A ROBUST PRIMAL-DUAL INTERIOR-POINT ALGORITHM FOR
NONLINEAR PROGRAMS *
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Abstract. We present a primal-dual interior-point algorithm for solving optimization problems
with nonlinear inequality constraints. The algorithm has some of the theoretical properties of trust
region methods, but works entirely by line search. Global convergence properties are derived without
assuming regularity conditions. The penalty parameter p in the merit function is updated adaptively
and plays two roles in the algorithm. First, it guarantees that the search directions are descent
directions of the updated merit function. Second, it helps to determine a suitable search direction in
a decomposed SQP step. It is shown that if p is bounded for each barrier parameter u, then every
limit point of the sequence generated by the algorithm is a Karush-Kuhn-Tucker point, whereas if p
is unbounded for some u, then the sequence has a limit point which is either a Fritz-John point or a
stationary point of a function measuring the violation of the constraints. Numerical results confirm
that the algorithm produces the correct results for some hard problems, including the example
provided by Wiéchter and Biegler, for which many of the existing line search-based interior-point
methods have failed to find the right answers.
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1. Introduction. Applying an interior-point approach to nonlinear program-
ming has been the subject of intensive studies in recent years; see [1, 4, 5, 11, 12, 15,
16, 18, 23, 24, 25, 27, 28, 29]. For simplicity of presentation, we concentrate in this
paper on inequality constrained nonlinear programs

(1.1) minimize f(z) subject to ¢(z) <0,

where c(z) = (c1(x),...,em(2))T, f: R® — R and ¢: R® — R™. We do not assume
any convexity on f and c. However, we suppose that f and c are twice continuously
differentiable throughout this paper.

The interior-point approach solves, as u | 0, the barrier problems

(1.2) minimize f(r) — p Z Iny; subject to c(x) +y =0.
i=1

The direction-finding Newton equations then include

(1.3) c(x) +y+ Ve(z) " d, +dy, = 0.

Note that (1.3) is always feasible even if the linearized inequality
(1.4) c(x) + Ve(z) Td, <0

may be inconsistent, which presents difficulties in convergence of interior-point based
methods. The examples discussed by Byrd , Marazzi, and Nocedal [7] and Wachter
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and Biegler [26] show that the interior-point methods using (1.3) may not find a
feasible point of the original problem or a point with stationary properties. We also
notice that the global convergence analysis of most existing interior-point methods
requires rather strong assumptions on regularity at all iterates. Wachter and Biegler
[26] indicate that these assumptions may not hold even though the local minima have
very good regularity properties.

A remedy to these problems is to apply sequential quadratic programming (SQP)
techniques to the barrier problems and to use a trust region strategy to ensure the
robustness of the algorithm. Such algorithms have recently been proposed by Byrd,
Gilbert, and Nocedal [4] and Tseng [24], for example. The numerical experiments in
[5] show that the trust region-type algorithm is very promising.

We provide a different approach in this paper. Instead of introducing additional
trust region constraints, we use refined line search rules to generate a new iterate
in a decomposed SQP framework. The search direction is determined by either a
Newton-type step or a Cauchy-type step with the choice being made with reference
to a penalty parameter in the merit function. In addition, we adjust the penalty
parameter of the merit function adaptively. As a result, we have been able to analyze
convergence without regularity conditions and to avoid the convergence problems
mentioned above. However, unlike the trust region methods, the algorithm does not
have the flexibility to allow the direct use of indefinite second order derivatives.

The convergence properties of the algorithm can be summarized as follows. Let py
be the value of the penalty parameter of the merit function at iterate k. If {py}32, is
bounded independent of the barrier parameter p, then every convergent subsequence
produced by the algorithm converges to a Karush-Kuhn-Tucker (KKT) point of the
problem. If p — oo for some p, then the sequence has a limit point that is either
feasible with linearly dependent gradients of the active constraints (i.e., a Fritz-John
point) or infeasible but stationary with respect to the function || max|0, ¢(x)]||, which
is obviously a measure of the violation of the constraints (¢2-infeasibility for short).

Besides, we show that, if the penalty parameters are bounded, then the algo-
rithm generates the identical search directions with the original primal-dual methods
such as LOQO (Shanno and Vanderbei [23, 25]) after a finite number of iterations.
Thus, superlinear convergence may be derived by existing works, such as [6, 29], un-
der suitable conditions; while in the unbounded case, the algorithm may have linear
convergence. For brevity, we mainly consider global convergence in this paper. By the
same token, practical implementation techniques are not discussed. The interested
reader is referred to the related literatures, such as [6, 8, 11, 15, 16, 23, 25, 28, 29],
for details.

Our numerical results show that the proposed algorithm can find solutions of the
examples in [7, 26] and the least ¢o-infeasibility solution for an infeasible example in
[3], among others.

The paper is organized as follows. In Section 2, we present a two-step decompo-
sition scheme of SQP and specify the requirement for an approximate solution to the
resulting unconstrained penalty subproblems. In section 3, this scheme is applied to
the barrier problem (1.2) and we present a modified primal-dual system of equations
that is used in the algorithm for the barrier problem. The global convergence of the
algorithm is analyzed in Section 4. In Section 5 we present the overall algorithm
for problem (1.1) and its global convergence results. We provide some computational
formulae for the approximate solutions of the unconstrained penalty subproblems and
report our preliminary numerical results in Section 6.
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We use standard notation from the literature of interior-point methods and non-
linear programming. For example, a letter with superscript k is related to the kth
iteration, the subscript 4 is the ith component for a vector or the ith column for a
matrix. The norm || - || is the Euclidean norm. We also use simplified notations such
as fr = f(2%), g* = Vf(a¥), & = c(2¥), and Ay = Ve(zF). For vector y, Y = diag(y)
is the diagonal matrix whose ith diagonal element is y;. All vector inequalities are
understood componentwise. For two symmetric matrices A and B, A > (>=)B means
that A — B is positive definite (semidefinite).

2. A decomposition scheme of SQP.
2.1. The basic idea. The barrier problem

m
minimize f(z) — u Z Iny; subject to c(z)+y=0
i=1

is simply expressed as
(2.1) minimize ¢, (z)
(2.2) subject to h(z) =0,
where z = (z,y), h(z) = c(z) +y, and ¢, (2) = f(z) — pd> ", Iny;. It is obvious
that ¢, (2) is a continuously differentiable function for y > 0. At the current iteration
point z, the SQP approach for (2.1)-(2.2) generates the search direction d, by solving
the quadratic programming problems

1
(2.3) minimize V() "d + 5dTQd
(2.4) subject to h(z) + Vh(z)"d =0,

where @) is a positive definite approximation to the Lagrangian Hessian at z. Then
the new iteration point z* is derived by a line search procedure,

(2.5) 2t =2+ ad.,

where « € (0, 1] is the steplength along d.. This general framework requires regularity
assumptions on h(z) at all iterates. Otherwise, some of the slack variables may tend
to zero too quickly and the algorithm may fail to find the right solution [26].

Our idea is rooted in the work of Fletcher [13, 14], Liu [19], and Yuan and Liu
[20] although in the original works [19, 20] the authors need to ezactly solve all the
subproblems, including a nonsmooth unconstrained optimization problem. For the
barrier problem, we first approximately solve the penalty optimization problem

1
(2.6) minimize e gn §dTQd + pl|h(2) + Vh(2)"d]|,
where p > 0 is the penalty parameter in the merit function

(2.7) ¢(z;p) = Yu(2) + pllA(2)].

Let d, be an approximate solution to (2.6). Then we generates the search direction
d, by solving the subproblem

(2.8) minimize Vi) (2) Td + %dTQd
(2.9) subject to Vh(z)"d = Vh(z)"d..
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We consider subproblem (2.8)-(2.9) since it can provide us with the estimates of the
multipliers, which are needed in the primal-dual interior-point approach. It can be
proved (see Proposition 3.1) that, for sufficiently large p, the solution d, to (2.8)-(2.9)
is a descent direction of the merit function.

The idea is similar to the trust region interior-point method, in which the auxiliary
step d is generated by minimizing ||h(z) + Vh(z) " d|| on a trust region; see [4, 9, 10,
21, 22]. Here, by adding a quadratic term we remove the trust region constraint in
deriving the auxiliary step for the modified system of primal-dual equations.

2.2. The approximate solution to subproblem (2.6). In this subsection we
describe how to generate the approximate solution to subproblem (2.6) . Subproblem
(2.6) can be simply written as

1
(2.10) minimize ¢(d) = 5dTQd +pllr + RTd|,

where p > 0, ) is any positive definite matrix, r is a vector, and R is a matrix with
full column rank. It is easy to note that the exact solution is d = 0 if » = 0. Thus, in
the following discussion, we assume that r £ 0.
We generate the approximate solution d. to problem (2.10) by the following pro-
cedure.
PROCEDURE 2.1.
(1) Compute the Q-weighted Newton step for minimizing ||r + R"d||:

(2.11) dY = —Q'R(RTQ7'R)"'r.
If q(dY) < vq(0) (v € (0,1) is a fired constant), then d, = dY;

z
to (2).
(2) Calculate the Q-weighted steepest descent step (Cauchy step)

else go

(2.12) d¢ = -Q7'Rr.

Find d, in the subspace spanned by ciiv and CZZC (see details in Section
6.1) such that

(2.13) q(czz) < max{rq(0), q(ozca?g)},

where o = argmin ae[O,l]q(an)'

Let us point out that, when our algorithm produces a sequence converging to a
KKT point of the barrier problem, the ()-weighted Newton step will eventually be
accepted under suitable conditions, so the direction-finding process (2.6)-(2.9) will
generate an identical direction with the original primal-dual interior-point methods
(see Section 3). Intuitively, the Newton step can be rejected only if q(d®) > vq(0),
namely,

1 1y
(2.14) irT(RTQ 'R > pv|rl.

With a moderate value of p, if RTQ 'R is nonsingular, the above relationship indi-
cates that ||r|| is large, at least is of the order of p. This cannot happen for an iterate
close to a KKT point z* since this iterate must be nearly feasible, i.e., ||r|| must be
small. Later, we will present more detailed analysis on this point (see Propositions
3.2 and 3.3).
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We next provide a technical result on the decrement of the Cauchy step for later
reference.
ProOPOSITION 2.2. There holds

215 aleCd) -0 < 3 {1 puin [ L LT RO Ry

Il il

where n = [r"(RTQ 'R)r]/[r"(RTQ™'R)?r]|.
Proof. Let x(d) = ||r + R"d||. We have

X(0)% = x(adS)? = ||r[* = |(I = «RT Q™' R)r||?
(2.16) =2ar " (RTQ7'R)r — ®r"(R"Q ' R)*r.

Suppose that @ € [0, 1] minimizes x(«dS). Then we have the following two cases:
(i) If n <1, then

(2.17) x(0)2 = x(ad$)? = npr"(RTQ™R)r,

which implies that

(2.18) x(0) = x(ad) =

r"(RTQ 'R)r.
(i) Ifn>1,then a=1and r"(RTQ 'R)r > r"(RTQ 'R)?r; thus

1
2|l

(2.19) X(0) = x(@dS) > ——+T(RTQ"'R)r.

Then it follows from (2.18), (2.19), and & < 1 that

(2.20) a(ad®) — q(0) < % {1 — pmin {1 “;’”] }TT(RTQlR)r.

Il
Since ¢(a®dS) < ¢(adS), we obtain (2.15). |

3. The algorithm for the barrier problem. We now specialize the formulae
in the last section to the barrier problem (1.2) and present a modified primal-dual
system of equations for generating the search directions. Later, based on this modifi-
cation, we will propose our algorithm for the barrier problem.

By writing z as (x,y), ¥.(2) as ¥, (x,y),and h(z) as h(z,y), the barrier problem
is

(3.1) minimize v, (e.y) = () —p> Iy,

(3.2) subject to h(z,y) = c(z) +y zzg,l

where ¥ = (y1,...,Ym) ' > 0 and pu is a fixed positive scalar. The Lagrangian of
problem (3.1)-(3.2) is

(3.3) L(w,y,A) = Yu(@,y) + A" h(z,y),

and its Hessian is

(3.4 vrepn = ( VN L)
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where A\ € R™ is a multiplier vector associated with (3.2) and £(z, \) = f(z)+ A e(z).
The KKT conditions of program (3.1)-(3.2) can be written as

9(x) + A(z)A
(3.5) Fu(z,y,\) = Y Ae — pe =0,
c(x) +y

where g(z) = Vf(z), A(z) = Ve(z), Y = diag(y), A = diag(\) and e = (1,...,1)".

Byrd, Marazzi, and Nocedal [7] showed that the algorithm using the norm of
the residual function ||F,(x,y, )| as the merit function may fail in converging to
a stationary point of the problem. In this paper, as mentioned in (2.7), our merit
function is

(3.6) b, y;p) = Yu(z,y) + pllh(z, y)l,

where p > 0 is the penalty parameter and is updated automatically during the itera-
tions. Then we have the following result.

PROPOSITION 3.1. For any p > 0, y > 0, and (ds,d,) € R"T™, the directional
derivative ¢/p((x,y); (dg,dy)) of ¢u(x,y; p) along (dy,dy) exists, and
(3.7) ¢, ((2,9); (day dy)) < mo((2,y); (o, dy)),
where

To((2,); (dz, dy))

(38)  =g(@) dy — pe"Y "y + p(lle(x) +y + A(z) dy + dy|| - [le(x) +y]))-

Proof. The second term of (3.6), 9, is continuously differentiable. Its directional
derivative is

(3.9) U ((@,9); (deydy)) = g() " dy — pe "Y1,

Let O(x,y) = ||h(z,y)|. Its directional differentiability follows from its convexity.
Since

0 (2,9); (da, dy))
= 21&} 0(z + ady,y + ady) — 0(z,y)] /o

=lim [[le(z) + aA(z) "do +y + ady + o(@)|| — [le(z) +yl] /a

le(z) +y + AA@) "ds + dy)|| = lle(@) +yll |, llo(a)]

« «

0
< lle(@) +y + Az) ' do + dy || = lle(z) + yll + lim o) /e,

where the last two inequalities follow from the triangle inequality and the convexity
of the norm. The result follows immediately. |

Suppose that (z¥,%") is the current iteration point and ¥ is the corresponding
approximation of the multiplier vector. For problem (3.1)-(3.2), by substituting

(3.10)@:(Bk YA, ) R:<“}’“ > d:(jz ) and r = (cF +y")
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into (2.10), our approach first approximately solves the problem
o 1 1
(3.11) minimize gx(dy,dy) = idszdz + id;Skdy + prllc® +yF + AZdac +dyl,
where B}, > 0 is an approximation to matrix V2¢(z*, \F), Sy = Yk_lAk, Y}, = diag(y*),
Ay, = diag(\¥), & = c(aF), A = A(2"), and p;, is the current value of the penalty

parameter. The @Q-weighted Newton step and the Q-weighted steepest descent step
defined in Procedure 2.1 are, respectively,

(3.12) ()N = =B, Au(AL B Ak + S, ) THE + ),
(3.13) (di)N = =S (AL B Ap + S ) (" + ), and
(3.14) (d3)C = =B AR +47), ()7 = =S5 (" + ).

Let (J’;,ci’y“) be the approximate solution obtained through Procedure 2.1. We
generate the search direction (d”, d’;) for the new iterate by solving

L _ 1 1

(3.15) minimize (gk)Tdm — ,ueTYk ldy + §d;erdw + gd;Skdy
(3.16) subject to A d, +d, = A} d* + d’;,

where g* = V f(z*). Since (d¥, ci’;) is a feasible solution to problem (3.15)-(3.16), by
(3.8), we have the formula

1 1
o (2%, 4%); (df, ) + §(d’;)TBkd§ + §(dZ)TSde

T Y

o - 1 - - 1 - -
(3.17) < i (2, ): (08, 08) 5 (@) Bdl + 3 (85)T Sy,
which plays an important role in our later global convergence analysis for the case
Pl — 0.

The KKT conditions of problem (3.15)-(3.16) are

(3.18) Byd, + Aph = —gF,
(3.19) Spdy + A= puY e,
(3.20) Ald, + d, = Ardi+db,

which, by letting dy = A— A¥, can be equivalently written as the modified primal-dual
system of equations

(3.21) Byd, + Apdy = —(g" + Ap)),
(3.22) Akdy + Yidy = 7(YkAk6 — ,ue),
(3.23) Ald, + d, = AldE +dk.

It is well known that the original primal-dual interior-point approach generates
the search direction by solving the system of equations

(3.24) Bd, + Apdy = —(g" + Ap)),

(3.25) Apdy + Yidy = —(YkAke — ,ue),
(3.26) Ald, + dy = —(c* + ),
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which follows from the Newton method applied to (3.5); for example, see [11, 16, 23,
25, 28]. Then we have following results.

PROPOSITION 3.2. The modified approach using (3.21)-(3.23) generates the same
search directions as the original primal-dual interior-point methods using (3.24)-(3.26)
if the weighted Newton step (3.12)-(8.13) is used.

Proof. If d* = (d*)N and dk (dk)N then A d" —&—dk —(cF +y*). Thus the system
(3.21)-(3. 23) is the same as the system (3.24)-(3.26). |

PROPOSITION 3.3. Suppose that the two sets {(z*,y*)}32, and {(A] By 'Ax +
SoHTH e, are bounded. Then there exists a positive constant p (which is not de-
pendent on k) such that for p, > p, the Newton step ((d%)N ((Z’;)N) defined in (3.12)-
(3.13) will be accepted by Procedure 2.1.

Proof. We have

ar ()", (dy)™) = vai(0,0)
1 _ .
(3.27) = S () TALBT A+ S THE +05) —wanllet + o]

IN

1 _ 1y
(A B Ak + S THER + )| = vpn| [l + 9]

By the assumptions of the proposition, there exists a constant g > 0 such that for all
k we have

(3.28) 1AL B A+ 57 (e + M) < 2vp.

Thus, for every pr > p, qr((d5)N, (d5)") < vgi(0,0). u

In the following, we describe our algorithm for the barrier problem (3.1)-(3.2),
which solves the problem (3.11) and the system of equations (3.21)-(3.23) at each
iteration.

ALGORITHM 3.4. (The algorithm for problem (3.1)-(3.2))

Step 1. Given (2%,9°,0%) € R* x RTL x R, 0 < Bo € R™*™, 0 < f1 < 1 < Ba,
po>0,0<6<1,0<00<%,51>0 €2 > €3> 0. Let k:=0.

Step 2. Compute an approximate solution (d];, d';) of problem (8.11) by Procedure 2.1

(see section 6.1 on its implementation).

Step 3. Calculate the search direction (d’;,d’;,d};) by solving the system of equations
(8.21)-(5.23).

Step 4 (Update pi). If
(329)  mp (a0 (dh,d5)) < — 5 (d5) T Budt — S (d5)T Sud,

then set pry+1 = pr; Otherwise, we update pr by

Pk+1 =
(&, y"); (d, dy)) + 5(d) " Brdy + 5(dy) " Skdy
(3.30) max{wu s (5, d5) + 3(d8)T Budt + (d) T Sedy 2pk}7
k
where
(3.31) o ((@°,5); (d, dy)) = (%) T dl — pe " Yy ' dy — pe
and

(3.32) A=l +yF | = I+ + ALY+ dy.
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Step 5 (Line search). Compute

—0.995
min{(y®)~1(d¥);,i = 1,...,m; —0.995}
Select the least non-negative integer | such that

pu(x” + 8 ands, y* + 6" and; pri1) — du(2”, ¥ pran)

(3.33) by =

(3:34) < ood'dnmy, ((«*,"); (dz, dy))-

Let a, = 6'&y,. The new primal iterate is generated as
(3.35) 2" = 2F 4 apd®,

(3.36) YT = max{y" + andl, —Y}.

Step 6 (Update dual iterate). If there exists v € [0,1] such that

(3.37) Bipe < Yip1(Ar +yDX)e < Bzpe

where DY = diag(d), then we select the mazimum vy € [0,1] satisfying with
(3.87) and then update \* by

(3.38) Nt = AP dh;

otherwise, we increase | by 1 successively such that (3.87) holds, and then
update the primal and dual iterates in the same way as in (3.85), (3.36) and
(3.38).

Step 7 (Check the stopping criteria). We terminate the algorithm if one of the fol-

lowing conditions is satisfied:
(i) [ Fu(@ " Y| < e

. A
(i) |44 + 4 2 €2 and |( Vi )<ck+1+yk+l>|| < e

(ii1) ||cF Tt + "] < e3 and det(A-IrkHAzkH) < €3, where Tp41 = {i|cFT >
—es} and Az, is a submatriz of Ary1 consisting of all columns indezed by
Ik+1.

Else update the approximate Hessian By by Bir+1, let k := k + 1, and go to

Step 2.

We make the following remarks on the algorithm:

The new primal and dual iterates are generated, respectively, by using differ-
ent steplengths. Such a strategy has been used by [8, 28, 29]. We hope that
v, = 1 can be accepted even if oy < 1.

By (3.33), we have y* +6¢kd’; > 0.005y". If d’;i > 0, we have y¥ +akd’;i > yk,
else akd;ji > ddei since ay, < dy. Thus we always have y*+1 > 0.0054* by
(3.36).

Formula (3.36) was first introduced by [4], a similar, but more sophisticated,
technique is also used in [24]. Since y* ™ > y¥ + aydf and || + yF | <
[[*FY + y* 4+ adf]|, we have

G (2T Yy ppi) — du(a”, ¥ prga)
(3.39) < Gu(@® + awdl, y" + ardl; prgr) — G,y prsa),

thus ¢, (zF 1, y* 1 ppiq) < @ (2, y*; prgr) for all k > 0.

A way to implement (3.37) will be introduced in Section 6.2. The well-
definedness of this step is shown in Lemma 4.4.

Since we do not assume any regularity on the constraints, the stopping con-
dition (i) may never hold, in which case the algorithm will terminate at con-
dition (ii) or (iii) of Step 7 by the convergence results in next section.
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4. The analysis of global convergence. The global convergence of Algorithm
3.4 is analyzed in this section. Suppose that in the algorithm the tolerance e, is small,
tolerances €; and e3 are very small, and an infinite sequence {(z*, y*  A*)} is generated.

We need the following blanket assumption for all analysis in what follows.

ASSUMPTION 4.1.

(1) Functions f and c are twice continuously differentiable functions on R™;

(2) The set {x*}22, is bounded;

(3) There exist positive constants v1 and ve such that 111 =< By = vl for all k,
where I stands for the identity matrix.

Assumptions (1) and (2) are used in the convergence analysis of most algorithms
for nonlinear programming. Assumption (3) guarantees the existence of the solution
of system (3.21)-(3.23). Similar assumptions are also used by most line-search-based
interior-point methods for nonlinear programming. An exception is [8], in which the
global convergence results are derived by assuming By to be uniformly positive definite
and bounded on the null space of the linear equality constraints.

By Algorithm 3.4, for each integer k > 0, we have either py11 = pg or prpy1 > 2pk-
Thus, the sequence {p} is a monotonically nondecreasing sequence.

LEMMA 4.2. If there exist a positive integerl% and a positive constant p such that
pr = p forall k > k, then we have that
(i) both {y*} and {\*} are bounded above and componentwise bounded away from
zero. The same is true for the diagonal of Sy.

(i) {(dk, df, d%)} is bounded.

Proof. (i) Without loss of generality, we suppose that p; = p for all £ > 0. By (3.34)
and (3.39), ¢, (x*, y*; p) is monotonically decreasing; thus ¢, (z*, y*; p) < ¢,,(z°,y%; p)
for all k. Now we prove that y* is bounded above by contradiction. Suppose that
max; {y¥} — oo. We have also that

(4.1) Fo— Y gk +pllc +y*) < du(a®,4° p).
=1

Dividing both sides of (4.1) by max;{y¥} and taking the limit when k& — oo, we have
that p < 0 since each term approaches zero except limy_. [|c* + y¥||/ max; {y¥} > 1.
This is a contradiction.

By the fact that 2* and y* are bounded and that

(4.2) —p Yy yf < —fi = plle* +y* | + b2, 4% ),
=1

y* is componentwise bounded away from zero. It follows from (3.37) that \* is

bounded above and componentwise bounded away from zero, so is the diagonal of S
since Sy, = kalAk.

(ii) By Assumption 4.1(3), matrix By = By + ApY,; 'ARA] is invertible. By
simple computation, the system (3.21)-(3.23) can be written as

(4.3) By, Ay, d* Y\ —(gF+ AN
' AL - ) Udy ) T A De + (AT dE + dE)

(4.4) db = (uAy " = Yi)e — A Yid5.
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Since

(5) By A, \ ' B;! By Y ALY, A,
' Al =AY, T\ AY AT B! P, ’

where P, = —kalAk + kalAkA;—BekflAkkalAk, the boundedness of (d¥, d’f\) follows
from (4.3). By (4.4), d’; is bounded. |

By Lemma 4.2, there exist constants b1 > 0 and b, > 0 such that yk > bie and
[[d|l < by for all k. If &1 = min{1,0.995b; /by }, then y* + d1df > 0.005y*. Thus, for
all a € [0, a4],

(4.6) y* + adf > 0.005y".

LEMMA 4.3. If {px} is bounded, then there is a constant o € (0, a4] such that,
for every a € (0, &a] and for all k > 0, there holds that

(4.7) du(a® + adk,y" + adh; pri1) — du(a®, 4% prar) < aoom,, . ((2F,97); (d5, dE)).

Proof. Without loss of generality, we suppose that pi, = p for all £ > 0. Then (3.29)
holds at all iterates. For o € (0, &1], by (4.6), we have

(4.8) (Y + aDj)~! = 200Y, ",

where D} = diag(d¥). Thus, for a € (0, @],

— Z In[yk + a(d’;)i] + Z Inyk + aeTkald’;

i=1 i=1

(4.9) =T / Vi = (Vi +Dy) " ldydt
=T [V 0+ Dl (DR < 10007
0

Since f and ¢ are twice continuously differentiable, there are positive constants
b3 and b4 such that

(4.10) fa® +ady) — f(a*) — ag(a®)Tdy < Sa’bs|ldy

DN =

and
le(z® + adk) + y* + adk|| — [lc(=*) + y* + aA(zr) TdE + adl||
1
(4.11) < |le(a® + ad) — e(z") — aA@®) " dg|| < §a2b4||d’£ll2~
The constants b3 and b4 are the first order Lipschitzian constants of f and ¢, respec-

tively.
Let bs = max{100y, % (b3 4+ pbs)}. Since

ma((2",y"); (ads, adf))
(4.12) = o, (2%, %) (db, ) + p(llc* + y* + a AL dE + adb]| — ||c* + )

xr Yy
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by (3.8), it follows from (4.9), (4.10), and (4.11) that

pu(a™ + adl,y" + adl; p) — (¥, 4% p) — w2, yF); (adh, adh))
(4.13) < a®bs(||db])® + ||Y,, i),

It is easy to note that m,((z*,4*); (adk, ad})) is a convex function on a € [0,1].
Thus, we have

(4.14) (2", y"); (ady, ady)) — ams((2®,y%); (df, dy)) <0,

xr Yy

and as a result,

ﬂﬁ((zk7 yk); (Otd];, adlgj)) - O‘UOTFﬁ((xk’ yk); (dia dZ))
(4.15) < a(l —oo)mp((a*, y"); (d5, dy))

x) Y

1 . _
< —5o(l=o0)o(ldz]1* + 1Y, dylI*),

where § = min{v, 1} and the last inequality follows from (3.29), Assumption 4.1(3),
and (3.37).
Let drp = min{d, (1 — 00)8/(2b5)}. Then, by (4.13) and (4.15), (4.7) holds for
all a € [0, 2] and k > 0. |
LEMMA 4.4. Under the assumption of Lemma 4.2, if Bipe < YilApe < Bope, then
there exists a constant é&s € (0,1] such that

(4.16) Brpe < (A + aD¥) max{y* + ad’;, —c(z® + ad®)} < Bopie

for all o € [0, &3] and all k.
Proof. At first, we prove that

(4.17) Brue < (Vi + aD’y“)(Ak + aD¥Y)e < Bope

for all « € [0, @3] and all k, where @z € (0,1] is a constant.
By (3.22), we have (Y + aD})(Ax + aD¥)e = ape + (1 — a)YiAre + o> DEDfe.
Thus,

(4.18) (Y + ozD';)(Ak + aDY)e > Bipe + a(l — B1)pe + 0&2Dly€D§€,
(4.19) (Vi + oley“)(Ak + aDY)e < Bope — a(Ba — 1) pe + anD’y“Dl)fe.

Since (d’y“,d’/{) is bounded and 0 < 1 < 1 < f33, there exists a constant az € (0,1]
such that (4.17) holds for all a € [0, &3] and all £ > 0.

If max{y* + adf, —c(z* + adf)} = y* + adf for all k > 0 and all « € [0, @], then
the lemma follows from (4.17) directly. Now we suppose that, for some &k and some
constant @y € (0, as], we have y¥ + ad’;i < —¢i(zF 4 ad) for all a € (0,a3]. We
prove that there exists a constant &g € (0,1] not dependent on k such that, for all
ac [07 d3]a

(4.20) —(\F 4 adk))ei(zF + ad) < Bop.

For convenience of statement, we define p;(a) = —(A\F + ad’)c;(2* + ad¥). Then
pi(0) = —cFAF. We show that there exists a positive constant € such that we have
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either p;(0) < Bop — € or p;(0) < —€ < 0. Then (4.20) follows from the continuity of
function p; and the boundedness of (d%, d%).

By (3.36), we have c* +y* > 0 and A\, > 0 for k > 1. Thus, p;(0) < y*\¥. For any
given small constant e > 0 satisfying Bopt —ce > pu (¢ > 1is a constant), if cf +yF > ¢,
or ¥ +yF < e and yFA\F < Bop— ¢, then p;(0) < Bop — € for some constant € > 0. Now
suppose cf + y¥ < e and yFA¥ > Bou — €. Then, by Procedure 2.1 and Lemma 4.2,

K2
there exists a small positive constant ¢ dependent on e such that A d* + d’;i > —¢.

Thus, p;(0) = —A AL —cidy; < /\?d’;i +yrds,+ ¢ for some small positive constant
€' By (3.22), we have p;(0) < pp — yF" M+ € <e4€ — (B — 1)p < 0 since
B2 > 1. [ |

Let &y = min{das, &3}, where do and &3 are defined as in Lemmas 4.3 and 4.4,
respectively. Then 0 < ¢4 < 1. By Step 5 of Algorithm 3.4, ay, > déy for all k, which
implies that our line search procedure is well-defined.

LEMMA 4.5. If pp = p for all k > k and if {(z%,y*, \¥)} is an infinite sequence
generated by Algorithm 3.4, then we have

ok gk
(4.21) klirrgo dy =0, khi& d, =0,
(4.22) Tim e+ 44 =0,
(4.23) klir{)lo Yir1Api1e = pe,

(4.24) Jim g5t + A AL = 0.

Proof. Tt follows from Lemma 4.2 that the sequence {¢, (z*, y*; p)} is bounded. Com-
bined with its monotonicity, the limit of {¢,(x*,y";p)} exists as k — oco. Since
ap > 66y > 0 and 7,((zF, y*); (d%,dF)) < 0 for all k, by taking the limit on the

two sides of (3.34), we have limy_o 75((z*, y*); (dﬁ,d’y“)) = 0, which implies that
limy o0 (d%, d¥) = 0 by (3.29) and Lemma 4.2.

x) Yy

By (4.21) and (3.23), we have A/ d* + d’; — 0as k — oo. If (OZZ,CZZ) satisfies

qk(diads) < vg(0,0), then

(4.25) ek +y* + AL dE + db|| — vl + ¥ <0,

which implies that (4.22) holds. Otherwise, since gz (d¥, CZ};) < qx(0,0), for k — oo we
have

1 - - . . - -
(426) 02 —5 (d;iTBkd’; + d’;Tskd’;) > |l +y* + Apdy + || — ||¢F +yF[| — 0.

It follows that (d¥,d%) — 0 as k — co. Thus, by Procedure 2.1, formulae (3.12)-
(3.14), Lemma 4.2, and Assumption 4.1, we have limy,_. ||c¥ + y¥|| = 0. This proves
(4.22) by (4.21).

It follows from (3.22) that Y3 (\* 4 d§) = pe — Ard}. Thus, by (4.21) and Lemma
4.2, limg 00 Yip1(AF+d5) = limg o0 Yi(A\* +d%) = pe. Then, by Step 6 of Algorithm
3.4, we have \*+1 = \* 4 @& for sufficiently large k; thus (4.23) holds. Moreover, for
sufficiently large k, by (3.21), we have

(4.27) gF 4+ AN = —Bdk.

Thus, (4.24) follows immediately from Assumption 4.1 and (4.21). |
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It follows from Lemmas 4.2 and 4.5 that the weighted Newton step will be accepted
at last if {pg } 72, is bounded, since (3.28) is satisfied after a finite number of iterations.

Now we consider the case of pr — oo. For simplicity of statement, we give the
following definitions.

DEFINITION 4.6.

(1) x* € R"™ is called a singular stationary point of the problem (1.1), if c(z*) <0
and A;(x*), i € Z, are linearly dependent, where T = {i|c;(x*) =0,i=1,...,m};

(2) x* € R™ is called an infeasible stationary point of the problem (1.1), if x*
is an infeasible point of the problem (1.1) and A(x*)c(z*); = 0, where c¢(z*)y =
max{c(z*),0}.

It is easy to see that both the singular stationary point and the infeasible station-
ary point have some first order stationary properties. Similar definitions are also used
in [2, 20, 30]. A singular stationary point is also a Fritz-John point; where the linearly
independent constraint qualification does not hold. An infeasible stationary point is
also a stationary point for minimizing ||c(z)4 || because A(z*)c(x*)4 = 0. Moreover,
if all constraint functions are convex, then the infeasible stationary point is the “least
infeasible solution” in ¢5 sense.

LeEmMmA 4.7. If py, — oo, then
(i) the sequence {y*} is bounded;

(ii) {y*} is not componentwise bounded away from zero.

Proof. (i) By (3.34), we have ¢, (z" ™, y""; pri1) < @u(a®, y"; prya) for all k > 0.
The boundedness of {z*} implies that there exists a constant b7 > 0 such that |f;| <
b7. Thus,

1

1
p (@ R o) — — 0, (2R, YR pr)
Pk+1 Pk
1 1
(4.28) < ( — ) (—vu(=*,y"))
Pk Pk+1

1 1
< ( - )(b7+um1n||y’“||)-

Pk Pk+1
It follows from (4.28) that
1

Pk+1

¢lt(xk+17 yk+1; Pk+1)

1 1 1 .
4.29 < —¢,(2°, 9 + ( - ) <b + pum max In ||y’ > .
(429) < podm( Y'; po) 0 orey ) \br e max (il

On the other hand, we have

1
Prt1 (@ " pr)
4.30 > — b 1 j kly] | ktl '
( ) T Prtl ( 7+um0§1§a]§+1 nlly ”) +ly =Nl

Thus, by (4.29) and (4.30), there is a constant bg > 0 such that

pm _ -
- 51 o0 0k |y’ || > [ly** for all k >0,

which implies that {y*} is bounded.
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(ii) If {y*} is componentwise bounded away from zero, then, by (i) and (3.37), the
sequence {\*} is also bounded above and componentwise bounded away from zero.
Thus, matrix Sy is uniformly bounded. Let K = {k|pr < pr+1}. Then K is an infinite
index set. It follows from Assumption 4.1 and Proposition 3.3 that there exists a
positive constant p such that the weighted Newton step defined by (3.12) and (3.13)
is accepted at iterate k € K if pp > p. Thus, Ay, = ||c* + »*| by Proposition 3.2 and
(3.32). Moreover, there exists a constant by > 0 such that, for sufficiently large k € K,

(4.32) [ldh]| < bollc® + ¥ (I, [ldy]l < bolic* +y*|| and [|Spdy|| < bollc” + ¥|.
Hence, by the boundedness of ||c¥ +4*|| and Assumption 4.1(3), there exists a constant
b1o > 0 such that, for all sufficiently large k € IC,

x) Yy

. 1 - - 1 . -
o (2%, 4F); (df, db)) + §(d§)TBkd§ + §(d§)—r5kd§
(4.33) < biollc® + y* || — prll® + 4",

which, by (3.17), implies that we have (3.29) for all iterates k € K with p, >
max{p,bio}. This contradicts the fact that K is an infinite set. |

By Lemma 4.7 and (3.37), A\¥ is componentwise bounded away from zero. Thus,
both A;l and S’,;l are bounded above.

LEMMA 4.8. Let K = {k | px < prs1}. If pr — oo and if K is any subset of K
such that (%, y*) — (z*,y*) as k € K and k — oo, then

(4.34) det[(A%) " A% =0,

where J ={ilyf =0,i=1,...,m}.

Proof. We prove this lemma by contradiction. Suppose that there is a set £ C K
such that, as k € K and k — oo, (z*,9*) — (z*,y*) and A;(z*), i € J, are lincarly
independent. Then, by Assumption 4.1 and (3.37), there exists a constant by > 0
such that A(z*)T(B*)"'A(x*) + G* = by I, where I is the identity matrix and for
simplicity we assume that By — B* and Sgl — G* as k € K and k — oo. Thus, by
the continuity of A(x), there exists a constant byo > 0 such that

(4.35) (AL B Ak + S )7 < bio

for all sufficiently large k € K. It follows from (3.27) that the weighted Newton step
defined by (3.12) and (3.13) is accepted. Hence, we have the same results as (4.32)
and (4.33), which result in a contradiction to the definition of K. |

LEMMA 4.9. If p — o0, then there must be a limit point which is either a
singular stationary point or an infeasible stationary point.

In order to prove Lemma 4.9, we need to prove three other lemmas first.

LEMMA 4.10. If {(dﬁ,d’;)} is a sequence such that qk(ciﬁ,cz’;) < wqg(0,0) for
0<w <1, then ||d¥|/\/pr and \\Yk_1J’;||/¢;Tk are uniformly bounded above.
Proof. Let (d%,d%) = (d%/./pr, Y, 'd:/\/pr). Then by qu(d%,dt) < wgx(0,0), we

xs My zs Yy
have
1. o1 . R .
(4.36) 5czg’ﬁTBkdf; + §d’;TYkAkd’; P +yF + Vo AL dE + prYadl || < wllcF +yF.

The boundedness of (cf’;,cf’;) follows from the uniform lower boundedness of the

quadratic terms by Assumption 4.1 and (3.37). [ |
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LEMMA 4.11. Suppose that (dﬁ, JZ) is an approximate solution of program (3.11)

such that qk(cf’;,cf’;) < qk(akc(cf’;)c,akc(g’;)c), where ((d’;)c,(%)c) is the weighted

steepest descent step (see Procedure 2.1 and (5.10)), of € [0, 1] minimizes the function
qr(a(d®)C, a(d’;)c). Then there exist positive constants p and & such that, for py > p,

we have
Ay, ko k
( Y: )(C +9)

Proof. By (3.10), the value of 1 in Proposition 2.2 is

2
(4.37) qr(df, dy) — q1(0,0) < —@py,

zs Yy

(4.38) e = (AL By Aw + 572 (F + 9P/ (AL B Aw + 5,7 + 4P|

It follows from Assumption 4.1 and (3.37) that

(c’f+y’“)T(f}’“ )T( B YVeAr! > ( ‘i’“ )(c’“+y’“)
< é}’: >(ck+y’“) 2

where w; = min{v; *, By 'u~'}. By Assumption 4.1 and Lemma 4.7(i), there is a
constant wp > 0 such that ||c* + y*|| < we. Let p; = 2ws. Then, for p > p1, we
have 1 — (px/||c* + y¥||) < —pr/(2wa). If nx > 1, by Proposition 2.2, we have (4.37)
if @ S wl/(4w2).

Now we suppose that n; < 1. By Assumption 4.1, Lemma 4.7, and (3.37), there
is a constant w3 > 0 such that ||(A] By ' Ay + S, )Y2|?||* + y*|| < ws for all k.
Since nr, > 1/||(A] By " A + S, 1)Y2|? by (4.38), if we select po = 2ws, then, for
pr > P2, we have 1 — (ppni/|lc® + y*||) < —pr/(2ws3). Thus, for py > po, it follows
from Proposition 2.2 and (4.39) that (4.37) holds if & < w;/(4ws).

Let @ = min{w; /(4ws),w1/(4ws)}. Then the result follows by taking the constant

(4.39) > w

i

p = max{py, pa}. n
LEMMA 4.12. Let K = {k | px < pr+1}- If pr — oo, then
Ay ko k
(4.40) H( Yk>(c +y¥)|| —0

as k € K and k — oo.
Proof. Suppose that (4.40) does not hold. Then there exist an infinite subset X C K,
positive constants 7 and 75 such that

(4.1 (5 )@ +lzn

and [|c* + y*|| > 7 for all k € K.

The approximate solution (dZﬁ,de) is generated such that either qk(&i,dg) <
var(0,0) or gy(dt,dk) < qu(af(d¥)C, af (dk)C) (which implies that gy (d¥,dk) <

q1(0,0)). Then, by Lemma 4.10, there is a constant 73 > 0 such that ||ci§|| < 73\/Pk,
1Y dyll < 73/
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If qp(d,dF) < vq(0,0) for all k € K, then there exists a constant 74 > 0 such

x) Yy
that
. 1 - - 1 - -
o (@, 9%); (dz, dy)) + 5 (d5) T By + 5 (dy) ™ Sy
(4.42) < (g") Tdl — pe YTy — (1= v)prlc” + o

< 1uy/pr — (1 — v)Topi.

Thus, by (3.17), we can select a positive constant p such that (3.29) holds for all
pr > p. This contradicts the definition of K. Hence, there must exist an infinite
subset K of K such that qk(iﬁ,d’;) < qk(akc((f];)c7akc(d’;)c) for all k € K. Thus, it
follows from Lemma 4.11 that (4.37) holds for all k € K. Then, by (4.41), there is a
positive constant bi3 such that, for all k € l@,

(4.43) qi(df, dy) — qx(0,0) < —bia7ipy.-

x?

Thus, we have

T Y

%k 1 . 1, - -
o (2%, 47); (d}, dy)) + §(d§;)TBkd§ + §(d§)TSkd§
(4.44) < (¢")Tdk - HBTYk_ldg — bi3Tipk
< T4v/pr — bi3Tipk

for all sufficiently large k € K, which implies a contradiction to the definition of
K. |

Proof of Lemma 4.9. Since (z¥,4*) is bounded, without loss of generality, we
suppose that (Ag,c* 2% y* Vi) — (A*, ¢*, 2%, y*,Y*) as k € K and k — oo, where K
is defined as in Lemma 4.12, A* = A(z*) and ¢* = ¢(z*). If the limit point (z*,y*)
is such that ¢* + y* = 0, i.e., ¢ = 0 if and only if y] = 0, then this limit point is a
singular stationary point by Lemma 4.8 since Z = J, where Z and J are defined as in
Definition 4.6 and Lemma 4.8, respectively. Now we consider the case of ||c*+y*|| # 0.
By Lemma 4.12,

A* * *\
(4.45) (Y*)(c +y7)=0
and so for any i
(4.46) yr >0 = ¢ +y; =0 = ¢ <0.

Since ¢ +y¥ > 0 and y* > 0 for all £ > 1 by the algorithm, for each i such that
¢4y # 0, one has yF = 0 by (4.45) and hence ¢; > 0, implying that 2* is infeasible.
Then ¢* +y* = ¢!, = max{c*,0}. It follows from (4.45) that A*c’ = 0. Therefore, 2*
is an infeasible stationary point. The proof is finished. [ |

Now we can state our global convergence theorem on Algorithm 3.4.

THEOREM 4.13. Suppose that {(z*,y*, \F)} is an infinite sequence generated by
applying Algorithm 3.4 to the barrier problem (3.1)-(3.2) and suppose that Assump-
tion 4.1 holds. The penalty parameter sequence {pr} is automatically updated and
monotonically nondecreasing.

(i) If {pr} is bounded, then any cluster point of {(x*,y*, \¥)} is a KKT point of the
barrier problem (3.1)-(8.2). In this case, {y*} is componentwise bounded away from
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zero, {x*} is asymptotically strictly feasible for the constraints (1.1), and g~ +Ax\F —
0.

(ii) If pp — oo, then {y*} is not componentwise bounded away from zero and there
is at least one cluster point of {(x*,y* \¥)}, which is either a singular stationary
point or an infeasible stationary point. In the latter case, if (x*,y*) is asymptotically
feasible for constraints (3.2), then {z*} is asymptotically feasible for and close to the
boundary of constraints (1.1). At the limit the gradients of active constraints of (1.1)
are linearly dependent. If (z*,y*) is not asymptotically feasible for constraints (3.2),
then at the limit point ™ we have A*c’ = 0.

Proof. Part (i) follows from Lemma 4.5. Part (ii) can be derived directly by Lemma
4.9.

5. The overall interior-point algorithm and its convergence. We denote
by F the class of continuous functions 6 : R, — R, satisfying lim, o 0(x) = 0.
Now we present our algorithm for nonlinearly constrained optimization (1.1).
ALGORITHM 5.1. (The line-search-based interior-point algorithm for (1.1))
Step 1. Given initial point (z°,9°, A\°) € R™ x N7 x N7, initial barrier parameter
uo >0, 7 € (0,1), tolerance € > 0, and function 0 € F. Let j := 0.

Step 2. For the given barrier parameter p;, we apply Algorithm 3.4 to the barrier
problem (8.1)-(3.2). If the iterate ("3, y*i \Fi) satisfies

(5.1) [ Fpuy (7, ™, X5 || < 6(p5),
then let
(52) (xj+17yj+17)‘j+1) = (xkjaykj7Akj)

and pj+1 = pr;, and go to Step 3; if one of conditions (ii) and (iii) of Algo-
rithm 3.4 holds, stop.

Step 3. If p; < e stop; otherwise, let pj+1 = Tp;, j =37+ 1, and go to Step 2.

Now we consider the convergence of Algorithm 5.1. The result closely depends on
how Algorithm 3.4 behaves for each p;. For 6(u;) > 0, if condition (5.1) is satisfied,
then Algorithm 5.1 will proceed to a less p1j41. The global convergence results of the
algorithm are as follows.

THEOREM 5.2. Suppose that 0 € F and {(z7,y7, )} is a sequence generated by
Algorithm 5.1. If for each barrier problem, Assumption 4.1 holds, {(z*,y* \F)} is a
sequence generated by Algorithm 8.4, then, for sufficiently small €, Algorithm 5.1 may
terminate in finitely many steps at one of the following two cases:

(i) For some i, Algorithm 5.1 terminates at Step 2. If the termination point is an
approzimately feasible point, then it is an approzimately singular stationary point.
Otherwise, it is an approzimately infeasible stationary point.

(ii) For each pj, Algorithm 3.4 terminates at (5.1). Then Algorithm 5.1 terminates
at Step 3, in which case an approzimate KKT point of the original problem (1.1) is
obtained.

Proof. The results follow immediately from Theorem 4.13 and Algorithm 5.1. |

6. Numerical experiment.

6.1. Formulae used in Procedure 2.1. We present an implementation of
Procedure 2.1 in this subsection.

Suppose that the full @Q-weighted Newton step is not accepted. Then we compute
the weighted Cauchy step Jg‘ and try to get an approximate solution d. to (2.10)
along the Q-weighted Newton step, or the so-called dog-leg step, so that (2.13) holds
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and ¢(d) has as much reduction as possible. If this is impossible, then we do a line
search along the Q)-weighted steepest descent step and take the approximate solution
d, to be either the truncated Q-weighted Newton step or the truncated @Q-weighted
steepest descent step, so that ¢(d,) has more reduction. Thus, (2.13) holds. The
details are as follows.

We first compute the optimal steplength along the Q-weighted Newton step to
derive as much reduction as possible in this direction. Thus, we solve the single-

variable minimizing problem
1 .- - -
(6.1) mmmmqmmuqmg:iamylmf+mv+a32gw

By direct computation, we have the solution

S pllrl
(6.2) Gy = min { TT(RTQlR)IT’l} .

Set d! = @;dY. Then we have §(a;) < §(0). It is more convenient in the implementa-
tion to compute a dog-leg step in the line segment spanned by the Q-weighted Newton
step dY¥ and the following scaled Cauchy step (where 7 is defined as in Proposition
2.2):

(6.3) d¢ = —min{n, 1}Q ' Rr-

It is apparent that this scaling on (Zg will not result in any change in our theoretical
results. If < 1, then d¢ is the so-called Cauchy point in minimizing ||r + RTd|]?
with starting point d = 0. Let d,(a) = ad + (1 — a)dS. Then we calculate &, by

1
(6.4) minimize,ep,17G(a) = §dz(a)TQdZ(a) + pllr + R d. ()]

By setting (j/(a) = 0, we have
plr + RTdZ|| - (dY — df)"QdY
(dY —d9)TQ(dY —dS)
If a5 < 0, then &y = 0; else if a5 > 1, then @y = 1; else we have ay = al.

If min{g(a1),G(a2)} < vq(0) (where v is defined as in Procedure 2.1), we define
d? = d_ (&), else we set d? = azd?, where a3 € (0,1] minimizes the function

(6.5) ol =

_ L yzonT i ~
(6.:6) a(a) = 50*(d7) " QdZ + plr + aRTd7|.

We select the approximate solution d. from d! and d?, whichever gives a lower value
of q(dz).
The process for solving (2.10) approximately is summarized into the following
algorithm.
ALGORITHM 6.1. (The algorithm for solving problem (2.10) approximately)
Step 1. Compute the Newton step dY by (2.11). If q(dY) < vq(0), then d. = dY.
Stop.
Step 2. Compute the steepest descent step dS by (2.13).
Step 3. Calculate d: = a&i1dY by (6.2) and d? = dodY + (1 — a2)dS by (6.4). If
min{g(a1),G(a2)} < vq(0), then go to Step 5.
Step 4. C’alculate~d§ = asdS by (6.6). If §(a1) < q(as), we have the approzimate
solution d, = d.; else we select d, = d2. Stop.
Step 5. If G(a1) < G(ae), then d. = d!; else we have d, = d2. Stop.
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6.2. Numerical results. The algorithm is programmed in MATLAB 6.1 and is
run on a personal computer under Windows 98. In order to obtain rapid convergence,
it is also necessary to carefully control the rate at which the barrier parameter p and
the tolerance 6(u) are decreased. This question has been studied by [6, 11, 29].

It is restrictive to require that (3.37) holds for given $; and (s for all iterates of
Algorithm 3.4 in practice. In our implementation, we update the dual iterate flexibly
by selecting the maximal 7, € [0, 1] such that

(6.7) min{ Yy 1Are, Bipe}l < Yii1Apyie < max{Yyi1Age, Bope},

where 0 < B; < 1 < fa, Apy1 = diag(AFTL) and M+t = AF + i dk. If {pp )22, is
bounded, then, by Lemma 4.2 and (6.7), there exist 1 and (B, such that (3.37) holds
for all iterates. In the case of py — o0, suppose that Algorithm 3.4 is terminated
within a given number of iterations (for example, 300 iterations). Then, by the
fact that y*+1 > 0.005y* and (6.7), Yii1Axrie > min{0.005Y;Are, Bipe}. Thus,
YiAre > Bipe if we select 81 = 0.005%°° min{p~1YyAge, 2008 e}. If yEAF — oo as
k — oo for some i, then, by (6.7), \¥ < A¥™! and \¥ — oo as k — oo since {y*} is
bounded. This is a contradiction. Thus, there exist a constant G5 > 0 and an infinite
index set K such that YiyAre < Bopue for k € K. Hence, we have (3.37) for all k € K.

We select the initial parameters o = 0.01, 31 = 0.01, §5 = 10, g = 0.1, § = 0.8,
and the initial matrix By to be the n x n identity matrix. The scalar in Algorithm
6.1 is v = 0.98. The choice of the initial penalty parameter pg is scale dependent and
po = 1 is chosen for our experiment. Simply, we select §(u) = pu, 7 = 0.01, € = 1076,
For conditions (ii) and (iii) of Step 7 of Algorithm 3.4, we select €2 = € and €3 = €.

The approximate Lagrangian Hessian By is computed by the damped BFGS
update formula

Bksk(sk)TBk wk(wk)T

(6.8) Bjy1 = B — (Sk)TBksk sk)ka )
where
& wk if (wF)Ts* > 0.2(s%)" Bys*,
(69) w o = ~k k .
O™ + (1 — 0 )Brs® otherwise,

and w* = gttt —gF 4 (Ap 1 —Ap)NFHL P = oF gk 0, = 0.8(s%) T Bs®/((s) T By.s®—
(s®)T"). For all test problems, we select the initial slack and dual variables as

(6.10) W=e N=e

if not specified.

First, we apply our algorithm to three simple examples. The first one is the
example presented by Wéchter and Biegler and further discussed by Byrd, Marazzi,
and Nocedal [7, 26]:

minimize T
(TP1)  subject to 23 — x5 — 1 =0,
Ty —x3—2=0,
o >0, x3>0.
Note that the initial point (29, 29, 29) = (=4, 1, 1) satisfies the conditions of Theorem
1 of [26]. There is a unique stationary point for this problem, which is the global
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Table 1. Numerical results by Algorithm 3.4 when p = 0.01.
IT X1 i) xrs3 RC1 RCQ P dI
0 -4 1 1 14 -7 1 | full-Newton
1 || -3.6590 12.3880 0.0050 0 -5.6640 2 dog-leg
2 -2.2786 4.1919 0.0040 0 -4.2826 4 | full-Newton
3 || -1.3633 0.8586 0.0030 0 -3.3663 4 | full-Newton
4 || -1.0500 0.1025 0.0026 0 -3.0525 8 dog-leg
5 || -0.8756 0.0005 0.0019 -0.2339 -2.8775 8 dog-leg
6 || -0.4536 0.0015 0.0000 -0.7957 -2.4537 8 dog-leg
7 0.4972 | 0.0430e-03 | 0.5770e-03 | -0.7528 -1.5033 8 dog-leg
8 1.4035 0.9697 0.0009 0 -0.5975 8 | full-Newton
9 2.0008 3.0031 0.0008 0 -0.9324e-09 | 8 | full-Newton
10 || 2.0017 3.0067 0.0017 0 0 8
Table 2. Numerical results by the ordinary approach
with ¢*! generated by (3.36) when u = 0.01.

IT T T2 T3 RC, RC» 14

0 -4 1 1 14 -7 1

1 || -3.6590 12.3880 0.0050 0 -5.6640 2

2 || -1.9746 2.8990 0.0028 0 -3.9774 5.2958

3 -1.2442 0.5480 0.0018 0 -3.2460 11.9755

4 || -1.0251 0.0508 0.0007 0 -3.0258 101.7079

5 || -1.0004 | 0.8606e-03 | 0.1721e-03 0 -3.0006 | 4.4576e+03

6 -1.0000 | 0.0449e-04 | 0.1219e-04 0 -3.0000 | 1.1483e+06

7 || -1.0000 | 0.0224e-06 | 0.1183e-06 0 -3.0000 | 7.7089e+4-08

8 || -1.0000 | 0.1122e-09 | 0.5969e-09 0 -3.0000 | 9.1419e+12

9 -1.0000 | 0.0561e-11 | 0.2984e-11 0 -3.0000 | 3.0875e+17

minimizer. Moreover, this problem is well-posed, since at the solution the second

order sufficient optimality condition, strict complementarity, and nondegeneracy hold.
However, it is proved by [26] that many existing interior-point methods using line
search (let us call them the “ordinary” interior-point methods for convenience) fail to
converge to the stationary point.

Algorithm 5.1 terminates at the approximate KKT point (2,3,0) with the La-
grangian multiplier (0,1) in 16 iterations. The residuals, respectively, are [|g* +
ApAF||=6.3283e-14, || Yy Are — pre|=2.0000e-08, and ||c* +y*||=0.8232¢-17. The value
of the penalty parameter is p=8. In order to see the performance clearly, we give the
numerical results of Algorithm 3.4 when p=0.01, which is listed in Table 1, where
RC; and RC; are residual values of constraints (6.12) and (6.13), respectively. The
last column in Table 1 shows the performance of Algorithm 6.1, where “full-Newton”
means that the approximate solution to (3.11) is the full weighted Newton step and
“dog-leg” represents the dog-leg step. In order to observe how the ordinary interior-
point approach using (3.24)-(3.26) behaves, we also solve this example by solving
(3.24)-(3.26) with y**1 generated by (3.36) and y*** = y* + agdk, respectively; the
results are presented in Tables 2 and 3.

It is easy to note from Table 1 that Algorithm 3.4 terminates at the approximate
feasible point when p = 0.01. The approximate feasibility will be further improved
when p is decreased in Algorithm 5.1. However, the results in Tables 2 and 3 show that
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Table 3. Numerical results by the ordinary approach
with y*+! = o* + akd’; when p = 0.01

IT X1 i) xrs3 R01 RCQ 14

0 -4 1 1 14 -7 1

1 -3.6590 0.9438 0.0050 11.4442 | -5.6640 2

2 -3.4809 0.0047 0.0029 11.1118 | -5.4838 11.9086
3 -3.4789 | 0.0236e-03 | 0.3727e-03 | 11.1028 | -5.4793 | 5.4425e4-03
4 -3.4788 | 0.0118e-05 | 0.8007e-05 | 11.1017 | -5.4788 | 3.8388e+05
5 -3.4787 | 0.0059e-07 | 0.4240e-07 | 11.1017 | -5.4787 | 8.9516e+4-08
6 -3.4787 | 0.0029e-09 | 0.2121e-09 | 11.1017 | -5.4787 | 3.3359e+13

the ordinary interior-point approach using (3.24)-(3.26) terminates at the infeasible
points as p = 0.01. The infeasibility can not be improved by decreasing p since xo
and x3 are close to the boundary of the feasible region.

The last column of Table 1 shows that the weighted Newton steps are accepted
as the iterates are nearly feasible, which is important for the algorithm to have rapid
convergence.

Our second test example is taken from [3], which minimizes any objective function
on an obviously infeasible set defined by the constraints:

(6.15) (TP2) 2?+4+1<0, <0.

We select to minimize x as the objective. The initial point is 2° = 4. For pu =
0.01, Algorithm 3.4 terminates at the point z* = —6.0363e-07, and correspondingly
the slack variables yi = 6.3712e-13 and y5; = 6.0363e-07 after 38 iterations. It is
easy to note that x* is close to a point by which the norm |¢(x)4| is minimized.
Algorithm 6.1 takes 4 full weighted Newton steps at first and then uses the truncated
weighted Newton steps in later 34 iterations. The value of the penalty parameter is
p = 1.2767e+10.
The third simple test problem is a standard one taken from [17, Problem 13]:

(6.16) minimize (x; — 2)* 4 3
(6.17) (TP3)  subject to (1 —z1)* — 29 >0,
(618) I Z 0, T2 Z 0.

The standard initial point (—2, —2) is an infeasible point. The optimal solution (1, 0)
is not a KKT point but is a singular stationary point, at which the gradients of active
constraints are linearly dependent. This problem has not been solved in [23, 25, 28],
but has been solved in [5, 24].

Algorithm 5.1 applied to problem (TP3) terminates at the singular stationary
point in 44 iterations and p=0.01, y* = (0,1,0), A* = (3.4923e+10, 0.0, 3.4923e+10).
The residuals, respectively, are ||g* + ApAF||=1.2716, ||YiAre — urel|=0.0292, |c* +
y¥||=0.0, and the value of the penalty parameter is p = 2.6370e-+10.

We also apply our algorithm to some other test problems taken from [17], which
are numbered in the same way as that in [17]. For example, “TP022” is Problem
22 in the book. We use these test problems (but not all test problems) since they
have only inequality constraints, and thus are suitable for testing the algorithm. The
initial points are the same as [17]. The numerical results are reported in Table 4,
where “Iter” represents the number of iterations, RD=||g* + Ax\*||, RP=||cF + v*||,
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Table 4. Numerical results by Algorithm 5.1

Problem || Iter RD RP RG p
TPO01 25 | 2.5953e-11 0 1.0000e-08 1
TP002 22 | 3.8447e-12 0 1.0000e-08 2
TP003 16 1.9997e-09 0 1.0000e-08 1

TP004 10 | 1.7656e-13 | 8.8947e-17 | 2.0001e-08 | 4.9402
TPO010 18 | 2.4976e-14 | 3.0564e-14 | 1.0000e-08 1
TPO11 15 | 1.1383e-14 | 9.2021e-16 | 1.0000e-08 4
TP012 15 | 2.5011e-14 | 1.8881e-15 | 1.0000e-08 1
TP020 38 | 9.0994e-14 | 0.5983e-17 | 5.0000e-08 512
TP021 18 | 1.3468e-09 0 5.0000e-08 1
TP022 11 | 1.0991e-12 | 1.4037e-16 | 2.0000e-08 1
TP023 14 | 7.1677e-12 | 7.1056e-15 | 9.0000e-08 1
TP024 14 | 2.5103e-12 | 4.3581e-16 | 5.0000e-08 1
TPO38 95 | 7.6785e-09 0 8.0000e-08 1
2
2
1

TP043 22 | 2.7486e-10 | 7.2071e-13 | 3.0000e-08
TP044 15 | 1.3328e-13 | 7.8580e-16 | 1.0000e-07
TPO76 17 | 2.6222e-09 | 1.1974e-15 | 7.0000e-08

RG=||YiyAre — pre|l, and p is the value of penalty parameter when the algorithm
terminates.
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