show that if Assumption 2.1 holds and if (x,y) is bounded, then M (z,y)
is also bounded and problem (1.1)-(1.3) is equivalent to

min f(z,y) (2.2)
s.t. c(z,y) <0, (2.3)
H(xz,y,\) =0, (2.4)
A>0, g(xz,y) <0, Aog(z,y) =0, (2.5)

where H(z,y,\) = F(x,y) + Zf»zl A;jVyg;(x,y). However, Assumption 2.1 does not imply strict
complementarity. See the following example.

Example 2.2 Consider the MPEC

. 1
min f(z,y1,y2) = 5(90 — 1)+ +ue (2.6)
s.t. x>0, (2.7)
Y120, y2 20, (2.8)
T
2 TIN50, W2y >0, 2 > 0. (2.9)
Y1 — Y2 22 — Y2

Assumption 2.1 holds at the optimal point (x*,y7,y5) = (1,0,0) with A} =2, A5 = 0. However,
the strict complementarity does not hold.

The following definition is well known.

Definition 2.3 A point (z,y) € F is a B-stationary point of MPEC if
Vof(z,y) d, + Vyf(x,y)Tdy >0, for all (dy,dy) € T(z,y; F), (2.10)
where T (z,y; F) is the tangent cone of F at (z,y).

It is generally difficult to give an explicit expression of 7 (x,y;F). Instead, the following
concepts of strong and weak stationary points of MPEC, due to Scholtes and Scheel [42], are
often used in algorithmic design.

Definition 2.4

(1) A point (z,y) € F is a strong stationary point of MPEC if for A € M(x,y) there
exist multipliers ¢ € R, n € R and 7 € R™ such that

Vi(x,y)+Ve(z,y)¢ + Vyg(x,y)n+ VH(xz,y, \)m =0, (2.11)

¢Te(z,y) =0, >0, (2.12)

T Vygi(z,y) =0, V j € Goy(w,y,\), (2.13)

nj =0, Vj¢Go(z,y) (2.14)

m'Vy9i(z,y) >0, ¥ j € Goolz,y,\), (2.15)

nj 20, ¥V j € Goo(w,y, ). (2.16)



hold.

(2) A point (x,y) € F is called a weak stationary point of MPEC if for A\ € M(x,y) there
exist € RP, n € RY, and 7 € R™ such that (2.11)-(2.14) hold.

Obviously, a strong stationary point must be a weak stationary point, but not vice versa.
However, under strict complementarity, the two concepts are equivalent since the set Goo(x,y, A)
is vacuous. In general, B-stationarity and strong stationarity do not imply each other unless the
so-called MPEC-LICQ holds, see Proposition 2.6 below.

Definition 2.5 For any (z,y) € F and A € M (z,y), the MPEC-LICQ holds at (z,y) if

VH(.%', Y, )‘) cho(z,y) ((I,', y) vygo(x,y) (.’IJ, y) 0 (217)
V)\H(SC, Y, )‘) 0 0 [Gj,j € gO()‘)]

has full column rank, where e; is the j-th coordinate vector.

Proposition 2.6 If MPEC-LICQ holds at (z*,y*) € F, then (z*,y*) is a B-stationary point of
MPEC if and only if it is a strong stationary point of MPEC.

This proposition can be derived in a similar way to the derivation of Theorem 3.3.4 in [35],
where the result has been proved in a more general setting. Similar results are obtained in
[39, 42].

To describe convergence properties of our algorithm, we need to consider other types of
stationarity.

Definition 2.7

(1) A point (z,y) € F is called a singular stationary point of MPEC if the MPEC-LICQ
does not hold at (z,y).

(2) A point (x,y) is called an infeasible stationary point of MPEC if (x,y) ¢ F, and for
some X € R and some scalar 0 > 0, (z,y,\) is a stationary point of the problem

ming y ) {llex I+ [H P+ g1 + [IA-1” + [[(A 0 g + 6e)—[*}, (2.18)
that is, (z,y, \) satisfies the following equations

Veey +VH H+Vg gy +VgA(dog+6e)_ =0, (2.19)
Vy9 H 4 AX\_ + diag(g)(Ao g +0e)_ =0, (2.20)

where A = dlag()‘)} H = H(‘T’y’)‘)} C+ = max{c(:c,y),o}, 9+ = max{g(:c,y),O}, Ao =
min{\, 0}, e=(1,...,1) and (Ao g+ 0e)_ = min{\ o g(z,y) + Oe, 0}.

These definitions were first given in the context of NLP in [32]. Here we extend them to
MPEC. We note that the objective function (2.18) can be thought of as the fo-measure of the



total infeasibility of problem (3.1)-(3.4) below, so the infeasible stationarity makes sense. Of
course, if (z,y, ) is a feasible point, then for any 6 > 0, this quantity is zero.

3. An NLP relaxation of MPEC

Suppose 0 > 0 is a parameter. By #-relaxation of MPEC we mean the following nonlinear

program
min f(z,y) (3.1)

(NLP(9)) s.t. ¢(z,y) <0, (3.2)

H(z,y,A) =0, (3.3)

A>0, g(z,y) <0, —Aog(z,y) < fe, (3.4)

where the complementarity constraints in the reformulated MPEC (2.2)-(2.5) are relaxed into
inequalities. It is obvious that if & = 0 then (3.1)-(3.4) reduces to (2.2)-(2.5). The following
result shows that the MPEC-LICQ implies the LICQ of NLP(#) for all sufficiently small 6.

Proposition 3.1 For (z*,y*) € F and \* € M(z*,y*), if the MPEC-LICQ holds at (z*,y"),
then there exists a neighborhood N of (z*,y*, \*) so that for sufficiently small 6 > 0, the LICQ

holds at any (Z,y,\) € N feasible to NLP(0).

The proof of Proposition 3.1 is based on a continuity argument and similar results have been
proved in [20, 41]. For brevity, we omit it. To simplify the notation, let

G(z,y,A) = (c(z,y), g(z,y), =X), (3.5)
Go(x,y,A) = (G(z,y,A), —Aog(x,y) —be). (3.6)
Then the constraints of NLP(#) can be written as Go(z,y,\) <0, H(x,y,A) =0 and
VGo(z,y,A) = [Ve(z,y) Vg(z,y) 0 = [Vg(z,y)]A],
VaGo(z,y,A) =[00 =T —diag(g9(z,y))],
where [ is the ¢ x ¢ identity matrix. The Lagrange function of program (3.1)-(3.4) is
Lo(x,y, A\ u,v) = f(x,y) +u' Go(z,y, \) + v H(z,y,\), (3.9)

where u € ?R{fLM and v € R™ are the multipliers. Let @ = (u1,...,up), & = (Upt1, ..., Up+¢) and
@ = (Upy2et1,---»Uprae). By using (3.7)-(3.8) and noting that VyH(z,y,\) = Vyg(x,y)", the
KKT conditions of NLP(6) can be written as

Vf(z,9) +Vez,9)u+ Vg(Z,9)n+ VH(Z, 9, \)v =0, (3.10)

Vy9(z, ) v > diag (9(Z,9))a, Ao (Vyg(z,9) v — diag (9(z,9))a) =0, (3.11)
A>0, u>0, =Aog(z,y) —0e <0, wo(—Xog(z,y) —0be)=0, (3.12)
n—(4—Aod)=0, (3.13)

>0, g(z,y) <0, 4og(z,y) =0, (3.14)

u>0, ¢(z,y) <0, uoc(z,y) =0, (3.15)

H(z,9,\) =0 (3.16)



Now we show that as # — 0, the KKT points of NLP(#) converge to a strong stationary
point of MPEC if the primal and dual variables are bounded.

Proposition 3.2 Suppose that (z,y,\) is a KKT point of NLP(9), (u,u,,v) is the corre-
sponding multiplier vector associated with constraint (¢,g,—X o g — Oe, H). If the sequence
{(Z,7,\,4,0,1,v)} is uniformly bounded as 0 — 0 and (z*,y*, \*,@*, 0%, a*,v*) is one of its
limit points, then (x*,y*) is a strong stationary point of the MPEC (1.1)-(1.3).

Proof. By using @*, n* and v* to replace (*, n* and 7*, it is easy to see that (2.11) and (2.12) hold
because of (3.10) and (3.15). Assumption 2.1, (3.12)-(3.15), and (3.16) imply that (z*,y*) € F
and A" is the unique element of M(z*,y*). For any j € Goo(z*,y*,\*), one has A} = 0 and
g; = 0. Thus, by (3.11), U*Tvygj > g;u; = 0, which proves (2.15). For j € Go(x*,y*, \*), by
(3.11), one has U*Tvygj = g;u; = 0, which proves (2.13). Finally, we have (2.14) and (2.16) by
(3.13). |

In the remainder of this section, we will use (Z, ¥, A) to denote a KKT point of NLP(6). The
following example shows the usage of the #-relaxation and the role of Proposition 3.2.

min f(wg) = 3 [ = 17 + (s = 17 (3.17)
s.t. 22— A =0, (3.18)
A>0,y>0, \y<9, (3.19)

where 0 > 0. Its KKT conditions are as follows.

r—1420=0, y—1—-a+Aa=0, 20 —A=0, (3.20)
A>0, —v+yu>0, A(—v+yu) =0, (3.21)
@>0, Ay—0<0, a(\y—6) =0, (3.22)
>0, y>0, ay=0. (3.23)
For 6 < %, all solutions satisfy Ay = 6 and they are
() (—-X)—1(112)+ \/1 Ly (1,-1,2), (@ ~)—(0 1)- (3.24)
? x7y7 - 2 b 4 2 ’ ’ ’ U,U - 72 I .

.. < 1 1 1 s 1
(i)  (z,y,A)==(1,1,2) — | /= — =0 | (1,—1,2), and(u,a) = (0, —) ; (3.25)

2 4 2 2

_ 2 -0

It is easy to see that solutions (i) and (ii) converge to the strong stationary points (1,0) and (0, 1)
respectively, but solution (iii) does not where @ is unbounded. Satisfication of the MPEC-LICQ
at (1,0) and (0,1) implies that they are also B-stationary points.

The example shows that the success of solving MPEC by NLP(6) depends on the dual
boundedness of NLP(6). We next derive a sufficient condition for this property. We start with
some definitions.



Definition 3.3 A sequence {(Z, 7, \)} is asymptotically weakly nondegenerate, if (Z, 7, \) —
(x*,y*, \*) as 0 — 0, and there is a 6 > 0 such that for 0 € (0,0) and all i € Goo(z*,y*, \*) N Ly,
there exist constants g1 > g3 > 0 such that ¢ > |g;(Z,9)/\i| > <2, where Ty = {i | —\igi(Z,7) =

0}.

This definition is of similar nature to that given by Fukushima and Pang [20], which requires
that \; and g;(Z,7) tend to zero in the same order. It is noted that if the strict complemen-
tarity holds at (z*,y*), then the asymptotically weakly nondegenerate condition holds since
Goo(z*,y*, \*) = 0, but not vice versa.

The following definition is well known in the theory of NLP.

Definition 3.4 For § > 0, the second-order necessary optimality condition of NLP(0)
holds at (Z,7, \) if (Z,7,\) is feasible to NLP(0), and there exist u = (@, 0, u, @) € RPHTHE and
v € R™ such that (3.10)-(3.16) are satisfied and

d"V2Lo(Z,§, )\, u,v)d >0 (3.27)

for all d = (dg,dy) satisfying

Veilz,7) "dy = 0, forie Co(Z,7); (3.28)
VeH(z,9,\) " d=0; (3.29)
Vi(#,9) do =0, fori € Go(z,7); (3.30)
NiVai(Z,5) " dy + gi(Z,§)dx; = 0, i € Ty. (3.31)

We have the following sufficient conditions for the dual boundedness required by Proposition
3.2, which is similar in flavor to Theorem 3.1 of [20].

Proposition 3.5 Suppose that {(Z,7,\)} is bounded as & — 0, © is an infinite set of 6 in a

sufficiently small neighborhood of zero such that (Z,y,A) — (x*,y*,A\*) as 0 € © and § — 0.
Then {(u,a,q,v) | € ©} is bounded if

the second order necessary optimality condition of NLP(6) holds at (Z,3,\) for 6 € ©,
{(z,9,)\) | 0 € ©) is asymptotically weakly nondegenerate, and
the MPEC-LICQ holds at (z*,y*, \*).

Proof. By the MPEC-LICQ and (3.10), {(a,n,v) | § € ©} is uniformly bounded. Thus, for
0 € ©, 4;, where i € Go(Z,9), and \ii;, where i € Zy) = {i| — \;igi(Z,y) = —0}, are also bounded.
Suppose @ is unbounded. Let mp(z,y, A) = u' Gy(z,y,\), do = (dy, dy) and d = (dg,d)), then

d'Vimg(@, g Nd= Y wd, V(@ P)de+ Y. d) V3gi(Z,5)ds

i€Co(,7) i€Go(Z,9)
= > Nitidy V2 gi(Z,§)da — 2 Y WidxiVgi(Z,7) " da- (3.32)
€Ly i€Zy



It follows from the MPEC-LICQ at (z*,y*), Proposition 3.1, and the asymptotical weak nonde-
generacy that there exists a bounded sequence {dy} with dy = (d,,dy) and dy # 0 for all § < 6
such that

Vei(Z,§) d, =0, Vi € Co(Z,7); (3.33)
VeH(Z,5,\) " d=0; (3.34)
Voi(z,5) dy = 0, Vi € Go(%, §); (3.35)
Vgi(z,9) " da = gi(2,9)/ N, dxi = —1, Vi € I; (3.36)
Vgi(z,9) da = =1, dx = Ni/9i(2,79), Vi € TI\T;, (3.37)

where I} = {i € Ty | gi(z*,y*) = 0}, Z¢ = {i € Zy | A\} = 0}. By (3.36) and (3.37), we have
A\iVgi(Z,9) " dy + 9i(Z,7)dr; = 0, i € Ty. By (3.32), there holds

dg Vamg(Z, 5, \)dg — —0c0 as 6 — 0, (3.38)

which contradicts the second-order necessary optimality condition since
m —
dg |Vif(@5) + >0 VEH(2,5,0) | do
i=1
is bounded. The result follows immediately. |
Let us recall the example (3.17)-(3.19). For solution (i), it is apparent that the MPEC-LICQ

and the strict complementarity hold at the limit (1,0,2). Moreover, it is easy to verify that the
second-order necessary optimality condition holds since for all d = (d5, dy, dy) satisfying

2d, — dy=0, (3.39)
Ay + §dy = 0, (3.40)
we have
- 1 0 2
d"V2L(z, g\ G, d,0)d = | = — —————| d3 >0. (3.41)

2 (1+v1-202| *~
The same is true for solution (ii). Thus the three conditions in Proposition 3.5 hold for solutions
(i) and (ii). Consequently, the dual variables of (i) and (ii) are bounded as § — 0. On the other
hand, at solution (iii) some of dual variables are unbounded and the second order necessary
optimality condition does not hold. Hence, the results are consistent with Proposition 3.5.

4. The relaxed barrier problem

We note that applying interior-point approach to (2.2)-(2.5) directly will result in a conflict.
This is because, by introducing slack variables, the barrier problem corresponding to (2.2)-(2.5)



is

p l L
min f(x,y)—Z,ulnzi—z,ulnéj—z:/ﬂn)\j (4.1)
i=1 j=1 j=1

s.t. e(z,y) +z2=0, (4.2)
H(z,y,\) =0,
g(z,y) +2=0, =A+A=0, —Aog(z,y) =0,

where p > 0 is the barrier parameter, z > 0, 2 > 0 and A > 0 are slack variable vectors.
Constraints (4.4) indicate that for j = 1,...,¢ we must have 5\j = 0 if 2; is bounded away from
zero and vice versa, which conflicts with the objective function (4.1) that attempts to draw both
Z; and j\j away from boundary.

We therefore consider to apply the interior-point approach to the #-relaxation of MPEC,
which leads us to the following -relaxed log-barrier problem, henceforth referred as the relaxed
barrier problem:

min f(x,y)—zp:ulnéi—i:ulnéj—zg:ulnj\j—i:ulnéj (4.5)
i=1 j=1 j=1 j=1

s.t. c(z,y)+z=0, (4.6)

H(z,y,A\) =0, (4.7)

g9(x,y) +2 =0, (4.8)

“A+A=0, (4.9)

—Aog(z,y) + Z = be. (4.10)

By using (3.6), (4.5)-(4.10) can simply be written as

min f(s) — Z wln z; (4.11)
i=1

s.t. Go(s)+2=0, (4.12)

H(s) =0, (4.13)

where s = (z,y,\) € R"™+ is the variable vector, z = (Z, 2, \, Z) is the slack vector, f(s) =
f(x,y), Go(s) = Go(z,y,), H(s) = H(z,y,A) and q = p + 3¢.

In the following two subsections, we describe a primal-dual algorithm for solving problem
(4.11)-(4.13) for fixed p and derive global convergence results of the algorithm. The algorithm
for MPEC is then presented in Section 5, which uses the algorithm in this section as the inner
loop and decreases p in the outer loop.

4.1. The algorithm for problem (4.11)-(4.13). Define the merit function with ¢s penalty
q

¢(s,230) = f(s) =Y plnzi + pl|(Go(s) + 2, H(s))], (4.14)

i=1

10



where p > 0 is the penalty parameter, the norm || - || is the Euclidian norm.

At the current iterate (s*,2*), suppose that u¥ € R1 and v*

€ R™ are the approximate
multipliers corresponding to constraints (4.12) and (4.13), respectively. Let Z; = diag (2"),
Uy = diag (u¥), VGE = VGy(s*), VH* = VH(s*) and V), = Vf(s¥). Let By, be a positive

definite approximation to the Lagrangian Hessian
q m
V2L(sF uF b)) = V2 i + 3 uf VA (Go)f + Y oFVPHY.
i=1 j=1

Suppose that (cfk cZk) is an approximate solution of the problem

1
min ¢y (ds, d,) = §(dSTBkds+dZTZ,;1deZ)+pkH(G’g+z’“+VG§TdS+dZ,Hk+VHdeS)]] (4.15)

such that some prescribed conditions (see the next subsection) hold. Then we compute the
search direction (d¥, d*,d~, d*) by solving the modified primal-dual system of equations

S 7z u T

Byds +VGEd, + VH*d, = —(V fi + VGiuF + VH), (4.16)
Uid, + Zpd, = —(ZyUre — ue), (4.17)

VGE d +  d, =vGkdt + dF, (4.18)
vH" d, = vH* . (4.19)

Note that the right-hand-sides of (4.18) and (4.19) are different from the traditional interior-
point approach. For motivation of this modification the reader is referred to [33, 34].

We are now ready to state our algorithm for the relaxed barrier problem with fixed 6 and pu.
Algorithm 4.1 (The algorithm for problem (4.11)-(4.13))

Step 1 Set > 0, (s°, 20,00, 00) € RPHMH X RL . x R, x R, By € RFmOx(ndmtd)
and scalars py >0, £ € (0,1), 0 < By <1< fa, 09 € (0,%). Let k :=0;

Step 2 Calculate the primal search direction (d%,d¥) and the dual direction (d¥,d) by the

ER ey u» v

primal-dual system of equations (4.16)-(4.19), where (czk czk) is derived by approxi-

sy 7z

mately minimizing (4.15);
Step 8 Let
mi(d¥s pr) = Vil dS — pe” 2 dE — po(dy, db),
where d* = (d¥,d*) and

sy 7z

8(dh, dE) = (G + 2%, HY)| = (G + 2 + VG df + b, HE 4+ VHFT b))

§7 7z

If
1 1
m(d¥; pr) < —§d’;TBkdf: - §d’:TZ;1de’;, (4.20)

let pr+1 = pr; Otherwise, we replace py by a larger pxy1 (for example pry1 > 2py)
such that (4.20) holds;

11



Step 4 Compute Gy, € (0,1] such that 2* 4 apdt > €2%, and select firstly o € (0,1] and then
Y, € [0,1] as large as possible such that

o(s* + oaydl, 27 + odydt; prir) — ¢(s*, 25 pryr) < ooodymi(d¥; pry),  (4.21)

Brpe < (Ui + v DF) max{z* + oapd®, —Gy(s* + oapd®)} < Bape, (4.22)

where DY = diag (d¥). Let ay, = oéy. The new primal iterate is generated by

P = % 4 agdf, (4.23)
P = max{ ¥ + apd¥, —GETY, (4.24)

and the new dual iterate is generated by

uFtl = F + 'ykdlfb, R = o 4 df; (4.25)

Step & If the stopping criterion holds, stop; else calculate values VGlg'H, VHY Y fii1,
Glg'H and H**1, update the approximate Hessian By, by Byi1, let k := k + 1, and
go to Step 2.

In practical implementations of the algorithm we may use some more flexible update for
generating the dual iterate. Since Algorithm 4.1 is only taken as an inner loop of our algorithm
for MPEC, we will give the stopping criterion in the algorithm for MPEC.

4.2. Convergence of Algorithm 4.1. Notice that the relaxed barrier problem differs from
the inequality-constrained NLP only by adding an equality constraint. To simplify the proofs,
we will refer to the results in [32, 33] if a proof is lengthy and is the same as in the references.

Suppose that an infinite sequence {(s*, z¥, u* v¥)} is produced by Algorithm 4.1. We need
the following general assumptions.

Assumption 4.2

(1) {s*} is bounded. That is, there is an open and bounded set Q@ C R"T™+E such that s* € Q
for all nonnegative integers k.

(2) There exist constants vy > vy > 0 such that vs||d||> < d" Brd < vi||d||? for all d €
%n—l—m—i—ﬁ‘

(8) VH(s*) has full column rank for all k > 0.

The following results can be derived similarly to Lemma 4.2 in [32] and Lemmas 3.2, 3.3, and
3.6 in [33].

Lemma 4.3 Under Assumption 4.2, we have
(1) {z*} is bounded;
(2) {uF} is componentwise bounded away from zero.

Furthermore, if {px} is bounded, then

12



(3) {z*} is componentwise bounded away from zero;
(4) {uF} is bounded;
(5) if {(d¥,d¥ d¥)} is bounded, then there exists o € (0,1] such that ay > o* for all k > 0.

§7 77z U

Lemma 4.4 Under Assumption 4.2, if (cfk cik) solves problem (4.15) exactly, then (cil;;,cil;) sat-

§7 7z

isfies the following conditions.
(1) (VGE(GE 4 2F) + VHYH* Z,,(GY + 2%)) — 0 as (d¥,d¥) — 0.

(2) It holds that 1y (d¥,d*) < 1,(0,0), and there exist constants p > 0 and ¢ > 0 so that for

ERiar4

all Pk > ﬁ7

Ui (dE, db) — (0,0) < —<pil|(VGE(GE + 2%) + VHHF, 24, (G + 2%)) ||

CRiay4

(8) There exist v € (0,1), p >0 and @w > 0 so that ¥V p, > p,
I(dy, Z )| < wll(Gh + 2%, HY)| (4.26)
and
Yi(ds, df) < vi(0,0) (4.27)
if one of the following conditions holds:

(i) {z*} is componentwise bounded away from zero;
(i) The vectors VHJI?, jg=1,....m, V(Go)k, i e G ={i|2F =0 i=1,...,q} are

linearly independent.

(4) For all k, (CZI;,lelcil;)/\/ﬁ are uniformly bounded.

Proof. (1) Suppose that there is an infinite index subset K such that for £k € K, k& — oo,
(VGE(GE + 2F) + VHFH*, Z),(G5 + 2%)) £ 0. Then as (d*,d¥) — 0,

1(GE + 25 + vGE dF + 5 HF + VHF d%)| £ 0, and are bounded V & € K. (4.28)

Since (d*,d*) solves problem (4.15), we have V)(d¥,d*) = 0. Hence

VGE(GE + 28 + VGE dF + db) + VHF(HR + VHF )
I(GE + 2k + VGE dk 4 d, HE + VHE d))|
Z(GE + 2% + vGE ' db + dF)

I(GE + 2k + VGE d 4 d, HE + VHE 4%

Byds + pi =0,  (4.29)

Urds + pi =0, (4.30)

which contradicts the supposition as (d¥,d*) — 0. Thus, we have proved (1).

For simplicity of subsequent statements in this proof, we define

ZUs )’ Z, ' HF ' ztds )’
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and 1y, (d*) = ¢y (d¥, d¥).

sy 7z

(2) The inequality ¥y, (d¥, d%) < 3,(0,0) is obvious. By Proposition 2.2 in [32], letting
dr = —min(l,nk)églékék,

where ny, = (&7 (C] B, 'Cy)é*) /(&7 (C)] B, *Cy)?E"), then we have

Ui (d") — ¥i(0) < p(d”) — ¥r(0) < % {1 — Pk min[Hé—lkn, \|Z’lz\|]} () By Crd.  (4.31)

If p > 2M; > 2||é¥|| (M is a constant), then for py, > p we have 1 — py./||é¥|| < —pr/(2M;) <
0. If mx > 1, then it follows from (4.31), Assumption 4.2 (2), and (4.22) that

Yi(d") = i(0) < —lpp/(4M:)] min{vy, By |G|, (4.32)

If m, < 1, then by (4.31), we have

- 1 N g e
U(d*) = 6u(0) < 5 {1 = pmn /11 } &T(C B Gt
1 |(C By ' Cr) 2|2 }~kT AT B—1/4 \ <k
=l —pp—=t—r=—"——7¢ (O B, Ci)c (4.33)
2{ I(C{ Byt Cr) |12 e
1{ Pk }~kT AT -1 \ =k
<o P RAT(ET B
2 1(C{ By 1Ci)z 1212l

If p > p > 2Ms > 2||(CJ B Cr)2 |12||é%|| (My is a constant), then
Ui(d*) = ¥ (0) < —[pr/(4Ma)] min{v ", Gy IO (. (4.34)

The result follows from (4.32) and (4.34) by selecting ¢ = min{1/(4My),1/(4M)} min{v;*, By 'u~'}.
(3) Let df = —B; 'Cy(C}l B, 'Cy)~'é". Then

Un(d) < v(dh) = 58T (CT B G (4.35)

If any one of conditions (i) and (i) holds, then Cy has full column rank, which implies that
Ur(d®) < ¢1]|é¥||? (¢ > 0 is a constant). By Assumption 4.2 (2) and the boundedness of Y3 Ay,
we have ¢, (dF) > o||d*||? (s > 0). Thus ||d*|| < /(s1/<2)||é®||. The result of (4.26) follows by
1etting w = \/Cl/CQ.

Under the given conditions, {(C} B, 'Cy)~'} is uniformly bounded, thus we have Y, db) <
v (0,0) for pr, > p > %H(C’Jéglék)*lék\\ Thus, (4.27) is also valid.

(4) This result follows readily from the coerciveness of ¥. A detailed proof can be found
from Lemma 4.10 in [32]. |

Remark. In practical implementations, we do not need the exact solution of problem (4.15).
The approximate solutions which satisfy (1) — (4) of Lemma 4.4 can be computed very easily.

We omit the details and refer the interested reader to [32].
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Lemma 4.5 Under Assumption 4.2, if {pr} is bounded, then {(d*,d*,d")} and {v*} are bounded.

Proof. By Lemma 4.4, ¢y, (d*, d*) < 4;,(0,0), then it follows from the coerciveness of iy, (d¥, d¥)

sz

that (d*,d*) is bounded. The solution to the system of equations (4.16)-(4.19) can be written
as -
d* _(vfk‘f’ngfL )
d" | —(Uke—pnz; e)
=Q T A N , (4.36)
d~ k VGE dk + d*
s vk g
as long as @y is invertible, where
By, 0 VGE vH*
o 0  Z,'Upy I 0 (437)
P ovek T 0 0 ‘
VHE 0 0 0
; ; : -1, 11 By, 0 12
We next show that (), is truly invertible and @), ~ is bounded. Let Q;" = 0 7-U , Qi =
k k
G§ VHF -
VI 0 VO , then Q,lgl is positive definite, Qil Lis bounded, and QE has full column rank

by Lemma 4.3 and Assumption 4.2 (3). By doing some calculations, we have

11—1 11-1 ~h12/H12T H11-1 H12y—1 12T H11-1 11-1 ~12/H12T H11-1 H12y—1
Qr  —Qr QF(Q) Qp Q) Q) Qy Qr Q@ Qn Q)
12T A11-1 ~H12V-1 12T H11-1 (12T ~H11-1 H12y—1 :
( k)T Q@ ( ko Q)

Q' =

k k

It can be seen that Q,;l exists and is bounded. The lemma follows from (4.36), the boundedness
of Q,;l and Lemma 4.3 immediately. |

The following result shows that the algorithm converges to the KKT point of program (4.11)-
(4.13) if {px} is bounded.

Lemma 4.6 Under Assumption 4.2, if pr is bounded, then

Jim[|(d, d2)|| =0, (4.38)
Jlim [[(GEH o+ L Y =0, (4.39)
—00
(| Zys1 Upyre — pef| = 0, (4.40)
Jim [V fier + VAT v MR = 0. (4.41)
— 00
Moreover, v, = 1 for all sufficiently large k.
Proof. It follows from (4.20), (4.22) and Lemma 4.4 (2) that
1 1 -
m(d¥; ) < —gmalldb? — 55101 7 2 (4.42)
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Since the sequence {p} is monotonically increasing and is bounded, there exists a positive
integer ko such that pg = p, for all k > ko. Thus, by (4.21), {¢(s*, 2*; pr)} is a monotonically
decreasing sequence for k > kg. Since \gb(sk', 2k pr)| is bounded by Assumption 4.2 and Lemma
4.3 (3), ¢(s*, 2*; pr) is bounded below. Hence, the limit of the sequence {¢(s*, 2*; pp.)} exists,
which by Lemma 4.3 (5) implies that

mu(dF; pr) — 0, as k — oc. 4.43
P

Then (4.38) follows from (4.42), (4.43) and Lemma 4.3 (3).
By (4.38), (4.18) and (4.19), we have

1(VGETdr + dF VHETd%)| — 0 as k — oo, (4.44)
which implies that §(d¥, d*) — 0 as k — oo. Since vy (d¥, d¥) < pill(GE + 2%, H)||, we have
I i -
5 (2SI + 6112 1P < pr(d, d). (4.45)

Thus, (d¥,d*) — 0 as k — oo. Tt follows from Lemma 4.4 (1) that ||(GE + 2%, VH*H*)|| — 0.

sz

Then (4.39) is obtained by (4.38) and Assumption 4.2 (3).
By (4.17), (4.38) and Lemma 4.3 we have limy_,o Zg(u* + d*) — pe = 0. Then by (4.38)
again, we have
Jim. Zyp1(u¥ + d%) — pe =0, (4.46)
which implies that v, = 1 in Step 5 of the algorithm. Thus (4.40) is derived.
The limit (4.41) follows from (4.16), (4.38), and the continuity of Vf, VGy and VH. |

The following lemma addresses the case where {py} is unbounded.

Lemma 4.7 Under Assumption 4.2, if pi is unbounded, then

(1) {z*} is not componentwise bounded away from zero and there exists a convergent sub-
sequence with k € K such that (s¥,2%) — (s*,2%) as k € K and k — oo with VG},, i € G,
VH?, j=1,...,m being linearly dependent, where G5 = {i| zf =0};

(2) there is a subsequence {(s*,2*) | k € K} such that

. vVGE vH* Gl + 2*
= 0. 4.4
kelyjfn—on< Z. 0 H* 0 (4.47)

Proof. (1) Suppose that it is not the case. Then, for sufficiently large k € K, z* is componentwise
bounded away from zero, or VG’;Z-, i€ g{; , VH j’»‘“‘, j=1,...,m, are linearly independent, where
Gt = {i | z2F = 0}. Thus by Lemma 4.4 (3), there exist constants w; > 0 (i = 1,2) such that

(&, 2 )| < wll (G + 2, 1Y), (4.48)
n(d, ) — 0(0,0) < —wapi (Gl + 2, HY)||. (4.49)
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It follows from (4.16)-(4.19) that

1 .7 1 .7 __
me(d; pr) + ds Brdg + 5d 2, Upd;
< VfddE — pe Z7 R + p(d®, d¥) — 1,0, 0). (4.50)

ERiay4

Thus, there exists a constant p > 0 such that 7 (d*; pp) < 0 for pp > p, which, by Step 3 of
Algorithm 4.1, implies that {py} is bounded, a contradiction.

(2) Suppose that (4.47) does not hold. Then, for all sufficiently large k, there exists a

constant x; > 0 such that
VG VH* Gy + 2
(2T (% )2 asn

By Lemma 4.4 (2) and (4), for all k& € K, there are positive constants x2 and ¢ such that
I(d%, Z, 'd2)|| < x2y/pr and

re(ds, db) = ¥(0,0) < —<xipi. (4.52)
Thus, there exists a constant x3 > 0 such that
. 1 . o1 . B .
me(d"; pr) + §(dl§)TBkd]§ + §(dl§)TZk "Uds < x3v/pr — sXTpk- (4.53)

The inequality (4.53) indicates there exists a large p > 0 such that (4.20) holds for all py > p,
which is a contradiction to the assumption that p; — oo. |

We summarize the results in the following theorem.

Theorem 4.8 Under Assumption 4.2, suppose {(s*,2F)} is an infinite sequence generated by
Algorithm 4.1, {pr} is the penalty parameter sequence. Then one and only one of the following
assertions 1s true:

A) The sequence {pi} is bounded. Then for every limit point (s*,z*), there exists (u*,v*) so
P
that
I(Gp+ 2", H")|| =0, Z*U%e = pe, Vf*+VGyu*+ VH*v* =0, (4.54)

namely, (s*,z*) is a KKT point of (4.11)-(4.13).

(B) The sequence {py} is unbounded and there is a limit point (s*, z*) which either satisfies that
[((G§)+, H*)|| =0 and that VH;(j =1,...,m), VGg(i € T={i € {1,...,q} : G, = 0})
are linearly dependent, or satisfies that ||((Gj)+, H*)|| # 0 and that

VG5(Gh)y + VH H* = 0. (4.55)
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Proof. Conclusion (A) follows from Lemma 4.6. The first part of (B) is derived by Lemma 4.7
(1). Now suppose ||((Gj)+,H*)|| # 0, by Lemma 4.7 (2), Z*(Gj+ z*) = 0. Since Gj + z* > 0 by
(4.24), we have G + z* = (G})+. Hence, by Lemma 4.7 (2), the second part of (B) is obtained.
|

5. The algorithm for MPEC and its global convergence

Based on the algorithm and analysis in previous sections, we now present our algorithm for
MPEC and give its global convergence results.

A traditional approach is that we solve the relaxed barrier problem by letting p | 0 for each
fixed 6. The process is then repeated as 6 | 0. For examples we can see [13, 41].

Unlike the traditional approach, our algorithm takes a shortcut to reduce p and 6 simultane-
ously. In particular, the barrier parameter p is selected to be a fraction of 6 (so 6 is a multiple of
). Thus, the barrier problem (4.11)-(4.13) is slightly different from its traditional counterpart
in that the barrier parameter appears both in the constraints and in the objective function. All
the convergence results in the last section would be still valid, however, since all those results
were independent of how y is specified.

Algorithm 5.1 (The algorithm for the MPEC)

Step 1 Set the initial point (z°,9°, A0, 20, u, v0) with (20,90, \0) € Rrtm+e 0 ¢ %’ffg,
ul € %ﬁ—fg and 1° € R™, the initial barrier parameter pg > 0, penalty parameter
po > 0, constants o > 0, 7 > 0, v > 0, k € (0,1), and the stopping tolerances
€>0, € >0. Let Oy = Tuo, J :=0;

Step 2 Starting from (27,47, N, 27w/, v7), solve the barrier problem (4.11)-(4.13) by Algo-
rithm 4.1. The Algorithm 4.1 is terminated when the iterate (x*i,y*i, NFi 2Ki uFi| vkﬂ')
satisfies one of the following groups of conditions:

Gy + 2%, H9)|| < vy,
12k, Usye — mell < vpy,
(i) Vafr, + VzGlg;ukj YV, Hb ks (5.1)
Vyfr; + vngjukj + Vy Hb50h < Y5
VAGy uh + Yy Hbi ok

kj .

’ I(CF )+ H) = 7e,
(’LZ) k; k; kj ki rrk; kj k; . ( ' )
I(VeGy (Gy) +2%) + VeH" HY, Z; (Gy) + 2))|| <€

kj .
I(Go")+, HY)|| < e,
(u3i) (5.3)

J

det ([VE(ékj)f VpHb] ' [Vp(Gh); vEkaD <e
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where Zy, = diag(2*7) and Uy, = diag (u®7), Glgj is the value of ng when 6 = 0,
det(-) is the determinant, G* = (cFi, ghi, —\Fi), fj = {i]|[(G*9);| < €}, VE(ékf)jj
is the submatriz of VE(ékﬂ') consisting of all columns indexed by i € fj.

Set

(:Cj+1,yj+1,)\j+1) — (xkj’ykj’)\kj)’ (5.4)

(zj+1’uj+1,'l)j+l) — (ij,ukj,'l)kj),

and
py1 = max{pg,, [|(u 1, )| + o} (5.6)

Ifmin(y/ ') < € and Algorithm 4.1 terminates at (5.2) or (5.8), stop. If Algorithm
4.1 terminates at (5.1), go to the next step.

Step 8 If u; < e, stop; else set pj11 = kpj, 0j41 = Tpjp1, j = J+ 1, and go to Step 2.

Different from the algorithm for general nonlinear programming in [32], we update the
penalty parameter p; by the information on multipliers, see (5.6), where we do not need scalar
o to be positive.

The stopping conditions (5.1), (5.2) and (5.3) are based on the results of last section. For any
given pu;, if Algorithm 4.1 has found an approximate KKT point of the relaxed barrier problem,
then we proceed the algorithm to a new and smaller barrier parameter. Otherwise, by Theorem
4.8, if the tolerances are sufficiently small, then the algorithm will produce a sequence with a
limit point (z*,y*, \*) for which one of the following assertions is true.

(1) ||((G(’5])+,H*)H = 0, and the vectors VGg ; (teZ;={i] (G(’;j)i =0}), VgH} (i =
1,...,m) are linearly dependent. In this case, (x*,y*,\*) is a feasible point of NLP(0;) with
0j = Ty If I(GE)+, H*)|| = 0, that is, (z*,y*,\*) is also feasible to MPEC, then Z; =
{i | G = 0}, and (z*,y*) is a singular stationary point of MPEC since the vectors VG
(i€ {i| G =0}), VeHf (i = 1,...,m) are linearly dependent. In this case, Algorithm 5.1
terminates at (5.3); otherwise, the point (z*,y*) is an infeasible stationary point of MPEC and
Algorithm 5.1 terminates at (5.2).

(2) |((Gg,)+- H")I # 0 and VEGy (G )4+ + VEH H® = 0, so (z*,y") is an infeasible
stationary point of MPEC. Algorithm 5.1 terminates at (5.2).

Recall that these results require an assumption that VEHj(:ck,yk,)\k), j=1,...,m are
linearly independent, which is guaranteed if F(z*,.) is strongly monotone and gj(xk, ), J =
1,...,¢ are convex for all £ > 0.

To summarize, we have the following convergence results for the algorithm.

Theorem 5.2 At termination, one of the two alternatives must hold.

(A) For some pj, Algorithm 5.1 does not proceed to Step 3. It terminates at an inner
loop. Then the termination point is an approrimate singular stationary point of MPEC if it is
approzimately feasible to the MPEC, otherwise it is an approximate infeasible stationary point.
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(B) For each pj, Algorithm 5.1 proceeds to Step 3, the algorithm terminates at an outer loop.
Then it terminates either at an approrimate strong stationary point or at an approrimate weak
stationary point.

Proof. (A) This result has been given by the above statements (1) and (2).

(B) We have this result since the point satisfying (5.1) for sufficiently small p; and 6; is an
approximate weak stationary point of MPEC, furthermore, if u* and v* are bounded, then it
is also an approximate strong stationary point (Proposition 3.2). |

The case (B) of Theorem 5.2 can be further clarified as follows, which does not require a
proof.

Theorem 5.3 Assume that Algorithm 5.1 proceeds to Step 3 for each ji;, € =0 and an infinite
sequence {(x7,y7, M)} is generated. Moreover, assume that {(z7,y7, M)} is uniformly bounded.

(B1) If {p;} is bounded, then every limit point of {(z7,y’)} is a strong stationary point
of MPEC (1.1)-(1.8). If in addition the MPEC-LICQ holds at this limit point, then it is a
B-stationary point of the MPEC.

(B2) If {p;} is unbounded, then every limit point of {(z7,y7)} is a weak stationary point of
MPEC, which may not be a strong stationary point of MPEC.

6. Numerical results

Algorithm 4.1 and Algorithm 5.1 have been coded in MATLAB. The initial parameters in
Algorithm 4.1 are selected as o9 = 0.1, #; = 0.01, B85 = 100, and £ = 0.005. By = [ is the
identity matrix. The computation of (CZ’;, J’;) is done by Algorithm 6.1 in [32]. In Algorithm 5.1,
we select g = 0.1, pgo=1,0 = =10, 7 =2, k = 0.1, v = 100 and ¢ = 107, € =101, The

initial slack variables and the dual variables are given by

2" = eian, 10 = poeprse, v° =0, (6.1)

where e(,43¢) is a (p + 3f)-dimensional vector of ones. In implementing Algorithm 4.1, we
terminate the algorithm if ||(dY, d%')|| is sufficiently small (less than epj) or if one of the stopping
criteria (5.1)-(5.3) is met.

The approximate Hessian By, is updated to By1 by the well-known damped BFGS update
procedure.
6.1. The set of test problems in [13] and some special examples.  The numerical
tests in this subsection are conducted on a COMPAQ personal computer with a Pentium-ITI
450MHz processor and WINDOWS98 operating system. We first applied our algorithms to the
set of test problems listed in the Appendix of [13]. Some of the test problems were also used in
[1, 3, 37, 38, 43] to test various algorithms developed for MPEC.
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The test problem 7 has a nondifferentiable term w = max{0,z1 + 2 + y1 — 2y2 — 40} in the
objective function, we reformulate it as a smooth problem with

f(z,y) = 2z1 + 25 — 3y1 — 3y2 + 2000w? — 60, (6.2)

and w >0, w > x1 + x2 + y1 — 2y — 40.

The initial 2% are given by [13], but there is no information on how to select y° and A°. To
our convenience we set

Y0 =mem, A= nae (6.3)

where e,, and ey are respectively m-dimensional and ¢-dimensional vectors of ones, and 7; and
1o are two constants (given in Table 1), which for most test problems are selected to be 0 or z{

(the first component of 2°), depending which one gives a better numerical result.

The computational results are reported in Tables 1 and 2, in which we label the problem in
the same way as in [13], for example, 1(a) represents the test problem 1 with the starting point
(a), whereas 8(2) is the test problem 8 with the second group of data.

Table 1 includes the solutions and the optimal values obtained by our algorithm. Compared
to Table 1 in [13], The optimal values are agreeable up to 10~% with that given by [13]. In the
test we also noted that the solution may not be unique for some test problems such as Problems
9 and 10 if we use different y° and \°.

We list the numbers of function evaluation (FN), gradient evaluation (GR), the number of
total inner iterations (IT) in Table 1. The function evaluation includes the evaluation of the
objective function and the constraint functions. Similarly, the gradient evaluation also include
the evaluation of the gradients of the objective function and the constraint functions. For easy
comparison with [13], the total numbers of evaluating nonlinear functions and their gradients
are put in parentheses in the respective columns, where all components of H(x,y, A) are always
treated as nonlinear functions. Note that we count the evaluation number in term of vectors
while [13] counts each component separately, so the number in the parentheses equals the number
out of the parentheses multiplied by the number of nonlinear functions in the corresponding
problems. The evaluations on A o g(z,y) are not included because they can be derived directly.
Comparing with the results of Table 2 in [13], we see that our algorithm generally requires fewer
computations on the functions and their gradients except for a few problems such as problem 6.

While the relaxation parameter is linearly dependent on the barrier parameter, the barrier
parameter is decreased by a fixed factor 0.1. Hence the number of outer iterations is 7 for
all test problems. This way of updating the barrier parameter has been used in a number of
interior-point algorithms for NLP such as Byrd, Hribar and Nocedal [7]. Some other strategies
are reported in [23, 24]. Our preliminary experiment appears to show that there is no obvious
impact on the number of iterations if we change from the fixed factor to a variable factor. One
of the reasons may be that the solution to the MPEC is always feasible to the NLP relaxation
NLP(#) and can be reached even if 6 is not sufficiently small. However, we agree with a referee
on that this point may worth to be investigated in more details in future.

In Table 2, we report the optimal penalty parameter p* and the residuals of first-order
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Table 1. Solutions and optimal values

Prob (m1,1m2) x* r IT FN GR
1(a) (0,0) 4.06041 3.207700 16 | 17 (119) | 17 (119)
b | (0,0) 4.06041 3.207700 | 15 | 16 (112) | 16 (112)
2a) | (0,0) 5.15361 3.449404 | 19 | 20 (140) | 20 (140)
b | (0,0) 5.15360 3.449404 | 15 | 16 (112) | 16 (112)
3(a) | (0,0) 2.38042 1604254 | 16 | 18 (126) | 17 (119)
®) | (0,0) 2.38042 4604254 | 19 | 20 (140) | 20 (140)
i(a) | (0,0) 1.37313 6.592684 | 15 | 17 (119) | 16 (112)
(b) | (10,10 1.37313 6.592684 | 21 | 29 (203) | 22 (154)
5(a) (0,0) (0.50018,0.50018) -1.000000 12 | 13 (65) 13 (65)
6(a) | (0,5) 93.33333 ~3266.666667 | 33 | 101 (202) | 34 (683)
7(a) (0,0) (25.00125,30.00000) 4.999375 30 | 46 (138) | 31 (93)
8(1) | (75,75) 55.55129 "343.345260 | 22 | 23 (115) | 23 (115)
8(2) | (75,75) 42.53824 1203155072 | 22 | 23 (115) | 23 (115)
8(3) (75,75) 24.14506 -68.135650 | 23 | 24 (120) | 24 (120)
8(4) | (75,75) 12.37270 -19.154065 | 24 | 25 (125) | 25 (125)
8(5) | (75,75) 4.75356 23161181 | 24 | 25 (125) | 25 (125)
8(6) (25,25) 50.00000 -346.893197 | 27 | 28 (140) | 28 (140)
8(7) (20,20) 39.79144 -224.037202 | 29 | 33 (165) | 30 (150)
8(8) (15,15) 24.25713 -80.785972 | 27 | 28 (140) | 28 (140)
8(9) | (12.5,12.5) 13.01965 22.837119 | 30 | 32 (160) | 31 (155)
8(10) | (10,10) 6.00235 15.340137 | 23 | 24 (120) | 24 (120)
9(a) (0,0) (5.00000,9.00000) | 1.640116e-12 | 15 | 17 (51) 16 (48)
9(b) (0,0) (5.00000,9.00000) | 1.640719¢-12 | 16 | 17 (51) 17 (51)
9) | (0,0) (5.00000,9.00000) | 1.640082e-12 | 17 | 18 (54) | 18 (54)
9d) | (0,0) (5.00000,9.00000) | 6.752681e-15 | 17 | 18 (54) | 18 (54)
9(e) (0,0) (5.00000,9.00000) | 1.845236e-14 | 15 | 16 (48) 16 (48)
10(2) | (0,5) (7.00000,3.00000, | -6600.000000 | 77 | 97 (485) | 78 (390)
12.00000,18.00000)
11(a) (2,2) (0.00038,2.00000) -12.678711 | 24 | 25 (200) | 25 (200)
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Table 2. Residuals on KKT conditions

Prob P RD RP RC CcC
1(a) 1 3.91260e-06 | 9.43459¢-13 | 1.40066e-06 | 1.08144e-07
(b) 1 3.88400e-06 | 9.31053e-13 | 1.40395e-06 | 1.08133e-07
2(a) 1 6.47515e-06 | 6.21528e-10 | 1.40000e-06 | 1.08331e-07
(b) 1 4.06954e-06 | 2.90570e-13 | 1.40004e-06 | 1.08346e-07
3(a) 2 2.54043e-06 | 7.87426e-11 | 1.40000e-06 | 1.32039e-07
(b) 2 2.45985e-06 | 6.17211e-11 | 1.40000e-06 | 1.32039e-07
4(a) 2 7.36826e-06 | 1.07658e-12 | 1.40000e-06 | 1.62779e-07
(b) 2 7.37578e-06 | 1.08232e-12 | 1.40000e-06 | 1.62779e-07
5(a) 1 3.21444e-07 | 4.71205e-14 | 1.06296e-06 | 3.62825¢e-11
6(a) | 119.0367 | 9.64017e-06 | 1.42109e-14 | 4.30350e-07 | 6.64785¢e-08
7(a) | 21.6355 | 2.94241e-06 | 4.94778e-15 | 2.39160e-06 | 1.04159e-07
8(1) | 213.5024 | 5.07962e-08 | 3.08413e-15 | 2.60000e-06 | 1.06089¢-07
8(2) | 219.9075 | 6.38270e-07 | 4.94071e-13 | 2.60000e-06 | 1.04141e-07
8(3) | 232.9427 | 3.92007e-07 | 4.84775e-15 | 2.59377e-06 | 1.01998e-07
8(4) | 244.5515 | 2.77047e-07 | 1.72379¢-15 | 2.60043¢-06 | 1.00927e-07
8(5) | 253.7753 | 8.98560e-07 | 1.79391e-15 | 2.60000e-06 | 1.00335e-07
8(6) | 92.7429 | 1.66264e-10 | 6.35312e-15 | 2.60000e-06 | 1.92255e-07
8(7) | 74.3471 | 4.44064e-09 | 2.70727e-13 | 2.60000e-06 | 1.94887e-07
8(8) | 52.6502 | 3.36448e-11 | 2.41483e-14 | 2.60000e-06 | 1.88150e-07
8(9) | 41.3860 | 5.10181e-08 | 3.26219¢-13 | 2.60000e-06 | 1.93200e-07
8(10) | 28.0840 | 9.71402e-06 | 1.34951e-13 | 2.60000e-06 | 1.58395e-07
9(a) 1 2.09588e-06 | 9.12282¢-16 | 1.00001e-06 | 1.00012e-07
9(b) 1 2.40326e-06 | 3.09777e-15 | 1.00001e-06 | 1.00012e-07
9(c) 1 2.24411e-06 | 5.13123e-15 | 1.00001e-06 | 1.00012e-07
9(d) 2 3.31860e-07 | 3.66756e-15 | 1.00000e-06 | 1.00000e-07
9(e) 1 2.06686e-06 | 1.25382e-15 | 1.00000e-06 | 1.00000e-07
10(a) | 311.7059 | 5.27949e-07 | 7.62533¢-16 | 4.50000e-06 | 1.00000e-07
11(a) 2 8.59246e-07 | 9.58334e-08 | 1.47988e-06 | 1.44038e-07
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conditions, constraint violations and complementarity, where RD= ||V f* + VG*u* + VH*v*|,
RP= ||(G*,H")| (G is defined by (3.6)), RC= z*Tu* and CC= |[\* 0 g*||oc. These data are
not reported in [13]. We include them for future reference. The results in Table 2 show that
Algorithm 5.1 obtained approximate strong stationary points for all test problems including the
problems without strict complementarity (e.g. Problem 1). As indicated in our analysis, the
penalty parameter should be, and in fact it is, bounded for all those test problems.

Another observation from Table 1 is that for most test problems the number of function
evaluations (FN) is not much larger than the number of iterations, which means that a full
Newton step has been used in most iterations (especially for problems 1, 2, 3, 4(a), 5, 8, 9, 11),
which is a condition to guarantee local superlinear convergence. The interested reader can find
more details about Newton steps in [32]. In the computational test we observed that, when the
parameter p is small enough, the algorithm tends to solve the relaxed barrier problem in very
few iterations (not more than 3 iterations as u = 10~7 for all test problems and only 1 iteration
for most problems).

We then apply our algorithm to three special examples. The first example is presented by
Leyffer in [29] to show that PIPA may not find a stationary point.

min r +y (6.4)
st. z e [-1,1], (6.5)
1tz A=0, (6.6)
y>0, A>0, yh=0. (6.7)

The standard starting point is (0,0.02,1), and the optimal solution is (—1,0,2). Our algo-
rithm solves it successfully after 8 iterations. FN=GR=9, p* = 1, RD=1.67696e-06, RP=0,
RC=3.65130e-07 and CC=7.52964e-09.

The second example is

2

min (z —2)% 4y (6.8)
s.t. >0, (6.9)
(1-x)>=A=0, (6.10)
y>0, A>0, yh=0, (6.11)

of which the optimal point is (1,0,0) and is also a singular stationary point of the problem.
The initial point is (1,1,1). The algorithm stops at (5.3) of Step 2 with residues 1.0967e-
15 and 0, respectively. The solution is (1.00000,0.00707,0.00000) and the multiplier vector
is (0.0141, —9.3213e+10, 9.3213e+10, 0.0001,0.5000) after 42 iterations. The solution is an
approximate singular stationary point. FN= 85, GR= 43, u = 1.0000e-04, p* = 1.4837e+11,
RD=1.08486, RP= 1.09669¢-15, RC= 3.98811e-04 and CC= 7.49567e-18.

The third example is

min z + (y — 1) (6.12)

24



st. 22 +1<0, (6.13)
r+y—A=0, (6.14)
y>0, A>0, yA =0, (6.15)

which is obviously an infeasible MPEC. The point (0,0,0) minimizes the /s-infeasibility of
constraints. The initial point is (—1,1,1). Our algorithm stops at (5.2) after 221 iterations
with residues 1.0000 and 5.6985e-07. The solution is (9.06114e-06,—9.53364€e-08,9.86731e-06),
which is an approximate infeasible stationary point. FN= 323, GR= 222, u = 1.0e-07, p* =
1.3251e+20, RD= 2.40724e+15, RP= 1.00000, RC= 1.91654e-06, CC= 9.40713e-13. These
results are interesting since they show that Algorithm 5.1 may obtain certain points with weak
stationarity defined in this paper when some other methods may fail to find meaningful solutions.

6.2. The MacMPEC test problems using AMPL interface. By hooking our MATLAB
codes to AMPL, we apply Algorithm 5.1 to the MacMPEC test problems (see [15, 30]) which
are the same as [15], where .nl files are read by a mex file amplfunc.mexhp7*. However, we
have a difficulty to use the sparse version spamfunc.c to derive the corresponding mex file. It
happens that, when the problem is large, we were out of memory (partially due to the MATLAB

w»

environment). Those problems in Table 3 are marked by in the corresponding columns. The
last two problems are marked by “out of domain”, meaning that certain iterate goes beyond
the domain of some function used, so the solution process is adjourned. The details on using

MATLAB with AMPL can be found in Gay’s preprint [22] and in the book of Fourer et al. [17].

The computational experiments have been done on a Hewlett Packard C3600 workstation
with the UNIX system. Many test problems in the former subsection are included in this test
suite, it is still worthwhile to solve them again since these problems have been uniformly refor-
mulated as MPECs in a “blackbox” format; namely we do not have the freedom to reformulate
them into a form that is convenient for applying our algorithm. All starting points are standard
and fixed by the suite or the default of AMPL. In this experiment, we have py = 10 for all test
problems if not specified.

The numerical results are given in Table 3, where n, m;, m. and p are the numbers of
variables, inequality constraints (including bound constraints), general equality constraints, and
complementarity constraints, respectively. “iter” represents the number of total inner iterations.
f* is the value of the objective function at the solution. “cc” is the maximum of residues of
complementarity constraints. p* is the value of the penalty parameter when the algorithm
terminates. Due to memory limitation, we cannot solve some large problems with more than

1500 variables.

It can be noted from Table 3 that Algorithm 5.1 does well on almost all problems of relatively
small sizes. According to the stopping criterion, and referring to the results given by [6, 15], we
have derived the approximate strong stationary points if they exist for the solved problems. It
might be worthwhile to note that the algorithm has found the approximate optimal solutions
for problems ex9.2.2, qpec2, ralphl and scholtes4 which do not possess a strong stationary
point. However, it has trouble with twelve MPECs (~ 9% of the test problems). Six of them
took 1000 iterations and the accuracy requirement was yet to meet. For the other six, from our
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Figure 1: Plot of the Performance Profile I1,(t)

observation, the trouble is that the direction-finding linear system (4.16)-(4.19) cannot be solved
correctly. We noted that the algorithm may produce a rank-deficient coefficient matrix for the
linear system. This kind of unsuccessful cases are marked “rank deficient” in the table. It has
been pointed out by a referee that the optimal packaging problems pack-compl-*, pack-complc-
* pack-comp2-*, pack-comp2c-*, pack-rigl-*, pack-riglc-*, pack-rig2-* and pack-rig2c-* possess
constraints other than the complementarity constraints which cause the problem to have no
strict interior. Hence inspite of the relaxation of the complementarity constraints, NLP(6) will
still have no interior, which may be the reason of the peculiar behavior of the algorithm in
solving those problems. The problems pack-riglp-*, pack-rig2p-* are penalty reformulations of
pack-rigl-*, pack-rig2-* respectively, which possess a strictly feasible interior, so the algorithm
can solve these instances and can converge with bounded penalty parameter.

Lastly, we provide a comparison of the algorithm with FilterSQP and LOQO (see [6, 15]) by
showing their log scaling performance profiles (see Dolan and Moré [12]) respectively in Figure
1, where we use the 106 problems the algorithm solved successfully in less than 1000 iterations.
The data for the filterSQP and LOQO are taken from [15] and [6]. The performance of the
algorithms is measured by

iter(s,p)

ns@):% {p : logs( )<t pe P},

best_iter(p)

where P is the set of problems, |- | is the cardinality of a set -, iter(s,p) is the number of
iterations the solver s took on problem p and best_iter(p) is the smallest number of iterations
any known solver took. Under this measure, the algorithm (named as pdipm in the figure)
performs similarly to LOQO but inferior to filterSQP for the test problems (We have the same
observation for data in [5]). However, as mentioned in Section 6.1, it appears that the algorithm
has a strength in handling “irregular” problems such as the infeasible ones or the ones with
dependent gradients at optimality.
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Table 3. Numerical results on MacMPEC test suite

name n m; Me p | iter f* cc P
bar-truss-3 35 25 28 6 | 64 | 10166.572803 | 1.6270e-07 | 1.5418e+03
bardl 5 8 1 3| 14 17.000000 | 1.3328e-07 10
bardlm 6 9 1 3| 14 17.000000 | 1.3305e-07 10
bard2* 12 24 5 31 26| 6597.999999 | 5.4752e-09 311.4002
bard2m 12 24 5 31 36| -6597.999999 | 5.7923e-09 361.1261
bard3 6 8 3 1 15 -12.678711 | 8.0868¢-08 10
bard3m 6 10 1 31 20 -12.678711 | 1.4404e-07 10
bem-milanc30-s | 3436 | 4401 | 1968 | 1464 - - - -
bilevell 10 21 2 6| 18 5.000000 | 1.0416e-07 21.5562
bilevel2 16 33 4 8 | 45| -6600.000000 | 1.3333e-07 348.8307
bilevel3 11 13 6 3| 78 -12.678711 | 1.5765e-07 10
bilin* 8 15 0 6| 30 14.600015 | 1.9753e-07 62.5889
dempe 3 2 1 1] 184 28.253005 | 1.0009e-07 | 3.9687e+03
design-cent-1* 12 9 6 3 15 1.860648 | 1.6402e-07 10
design-cent-2* 13 13 6 3 22 3.483817 | 1.7977e-07 10
design-cent-3* 15 9 6 31 30 3.723370 | 1.7985e-07 10
design-cent-4* 22 23 10 8| 20 3.079201 | 1.3660e-07 10
desilva 6 8 2 2| 12 -1.000000 | 3.6283e-11 10
dfl 2 6 0 1 19 | 5.861327e-08 | 5.8602e-08 10
ex9.1.1 13 16 7 51| 25 -13.000000 | 1.0000e-07 10
ex9.1.10 11 15 5 3| 18 -3.250000 | 1.0000e-07 10
ex9.1.2 8 11 5 21 10 -6.250000 | 2.1145e-07 10
ex9.1.3 23 26 15 6| 39 -23.000002 | 1.9276e-07 106.7366
ex9.1.4 8 10 5 2| 16 -37.000000 | 1.0000e-07 13.7433
ex9.1.5 13 18 7 51| 18 -0.999999 | 3.2263e-07 20
ex9.1.6 14 20 7 6| 17 -21.000000 | 2.9875e-07 10
ex9.1.7 17 23 9 6| 51 -23.000001 | 1.8512e-07 | 8.5062e+03
ex9.1.8 11 15 5 3] 18 -3.250000 | 1.0000e-07 10
ex9.1.9 12 17 6 5| 14 3.111111 | 1.4492e-07 10
ex9.2.1 10 14 5 41 20 17.000000 | 1.5170e-07 10
ex9.2.2 9 14 4 3] 33 99.997418 | 1.9998e-07 | 8.3923e+03
ex9.2.3 14 21 8 4| 14 5.000001 | 3.3676e-07 10
ex9.2.4 8 9 5 2] 13 0.500000 | 1.4141e-07 10
€x9.2.5 8 11 4 3] 23 9.000000 | 1.8471e-08 20
€x9.2.6 16 22 6 6| 14 -1.000000 | 1.2360e-07 10
ex9.2.7 10 14 5 41 20 17.000000 | 1.5170e-07 10
ex9.2.8 6 9 3 2 9 1.500000 | 1.2285e-07 10
€x9.2.9 9 13 5 3] 15 2.000000 | 1.3238e-07 10
gauvin 3 6 0 21 19 20.000000 | 1.1231e-07 10

x: The problem is to maximize the objective function
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name n mi | Mme P iter f* cc p*
gnash10 13 26 4 8 21 | -230.823207 | 1.0707e-07 270.2724
gnashll 13 26 4 8 21 | -129.911923 | 1.0458e-07 218.0477
gnash12 13 26 4 8 19 -36.933107 | 1.0198e-07 229.6021
gnash13 13 26 4 8 22 -7.061783 | 1.0075e-07 234.3271
gnash14 13 26 4 8 25 -0.179046 | 1.0014e-07 213.9936
gnash15 13 26 4 8 38 | -354.699061 | 1.8852e-07 90.1694
gnash16 13 26 4 8 29 | -241.441977 | 1.6940e-07 80
gnash17 13 26 4 8 33 -90.749102 | 1.6533e-07 80
gnashl18 13 26 4 8 32 -25.698218 | 1.9273e-07 40.0445
gnash19 13 26 4 8 28 -6.116709 | 1.7049e-07 28.4629
hakonsen* 9 16 3 4 | 1000 0.770772 0.0783 | 1.1608e+-03
hs044-i 20 36 4 10 27 15.617769 | 1.8396e-08 10
incid-set1-16 485 818 | 225 | 225 | 1000 | 3.366361e-05 | 7.3424e-09 10.6350
incid-set1-32 1989 | 3162 | 961 | 961 - - - -
incid-set1-8 117 | 222 49 | 49 36 | 6.356917e-06 | 8.8204e-09 10
incid-setlc-16 485 833 | 225 | 225 | 1000 | 4.148022e-05 | 9.6845e-09 12.6678
incid-set1c-32 1989 | 3193 | 961 | 961 - - - -
incid-set1c-8 1171 229 | 49| 49 28 | 6.353101e-06 | 9.2713e-09 10
incid-set2-16 485 593 | 225 | 225 | 1000 | 2.897858e-02 | 9.0651e-06 10
incid-set2-32 1989 | 2201 | 961 | 961 - - - -
incid-set2-8 117 173 49 | 49 | 1000 | 4.524923e-03 | 8.8210e-09 10
incid-set2c-16 485 608 | 225 | 225 862 | 3.628239¢-03 | 1.0416e-08 10
incid-set2c-32 1989 | 2232 | 961 | 961 - - - -
incid-set2c-8 117 180 | 49| 49 760 | 5.478109e-03 | 8.2327e-09 10
jrl 2 2 0 1 10 0.500000 | 3.8194e-09 10
jr2 2 2 0 1 13 0.500000 | 1.6180e-07 10
kth1 2 3 0 1 8 | 2.999778e-07 | 1.9998e-14 10
kth2 2 3 0 1 10 | 5.857865e-08 | 5.8579e-08 10
kth3 2 3 0 1 11 0.500000 | 1.4141e-08 10
liswet1-050 152 151 52 52 101 | 1.400069e-02 | 8.9013e-08 357.0119
liswet1-100 302 301 | 102 | 100 239 | 1.374580e-02 | 9.3840e-08 5120
liswet1-2007 602 601 | 202 | 200 | 424 | 1.722617e-02 | 9.6002e-07 | 1.6384e4-05
nashl 6 8 2 2 19 | 1.821599e-13 | 1.0000e-07 10
outrata3dl 5 10 0 4 18 3.207700 | 1.0814e-07 10
outrata32 5 10 0 4 25 3.449404 | 1.0833e-07 10
outrata33 5 10 0 4 17 4.604254 | 1.3204e-07 10
outrata34 5 10 0 4 15 6.592684 | 1.6278e-07 10
pack-compl-16 | 467 | 561 | 225 | 225 82 0.616969 | 1.5226e-07 | 2.3932e+4-06
pack-compl-32 | 1955 | 2205 | 961 | 961 - - - -
pack-compl-8 107 147 | 49| 49 500 0.600001 | 2.4569e-07 | 1.5049e4-05

x: The problem is to maximize the objective function

#: Unable to reach the accuracy
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name n m; Me p | iter f* cc p
pack-complc-16 467 576 225 | 225 rank deficient
pack-complc-32 1955 | 2236 | 961 | 961 - - - -
pack-complc-8 107 | 154 49 | 49| 72 0.600002 | 1.0180e-07 | 4.7045e+06
pack-comp2-16T+ | 467 | 561 | 225 | 225 | &4 0.727153 | 5.2989¢-08 | 1.0249e+06
pack-comp2-32 1955 | 2205 961 | 961 - - - -
pack-comp2-8 107 147 49 49 36 0.673121 | 1.5785e-08 | 2.2742e+07
pack-comp2c-16 467 | 576 | 225 | 225 | 165 0.727486 | 5.0518e-08 | 6.1505e+-05
pack-comp2c-32 1955 | 2236 | 961 | 961 - - - -
pack-comp2c-8 107 154 49 | 49 | 27 0.673462 | 1.6139e-08 | 1.2528e+-05
pack-rigl-16 380 | 483 | 204 | 158 rank deficient

pack-rigl-32 1622 | 1987 | 856 | 708 - - - -
pack-rigl-8 87 | 123 46 | 32| 46 0.787935 | 1.3330e-07 10
pack-riglc-167% 380 | 498 | 204 | 158 | 29 0.827957 | 1.3475e-05 | 7.3474e+05
pack-riglc-32 1622 | 2018 | 856 | 708 - - - -
pack-riglc-8 87 | 130 46 | 32| 37 0.788303 | 1.3330e-07 10
pack-riglp-16 445 | 592 | 225 | 203 | 114 0.826035 | 1.3333e-07 | 1.5075e¢+03
pack-riglp-32 1855 | 2348 | 961 | 861 - - - -
pack-riglp-8 105 | 156 49 | 47| 65 0.787938 | 1.3330e-07 330.9957
pack-rig2-16 375 | 473 | 204 | 149 rank deficient

pack-rig2-32 1580 | 1903 | 856 | 661 - - - -
pack-rig2-8 85 | 119 46 | 30 | 39 0.780407 | 1.3331e-07 16.0290
pack-rig2c-16 375 | 488 | 204 | 149 rank deficient

pack-rig2c-32 2505 | 1825 | 1665 0 - - - -
pack-rig2c-8 85 | 126 46 | 30| 35 0.799308 | 1.3331e-07 21.3126
pack-rig2p-16 436 | 574 | 225 | 194 rank deficient

pack-rig2p-32 1808 | 2254 961 | 814 - - - -
pack-rig2p-8 103 | 152 49 | 45| 53 0.780410 | 1.3331e-07 674.3009
portfll 87 98 13 ] 12| 29| 1.767494e-05 | 1.3975e-07 10
portfl2 87 98 13| 12| 32| 1.487351e-05 | 1.4151e-08 10
portfl3 87 98 13| 12| 29| 9.047109e-06 | 1.4048e-07 10
portfld# 87 98 13| 12| 31| 2.479286e-06 | 1.3596e-08 10
portflé 87 98 13| 12| 32| 2.713946e-06 | 1.3578e-08 10
qpec-100-1 105 | 202 0 | 100 | 40 | 9.900168e-02 | 1.9058e-08 20
qpec-100-2 110 | 202 0| 100 | 86 -6.445211 | 1.6244e-08 10
qpec-100-3 110 | 204 0| 100 | 62 -5.481672 | 1.9065e-08 20
qpec-100-4 120 | 204 0| 100 | 50 -4.051063 | 1.8266e-08 10
qpec-200-17# 210 | 404 0] 200 | 67 -1.934937 | 1.9937e-07 182.1994
qpec-200-2 220 | 404 0] 200 | 89 -24.069335 | 1.8289e-07 31.8562
qpec-200-3T 220 | 408 0| 200 | 81 -1.953457 | 1.9720e-07 55.1771
qpec-200-4 240 | 408 01200 ]| 72 -6.211054 | 1.8185e-07 20
qpecl 30 40 0] 20| 12 80.000003 | 2.1922e-08 10
qpec2 30 40 0] 20| 37 44.982114 | 1.9998e-07 | 2.2379e+04

#: Unable to reach the accuracy
+: The initial penalty parameter pg = 0.1
++: The initial penalty parameter py = 1000
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name n m; | Me p | iter f* cc p*
ralphl 2 3 0 1 29 | -4.470137e-04 | 1.9991e-07 1280
ralph2™ 2 3 0 1 20 | -3.183714e-08 | 1.6117e-08 4.1157
ralphmod? 104 | 208 0| 100 | 100 -683.033020 | 1.0104e-06 953.3140
scholtesl 3 3 0 1 16 2.000000 | 2.1922e-08 10
scholtes2 3 3 0 1 13 15.000000 | 4.1668e-16 15.3228
scholtes3 2 3 0 1 13 0.500000 | 1.4141e-08 10
scholtes4 3 5 0 1 27 | -8.941272e-04 | 1.9996e-07 2560
scholtesb 3 5 0 2 12 1.000000 | 1.1716e-07 10
sl1# 8 12 2 3 96 | 1.000348e-04 | 7.9038e-09 10
stackelbergl 3 5 1 1 30 | -3266.666667 | 1.0422e-07 60.2045
tap-09 86 | 104 | 32 32 | 1000 1708.559835 | 1.5752e+03 | 1.1957e¢+03
tap-15 194 | 260 | 68 83 rank deficient

tollmpec* 2403 | 4078 | 628 | 1748 - - - -
tollmpecl* 2403 | 4078 | 628 | 1748 - - - -
water-FL 213 | 398 | 116 44 out of domain

water-net 66 124 36 14 out of domain

#: Unable to reach the accuracy

+: The initial penalty parameter py = 0.1

x: The problem is to maximize the objective function
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