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Abstract. We study the properties of the augmented Lagrangian function for nonlinear semidefi-
nite programming. It is shown that under a set of sufficient conditions the augmented Lagrangian
algorithm is locally convergent when the penalty parameter is larger than a threshold. An error
estimate of the solution, depending on the penalty parameter, is also established.
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1 Introduction

The augmented Lagrangian algorithm is a classical method for solving nonlinear program-
ming problems. At the core of the algorithm is the augmented Lagrangian function defined
by [17]
1 m
F(z,u,7) = f(x) + > ; {[uZ - Tcz(ac)]%r — u?} T >0, (1.1)
where f : R® - R, ¢; : R®" - R, 7 = 1,...,m are twice continuously differentiable;
= (U, ...,uy)’ € R™and []; = max{-,0}. The augmented Lagrangian (1.1) corresponds
to the inequality-constrained nonlinear program

min f(x) subject to ¢;(z) > 0,i=1,...,m. (1.2)

A different augmented Lagrangian can be defined to accommodate both inequality and
equality constraints, but for simplicity we concentrate on the inequality-constrained case.
It is shown by Rockafellar [17] that under a set of conditions (e.g., the quadratic growth
condition, 7 being large, and the second order sufficiency conditions) the augmented La-
grangian algorithm

! = argmin . L(z, u*, 1) (1.3)

uhtl =uf + Tqu(CCkJrl, uk, T) (1.4)
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will generate a sequence {(z*,u*)} converging to a local optimal pair (z*,u*) at a linear
rate, therefore providing an algorithm for the nonlinear program (1.2).
Consider the following semidefinite optimization problem

min f(z) (1.5)

zeR™
s.t. C(z) = 0,

where f : R" — R and C : R — 8. We denote by §™ the space of m x m real symmetric
matrices equipped with the inner product A e B = Tr(AB) (“Tr” stands for the trace) and
assume that both functions are twice continuously differentiable. For A € 8™, the notation
A > 0(A > 0) means that the matrix A is positive semidefinite (positive definite). We
will also use 8" and S, to denote the cones of positive semidefinite and positive definite
matrices, respectively.

Obviously, the nonlinear program (1.2) is a special case of (1.5), in which C(x) =
diag (c1(z), ..., cm (7)), where “diag” denotes a diagonal matrix. On the other hand, the
constraint C'(x) > 0 is of course more general than the constraints of (1.2). One may think
of writing C(x) = 0 as m constraints of the form

where \;(C(z)), @ = 1...,m represents the eigenvalues of the matrix C'(z). However, it is
well known that eigenvalues are non-differentiable functions of the matrix. Thus, such an
idea does not lead to a direct application of the augmented Lagrangian theory of nonlinear
programming. New analysis of the augmented Lagrangian is therefore necessary.
Analogously, we define the augmented Lagrangian of the problem (1.5) as

Fla,U,7) = f(z)+ % U - rC@)R - TU?)] T >o0. (1.6)

In this context, [-]; denotes the matrix projection to S7*. Namely, let A = P diag (A1, ..., )\m)PT

be an orthogonal decomposition of A € §™. Then
Ay = Pdiag (M4, [Am]y) P

This function is well defined and is independent of the choice of P. Similarly the matrix
absolute value is defined as

|A| = Pdiag (|\1], ..., | m|)PT.

This paper is devoted to the discussion of the properties of F'(z, U, ) that are related to
an augmented Lagrangian algorithm for (1.5). Semidefinite optimization problems (SOPs)
arise naturally in a wide range of applications in engineering, optimal control, statistics,
combinatorial optimization, and eigenvalue optimization, see, e.g., [1, 14, 22, 23] and the
references therein. While there has been a large number of research articles addressing linear
SOPs since 1990s, only few papers considered theory and algorithms for the nonlinear case in
which f might be nonconvex and C' might be nonlinear. Among them, Lewis and Overton
[12] and Lewis [11] considered nonsmooth analysis and optimization problems involving



eigenvalues. Bonnans and Shapiro [3] and Shapiro [18] established first and second order
optimality and perturbation analysis for SOP. Forsgren [7] discussed optimality conditions
for nonconvex semidefinite programming. Sun and Sun [20] presented a general theory of
semismooth matrix functions and proved that the matrix absolute-value function is strongly
semismooth. Chen, Qi and Tseng [4] obtained important results in nonsmooth analysis of
matrix functions. Pang, Sun and Sun [16] developed a strong stability theory for semidefinite
variational inequality problems. Shapiro and Sun [19] discussed duality properties of the
augmented Lagrangian. There are also papers involving applications of nonlinear SOP and
their algorithms [5, 6, 14, 15, 21, 24]. However, much work is yet to be done to effectively
solve nonlinear semidefinite optimization problems including (1.5).

In this paper we discuss algorithm-related properties of the augmented Lagrangian (1.6).
We provide a set of assumptions that guarantee a sequence generated by a similar algorithm
to (1.3)-(1.4) to converge to a local minimizer of the problem (1.5). We also estimate the
rate of convergence.

The following notation and terminology are used throughout the paper. Let R™*"
denote the space of m x n matrices. The symbol “®” denotes the Kronecker product of
matrices
ail B, e alnB
A® B = :

anp B, - appB

It is easy to see that ® is a linear operator (see, e.g., [8] for more basic properties of
the Kronecker product). For an m x n matrix B we use vec(B) to denote the mn x 1
vector obtained by stacking columns of B in the natural order. It can be shown that
vec (ABC) = (CT ® B)vec (A). The notation VC(z) represents the F(réchet)-derivative
(i.e. the gradient) of the mapping C(:) at x. Thus, VC(z) is a linear operator from R"
into 8™ defined by

[VO(x)ly = yiCil)
i=1
where Cj(z) = 0C(x)/0x; is the m x m partial derivative matrix. The matrix form of
VC(z) is written as OC(x)/Ox, denoting the m? x n Jacobian of the mapping vec C(-), i.e.

0C (x)/0x = [vec C1(z), ..., vec Cy(x)].

Let
Clj(x) = 620(.%)/61‘161‘] ’i,j = 1, N

be the m x m second order partial derivative matrices, see [23]. A diagonal matrix is written
as diag (o, ..., ax) whereas a block diagonal matrix is written as diag (A1, ..., Ax). We use
D, to represent the set of r x r real diagonal matrices with non-increasing diagonal entries,
and O to represent the set of m x m orthogonal matrices. Finally,

BU",e) ={U[|[U =U"|[r < ¢},

where || - || denotes the Frobenius norm, i.e. ||Afr = (A e A)1/2.

The paper is organized as follows. We state assumptions, calculate the gradient and
the Hessian of F'(z,U,7) with respect to x, and prove that z* is a strict local minimizer



of F(xz,U*,7) under our assumptions in Section 2. We present an augmented Lagrangian
algorithm and prove a local convergence theorem, which shows that when 7 is large enough
and U” is close to the Lagrange multiplier U*, the sequence {z*} linearly converges to a
local minimum point of problem (1.5) in Section 3.

2 Properties of F(z,U, )

2.1 Basic assumptions

Some basic assumptions are made on Problem (1.5). Let L(z,U) = f(x) — U o C(x) be the
Lagrange function of the problem.
Assumptions.

(i) Problem (1.5) has a local minimum z*.

(ii) Robinson’s constraint qualification holds at z*. That is
JheR": C(z%)+VC(z")h >~ 0.

According to Theorem 5.84 of [3], Assumptions (i) and (ii) imply that the set of
Lagrange multiplier matrices is nonempty and bounded. Therefore, there exists a
matrix U* € S, such that (z*,U*) is a Karush-Kuhn-Tucker (KKT) pair of the
problem (1.5). That is, (z*,U*) satisfies

V.L(z*,U*) =0,
U*C(z*) = 0,
U*eSt, Ca*)esS)t.

(iii) The strict complementarity condition holds at (z*,U*). i.e.

rank(C(z*)) =r, rankU*=m —r.

(iv) The Lagrangian Hessian V2 L(z*,U*) is positive definite on the subspace C(z*) =
{y e R X, 4, ETCi(2*)E = 0}, where E is an m x (m — r) matrix whose columns
form a basis for the null space of the matrix C'(z*).

Remark 1 The reader who is familiar with the so-called critical cone may find that the
subspace C(x*) in (iv) is in fact the critical cone of problem (1.5) since under the strict com-
plementarity condition the critical cone is a linear subspace, e.g., see [3, p.490]. The main
role of Assumption (iv) in this paper is to show the positive definiteness of V2, F(z,U,T) in
a neighborhood of (z*,U*) that will be used in the proof of Proposition 8 and Theorem 11
in particular. In addition, Assumptions (i), (ii), and (iv) guarantee that x* is a strict local
minimum of (1.5), see [7, Theorem 3J.



2.2 The first order differential of F'(z,U, 1)

The following lemmas are useful in discussing differential properties of F(z,U, 7). To sim-
plify the discussion, we introduce some notations as follows.

M(z,U,1)=U —7C(z), My(z,UT)=1[U—-71C(2)]4, M_%_(CC,U,T) = [M;(z,U, 7')]2.

Lemma 2 If Assumptions (1)-(iii) hold, then there exist a matriz Q € O, an r X r diagonal
matriz I'1, and an (m —r) x (m — r) diagonal matriz Ty such that

* Fl 0 T *\ 0 0 T
and I'1 € D,, 'y € Dy, with
I'n 0
[ 0 1“2] = 0. (2.4)

Consequently, M (z*,U*,T)is nonsingular for any 7 > 0 and there hold

Iy 0

T * * _TT*
0 1T, Q" and M, (z*,U*,7)=U".

M(.’IJ*,U*,T):Q|:

Proof. Since U* € ST, C(x*) € ST, and U*C(z*) = 0, the two matrices can be simultane-
ously diagonalized. This, together with Assumption (iii), implies (2.3) and (2.4). The rest
of the lemma is obvious from (2.4). O

The key term in F(z, U, 1) is Tr[M? (z, U, 7)], which is actually a spectral function studied
in Lewis [10] and Lewis and Sendov [13]. Let Y € 8™ and let A;(Y) > Xo(Y) > -+ > A\ (Y)
be its eigenvalues in decreasing order. Let A(Y) = (A1(Y),A2(Y),..., An(Y))T and let
g : R™ — R be a symmetric function in the sense that the value of the function is invariant
under permutation of its variables.

Lemma 3 ([13, Lemma 2.1]) Let Y = Qdiag\(Y)QT be an orthogonal decomposition of
Y €8, and let g : R™ — R be a symmetric function. Then g o X is continuously differen-
tiable at'Y if and only if g is continuously differentiable at A\(Y) and

V(goN(Y) = Qdiag(VF(A(Y))Q" . (2.5)
By using Lemma 3, we obtain

Proposition 4 The augmented Lagrangian is continuously differentiable at x with
Vo F(x,U,7) = Vuf(z) — (Ci(z) @ My(z,U,7),....Cp(x) ® My (2,U,7))" . (2.6)

Proof. Let M2 (z,U,7) = QA(M2(z,U,7))QT be an orthogonal decomposition of M2 (z,U, 7).
Then Tr[MZ% (z,U,7)] = (g o \)(M(x,U, 7)), where

m

g(v) = [vi]3 and v = A(M(2,U,7)).
i=1



The function g(v) is obviously symmetric. By Lemma 3, Tr[M?(x,U, 7)] is continuously
differentiable at M (z, U, T) with

V(e TrM (2,U, )] = Q[Vg(A\(M (2, U, m))Q" = 2M (z,U, 7).
Now let e; be the ith coordinate unit vector of R™ and let s be a scalar variable.
Te[MZ(z + se;, U, 7)] = Tr{[U —7C(z + se;)|3}
= T {[U - 7C(x) — 7sCi(x) + ofs)]} }
= T {[M(2,U,7) = 7sCi(x) + o(s)]3 }
= Tr[M}(2,U,7)| = 75Ci(2) ¢ VasavmyTr [M3(2,U,7)] + o(s)
= Te[M2(x,U,7)] — 275C;(x) @ My (2,U,T) + o(s).

Thus,
Vo, Tr[M? (2,U,7)] = —27C;(x) ® My (2,U,T) (2.7)

and (2.6) is valid. O

Remark 5 The formula 2.7 can be written as
vl‘i [M-i-(xv Uv T) i M+(1‘, Uv T)] = vM(z,U,fr) [M+(.%', U, T) i M+(1‘, U7 T)] i vsz(xv Uv 7_)7
actually showing a chain rule for differentiating Tr{M? (z,U, ).

2.3 The second order differential of F(z,U, )
Let A, B € §™. Define a linear operator L4 : 8™ +— 8™ as L4(B) = AB + BA.
Lemma 6 [20, Theorem 4.6] The function [-]+ : S™ +— 8™ is F-differentiable at Y € S™ if

and only if Y is nonsingular. In this case, V[Y |1 = ,C|_Y1| oLy, , where o denotes composition
of operators and E‘_Yl‘ is the inverse operator of Lyy|. That is Z = E‘_YI‘X — X =Ly Z
Proposition 7 If Assumptions (i)- (iii) hold, then M (x,U,T) is differentiable with respect
to z, at (x*,U*) for T >0, and

OMy (z*,U*,T)

T 1
=50 +3Y; 2,
az; 5Ci(2") +5Y5, (2.8)
where
= L e ey © Lat(an ) (C (7)) (2.9)

Proof. This is a direct implication of Lemma 6 since M (x*, U*, T) is nonsingular by Lemma
2 and

1 1
E\M(z U] © [’M+($*:U=T) - E\M(z U )| © £(|M(m*=U:T)‘+M($*:U*=T))/2
(I + Libiae ) © MG 0v.0)

where [ is the identity operator from &S™ to §™. m|



Proposition 8 If Assumptions (i)—(iv) hold, then V2, F(x*,U*,T) is positive definite on
C(x*) when 7 > 0. Moreover, there is a positive scalar T such that V2, F(x*,U* T) is
positive definite when T > T.

Proof. Since M, (z,U, ) is differentiable with respect to x at (z*,U*), V2, F(z*,U*,7) is
well defined and by 2.7

O*F(ax*,U*, 1) 02f(a")

° 8M+($*, U*v 7—)
a.%'ja.%'i N 890]8902 '

890]-

— My (z*,U", 1) @ Cjj(z") — Cy(z")

Thus V2, F(z*,U*,7) may be expressed as
V2, F(x*,U* 1) = V2, L(a*,U*) + [~Ci(z*) e M (z*,U*, 1)/ 0x;]"

1,j=1"

From Proposition 7, we have

—Ci(z*) @ OM (¢, U",7)/0x; = %vec(CZ-(:c*))Tvec(Cj(x*)) - %vec(C’i(:c*))Tvec(Yj),

and we need to derive a formula for expressing vec(Y;).
Since Y; satisfies (2.9), we have from Lemma 2 that

Q diag (T'1,7T9)QTY; + Y;Q diag (T'y, 7T2)QT
= Qdiag (I'1, —7I2)Q" (—7C;(z*)) — 7C;(2*)Q diag (', —7T2) Q"

Pre-multiplying and post-multiplying the above quality by Q7 and @ respectively, we obtain

diag (I'1,7I2)Q"Y;Q + Q"Y;Q diag (I'y, 7T'2)
= diag (Fl, —TFQ)QT(—TCj(x*))Q + QT(—TC]'(.%'*))Q diag (Fl, —TFQ),

namely,
(I, ® diag (I'1,7T2) + diag (I'1,702) ® Im)vec(QTYjQ) =
(I, ® diag (I'y, —72) + diag (I'1, —7T'2) ® Im)vec(QT(—TCj(x*))Q).
Thus ‘
vee(QTYIQ) = —7Bvec(QT C;(2")Q), (2.10)
where
B = (I, ® diag (I'1,7T3) + diag (T'1,70%) ® I,,,) "

(Im ® diag (Fl, —TFQ) + diag (Fl, _TFQ) (%9 Im)
Obviously, all eigenvalues of B are in the interval [—1,1]. By (2.10) we obtain
(Q" ® QT)vec(Y;) = —mBvec(Q" C;(27)Q),

which implies

vee(Y;) = —7(Q @ Q)Bvec(QC; (a*)Q).

7



Therefore we have
—Ci(a*) 0 OM, (x*,U*, 7)1,
= Tvee(Cifa")) vee(QQT 5 (a7)QQT) — gvee(Ci(a”)) vee(Y))
— %Vec(ci(x*))T(Q ® Q)vec(QTC;(x*)Q) —
—gvee(Cila)T (Q @ Q)Bvee(Q" (~7C5(a)Q)

_ %vec(QTCi(x*)Q)T[ImQ + Blvee(QTC,(2)Q).

Let
[vee(QTCh(z*)Q), -+, vee(QT Cr(z*)Q)] = Z ().

Then

[—Ci(z*)  OM. (", U™, 7)/0x;]" T

Fior = 5 2@ e + BIZ(") = 0.

This, together with Assumption (iv), proves the positive definiteness of V2, F(z*,U*,T) on
C(z*) for any 7 > 0.

To prove the second part of the proposition, we split @) into two blocks @ = [E F], where
E is defined in Assumption (iv). Let v; be the ith diagonal entry of diag (I';. — 7T'2). Note
that Z(z*)T[I,,2 + B]Z(x*) can be expressed as Aj(z*) + Az(z*) + Asz(x*), where

[ 2EET
A(z*) = ((C(z")E)/0x)" I(C(x")E) /O,
i 2FEET
- D,
Ay(a®) = ((C(z")E)/0x)" o(C(x")E) /0w,
L Dme
[ 2EET — Dy
Az(z*) = (O(C(z")F)/ox)" IC(@")F)/0x
i 2FEET —D,,

2v;F (1T + v 1) ' FT if 1<i<m-r,
D; =
2vE(TTy + Yl ) YET if m—r+1<i<m.

As Ay(z*) and As(z*) are positive semidefinite, we have
1
V2, F(x*,U* t) = V2 L(z*,U*) + 5TAl(ac*).

Since A;(z*) is positive definite outside C(z*) and its eigenvalues are independent of 7, it
follows from Lemma 1.25 of [2] and Assumption (iv) that there is a positive scalar 7 such
that V2, F(z*,U*, 1) is positive definite when 7 > 7. O



We now proceed to show that there exists a threshold value 79 > 0 such that for all
T > 70 the minimum of F(z,U*, 1) is a local minimum of (1.5). To this end, we need to
show that under our assumptions the so-called quadratic growth condition holds. According
to [3, Theorem 5.89], the quadratic growth condition holds under Assumption (i) if

V2, L(z*, U*) + H(z*,U*)

is positive definite over C(z*), where

1) = 22Dy W o le@)H 9D,
i.e. its ¢jth entry is
Hij = 2U o Cy(z)[C(2)]'Cj(x),5,5 = 1,...,n, (2.11)

where [C(z)]" denotes the Moore-Penrose inverse of C(x).
Lemma 9 V2 L(z*,U*) + H(x*,U*) is positive definite over C(x*).

Proof. Splitting the orthogonal matrix @ in the proof of Proposition 8 into Q = [E, E'|
with E and E’ correspond to I'y and I'g, respectively. From the definition of H;; (see (2.11)),
we have

Hij = 2vec(Cy(x*)) (BT ET @ C(a*)T)vec(Cj(z*))
= 2vec(Ci(z*))Tvec(C(z*)1C;(a*) ET, ET)
(Ci(*))T (ET1 @ C(x*)N)vee(Cj(«*)E)

= 2vec(C(x*)Ci(z*)ET 1) vec(C (z")E)
= 20y ® C(x%) vec(Cy(z*) E)) vec(C;(z*)E)
= 2vec(Cy(a")E T(F1®C( *)vee(Cj(z*)E)
= vec(Ci(z*)E)T Evec(C; () E),

= 2vec

where & = diag(&1,...,Em—r) with & = 2fyiET2_1E’T for i = 1,...,m — r. Therefore we
obtain

H(z*,U*) = [0(C(z*)E) /9z]T £0(C(z*)E) /0 = 0.

In view of Assumption (iv), the lemma follows. O
Let (z*;U*,7*) be a saddle point of the augmented Lagrangian over R” x 8™ x R.
Namely, it satisfies

F(z,U*,7) > F(2*,U*,7) > F(2*,U,7) forallz € R",U € S™. (2.12)

(Define F(z,U,0) = L(z,U).) It is easy to show that z* is a local minimum of (1.5) if (2.12)
is satisfied. The following Theorem is a special case of Rockafellar [17, Corollary 6.1] that
guarantees such a saddle point exists.

Theorem 10 Suppose (1.5) satisfies the quadratic growth condition. Let x* be a strict local
minimum of (1.5). Assume that x* satisfies Assumptions (i)- (iv) with U* as the Lagrange
multiplier. Then the global saddle point condition (2.12) holds for all T not less than a
threshold value 19 > T.



Based on this theorem, various augmented Lagrange methods can be developed to com-
pute (z*,U*), see for example [6, 9]. Our main interest now, however, is to analyze the
local rate of convergence for the general process (1.3)-(1.4) in the case of semidefinite opti-
mization. This is the task of the next section.

3 An augmented Lagrangian algorithm and its local conver-
gence

We present an augmented Lagrangian algorithm and analyze its rate of local convergence.
Algorithm

Step 0 Let 0 < 79 < 7. Set U% € S;t* and set k = 0.

Step 1 Compute z* so that

2% = argmin ern F(z, U*, 7)

Step 2 If U*C(2*) = 0, then stop (z* is a KKT point).
Step 3 Update U**! by

UM = U* 4 7V F(aF, UF, 1) = [UF — 7C(29)),.
Step 4 Set k:=k + 1 and go to step 1.

Theorem 11 Let assumptions (i)-(iv) hold. Then there exist § > 0, € > 0, 19 > 0 and
To with 19 < 71 < Ta, such that for any T € |11, 73] and for U € B(U*,J), the following
statements are true:

(a) There exists a unique vector & = &(U,T) such that VzF(&,U,7) =0, and

& = argmin zegn {F(z,U, 7)|z € B(z",€)}. (3.1)
(b) Denote My = My (2(U,7),U, 7). Assume that the inverse of

V2 F(&, M, T) —0C (U, )T /o
AU, 1) =
—%GC(i(U,T))T/ax— %Z —T_lfm2Xm2

is bounded for U in a neighborhood of U* and 7 is sufficiently large, where Z =
(vee(Zy), ...,vec(Zy)) with Z; = Lﬁ\}[(i(U,r),U,r)\ o Lyrw,n,u-)(Ci(2(U,7))). Then
the estimates

12 —a*| < er HU = U*|F,

10U =U*r <er U = U*||r
hold, where constant ¢ is independent of 7 and U = M, (&(U, 7),U, 7).

10



As pointed out by a referee, result (b) indicates that, as in the case of Augmented La-
grangian methods for standard nonlinear programs, the rate of local linear convergence can

be freely adjusted by increasing 7 — at the cost of possibly reducing the size of the domain
of local convergence.

Proof. (a) The existence of Z(U, 7) is a direct implication of the classical implicit func-
tion theorem applied to V,F(z,U,7) = 0 at (z*,U*, 1), just noting that V F(z*,U*, 1) =
V. L(z*, U*) = 0 because of Lemma 2, Proposition 4, and Assumption (ii) and noting that
V2,F(z*,U*,7) = 0 for large 7 due to Proposition 8. Now it follows from the implicit
function theorem, in a neighborhood of (U*,7), one has V,F(Z,U,7) = 0. By continuity of
V2,F(z,U,T), one also has V2, F(#,U,7) = 0. Thus, (3.1) holds.

Now we prove (b). Let us differentiate (3.3) and (3.4) with respect to U and 77!, yielding

A A oz (U,
V2, F (&, M, ,7) _0c(@)T 0z | | Ve 2U.7) IR
+
300 /05 =32~ prms | | Vigyvee (M) 25l
0 0
+ —0,

T VWyecwyvee (M) lomawry  —Mi + grryveelr™ My]|o—awm)

where Z = (vec(Z1),...,vec(Zn)) with Zi = Ly © Lv@ws.un (Ci@(U, 7).
From Proposition 7, we choose ¢ sufficiently small such that U — 7C(&(U, 7)) being nonsin-
gular. Then we obtain

Vvecwyvee (My) [o=sU,r) = Im2xm2/2 + E/2,

where € = {vec(&; ;) |1 <4,j < m} satisfies

V(U = 7C(&(U,7)))*E + &5/ (U — 7C@(U, 7)) =
(U —-7C(z(U, T)))eief + el-e;‘.F(U —7C(2(U,1))).

Let G(U,7) = 0/0(t~ ) vec[r "My (z, U, 7)]|;=2(v.+)- Then

GWU,7)=  1/2vec(U) +
+1/2 <Im ©\/(7 U = C@(U, 7)) +/(r U - Ca(U, 7)) @ Im>1 x

x (I ® (71U = C(&(U, 7)) + (71U = C(&(U, 7)) @ Ly ) vee(U).

Now we estimate the bound of G(U,7) under the condition that 7= U — C(£(U, 7)) has an
inverse and its inverse is bounded. Let ®(Y) = |Y|.

G(U,7) = vec(U)/2 + vec ®'(Y,U) /2,

11



with Y = 771U — C(2(U, 7)). In view of Lemma 6,

GU,7) = vec(U)/2+ (1/2)I|Y|+ Y| )M IQY +Y @ I)vec(U)

)+ @ 2I|Y|+Y|eD) Mo Y - Y]+ (Y —|Y|) @ I)vec(U)
)= Y|+ Y| ' I [-Y]+ [-Y]y @ Ivec(U)

(

— (@ Y[+[V]|® ) vee([-Y]+U + U[=Y]4),

<

ec
U

= vec(U

= vec

~— — ~— ~—

and it follows from [-Y*]; = C(z*) and C(z*)U* = U*C(z*) = 0 that

[vee([=Y14U + U[-Y]y)|
= | (-Yh - Y1) U -U + U - U (Y] = [V +

Y (U= U + (U = U=V +

+([=Y]y = Y U+ U (=Y ]y = [V |
< 2[-Y]s = Y Ll U - Ul +

+2 =Yg U = U e + 200 [0 =Y ] = Y4l
< 2007l + U = U e) I=Y14 = [=Y L4 llr +

+2C(")|l|lU = Ul

< 20|07l + U = U [#) =] = [=Y "] o + 2C@) | 1T = U]l
Since C'is Lipschitz continuous at z*, we have ||C(z(U, 1)) — C(z*)|| < c1||2(U, 7) —2*|| and

Y =Y*lr = |1V = C@U, 7))~ (r'U* = C(a"))llr
U = U'|lF +all2(U, ) - 27|

IN

Therefore,
lvec([=Y]+U + U[=Y])|l < @ U = U*|lp + U = U*|lp + <l @(U, ) — 27,
where ¢o = 2(||U*||r + 9), <3 = 2||C(z")||r and <4 = 152 and

lvec[M. (U, 7) = G(U, )]

1My (U, 7) = G(U, )l

1M (U, ) = Ullp + Bollvec([=Y]+U + U[=Y]4)|

1My (U, 7) = Ullp + Bolsar U = U¥[lp + 3|U = U*[lp + <all2(U, 7) — 2],

<
<

where 3y is a bound of ||(I®|Y|+|Y|®I)~!| for U in a neighborhood of U* and and 7 > 9
sufficiently large.

Similar to the proof of the positive definiteness of V2, F(x*,U*,7) in Proposition 8, we can
prove that the Schur complement of —7 11 >.,.» in A(U, ), namely

V2F(3(U, 1), My (U, 7)) + %T@C(:&(U, N /0200 U, ) Joz + 2),

is positive definite. Thus, A(U,7) is nonsingular for U in a neighborhood of U* and 7 >
7o sufficiently large. Let (from the assumption in (b)) u be a bound of ||A(U,7)~!|| for

12



U, 7) e {U||U-U*|| <6} x [F(1+67)"1,7(1 — 67)7!] (we can choose 7 large enough
and § > 0 small enough if necessary). We have for all (U, 7), such that ||[U — U*|| < 6 and
€ [F(1+67)7 1, 7(1 —67)7",

WU 7) =2 #(U,7) - #(U*,27)
vec(M, (U, 1) — U*) vee(M. (U, 7) — M (U*,27))
- /1 [ vgeC(U)A(U(a)’T(a)) 02(U (), 7(a)) /0T ] da [VeC(U — U*)]
VveC(U)VeCM+(U( a), () 8V6(:M+ Ula),r(a)) /071 12
0 N 0 N vec(U — U™)
/ AU o)™ I+ EU(a), () Mi(U(a),7(a)) —G(U(a)m(a))] d { T 1/2 }

where U(a) = U* + (U — U*) and 7(a) = 2(1 + o)~ !7. Therefore,
(l2(U,7) = 2*||* + | M (U, 7) — U*H%)WA
< plbr U = U lF + (771 /2) onax [[My(U(a), 7(e) — G(U(a), 7(a))llr]
< plbr U = U lp + (771 /2) Ofgnggl(HMJr(U(a)vT(a)) —U'lr +
HU() = Ul + Bolsar MU () = Ullr + s3l|U(@) = U™l + sall#(U (@), 7(a) = 27]))]
<or MU = U*|lp + (1/2)77 gax (M (U(e), (@) = Urllr + sall2(Ua), 7(a)) — 27,

where 31 is a bound of (1/2)(I+&(U(a), 7())) and o = pB1+1/2-+(1/2)Bosz+(1/2)Bosaro !
Since

max{|2(U(a), 7(a)) —&*||p, |Mi(U(a), 7(a)) = U*[|r}

< o U= Ul + (1/2)r " ma (1M (U @), 7(am) = U [lp +
+<4rm< o), 7(oy)) — 2|
< o U= Ul a (1M (UG) 7)) = Ulle 4+ sall#U (), 7)) = 7l

we have that

(14 <)o U —-U*|p
1—Q+e)rt/2 7

max [[|M (U(a), 7(0)) = U*|[r + sl #(U(a), 7(a)) — 27| <

0<a<l

which leads to

. . /2 _ (1+c)ort
Ut)—a*||> + |My(U,7) - U*|? <r HYu-u* . 3.5
(I8@07) = @I + IV U 7) = U"7) < 70 = Ul =y e (39)
We assume, without loss of generality, that (1 +¢4)79~! < 1, then
(1+a)or! 1
<(1
2—(1+q)r—t — (1+<a)emo

for 7 € [r1, 7o) with 7y = 7(1+67) 7! > g and 75 = 7(1 — 5?)*1; Let c= (1+¢4)om0~ !, then
the inequalities of (b) come from (3.5) with £ = (U, 7) and U = M4 (U, 7). The proof of
(b) is therefore completed. O
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