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Abstract

Based on a formula of Tseng, we show that the squared norm of the matrix-valued
Fischer-Burmeister function has a Lipschitz continuous gradient.

1 Introduction

Active research have been done on the use of merit functions to solve nonlinear complemen-
tarity problem (NCP) and the solution methods thus developed, such as the Newton-type
methods based on the Fischer-Burmeister function (FB function), appear to be effective.
Motivated by these developments, Tseng [3] studied the extension of merit functions for
NCP to its (symmetric) matrix-valued counterpart, the merit functions for the semidefi-
nite complementarity problem (SDCP). In particular, he proved the differentiability of the
squared norm of the FB function over the space of n x n symmetric matrices. However,
it remains open whether the gradient function is continuous or is furthermore Lipschitz
continuous, which are crucial from the algorithmic point of view. The same problems arise
in the study of certain optimization algorithms over the Lorenz cone. Recently, Chen and
Tseng [1] showed the continuous differentiability of the squared norm of the FB function
for the Lorenz cone case. In this note, we show the Lipschtiz continuity of the gradient for
the matrix case.

Let S™ C ™" denote the set of symmetric matrices of dimension n and S7 (S7,) the
set of symmetric positive semidefinite (symmetric positive definite) matrices of dimension
n. For X € S" let \;(X) be the i eigenvalue of X with A\;(X) > ... > \,(X). Given

X € ™" X;; denotes the entry of X at the (4, j) position and || - || : R™*" — R, stands
for the Frobenius norm for matrices, ie. || X| = [, ; X2]"/%. A matrix P € R"*" is said
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to be orthogonal if PP = I,,, where I, is the identity matrix in ®"*". Also for X € S,
X172 denotes its nonnegative square root. For X; € S™, i = 1,...,k, diag(Xy,..., X))
is the block diagonal square matrix with X; as its i"* diagonal block. In what follows,
we will use “O(t)” (respectively, “o(t)”) as a shorthand to denote an element of S™ that
depends on t and whose norm tends to 0 at least as far as (respectively, faster than) t, i.e.,
lim sup,_, [|O(%)||/t < oo (respectively, limsup,_, ||o(t)]|/t = 0).

2 Preliminaries

Definition 2.1 The Fischer-Burmeister function (FB function) for SDCP is the function
®: 9" x " — S" defined by P(X,Y) = (X2 +Y?)V2 — (X +Y).

The squared norm of the FB function for SDCP is the function ¥ : S™ x S™ — R defined
by U(X,Y) = 3]| (X, Y)]?

It was shown in [3] that U is differentiable on S™ x S™ and a formula for its derivative with
respect to X and Y was given. We will now elaborate more on the relevant results in that
paper which we will use here.

First, for C € S, let Sc denotes the subspace of S™ comprising those X € S™ whose
nullspace contains the nullspace of C. It is readily seen that

Sc = {X € 5" . PXPT = diag(X,0) for some submatrix X € Sm} , (1)
for any P orthogonal matrix of dimension n and I C {1,...,n} such that
PCPT = diag (C,0),

where C € Sﬂr

Define the linear mapping L¢ : So — Sc¢ by Lo(X) := CX + XC, where X € S¢. It can
be seen that L is positive definite on S¢ and so has an inverse £5' on S¢, that is, for
any X € Sg, L5'(X) is the unique U € S¢ satisfying CU + UC = X. Lz' can be further
obtained in closed form by choosing P so that C is diagonal, so that

(Xi;/(Cii + Cjj))iger 0

L3 (X)=PT 0 0

P, (2)
where X is given in (1).
It was shown in [3, Lemma 6.3(b)] that ¥ is differentiable at every (X,Y) € S™ x S™, with

VxU(X,Y)=sym(L:'(C— X —Y)(X - O)), (3)
VyVU(X,Y) =sym(L;H(C - X = Y)Y —C)),

where C':= (X% +Y?)Y/2 and sym(-) is defined by sym(D) := D + DT for D € R*". Note
that £5' acting on C — X — Y is well defined since X,Y € Se.



It is easy to see that
1
U(X,)Y) = 5[Trame()@ +Y?) — 2Trace((X? 4+ YHY3(X +Y)) + Trace((X + Y)?)]. (4)

Since Trace(X? + Y?) and Trace((X + Y)?) are infinitely differentiable, to show ¥(X,Y)
has derivatives that are locally Lipschitz continuous, we need only show that the derivatives
of

F(X,Y) := Trace((X? + Y)V2(X +Y))

are locally Lipschitz continuous. In fact, we shall show that they are globally Lipschitz
continuous.
By (4) and (3), we have

VxF(X,Y)= (X2 4+ Y)YV 4 LMX + V)X + XL X +Y)

(VyF(X,Y) is given by a similar formula). We will concentrate on showing Vx F(X,Y)
is globally Lipschitz continuous over S™ x S™. The same analysis applies to Vy F/(X,Y).
Since (X2+4Y?2)1/2 is globally Lipschitz continuous [2], we need only show that L5 (X +Y)X
is globally Lipschitz continuous. A similar analysis can be made for X£5'(X +Y).
Observe that, given any (X,Y) € S"x S", C = (X2+Y?)1/2 is not necessarily nonsingular.
Hence, to make analysis simpler, we will look at a “smoothed” C, C.(X,Y) := (X2 +Y? +
el)'/? where ¢ > 0. Observe that C.(X,Y) is positive definite for all ¢ > 0. Hence
Sc.x,y)y = S" and L¢,(x,y) is positive definite on S™.

Given (X1,Y1),(X,,Y3) € S" x S we want to show that |!E63<x1,y1>(X1 +Y)X; —
ﬁg‘j(xg,yg)()@ +Yo) Xo|| < L(]| Xy — Xz + ||Y1 — Ya]|), where L is independent of e. Taking

limit as e approaches zero, we then show that £5'(X+Y)X is globally Lipschitz continuous.
For simplicity of notation, let

G(X,Y) 1= L5 ) (X +Y)X.

3 The proof

Lemma 3.1 Let W € S™ be such that C.(X,Y)2 + W € ST. Let Z := (C(X,Y)* +
W)'2 — C(X,Y). Then Z = L x (W) +o(|W])).

Proof. We have C(X,Y) + Z = (C(X,Y)? + W)Y2 Therefore, (C.(X,Y) + Z)> =
C(X,Y)?> + W. Hence, Z? + C(X,Y)Z + ZC.(X,Y) = W. Thus, we have W =
Lc.(xy)(Z) + Z*. The result then follows by the Inverse Function Theorem. QED

Note that the proof of Lemma 3.1 above follows the idea of the proof of Lemma 6.2 in [3].
Using Lemma 3.1, we compute (G.)x and (G.)} in the following lemma.



Lemma 3.2 Given U,V € S™,
(GIx(X,Y)WU = LlxyyX+Y)U+
E(_Jel(x,y) U — Sym(ﬁ(ll(x,y)(X +Y)L x (XU + UX)X,
Gy (X, Y)V = EE‘S(X,Y) V- Sym(ﬁaj(x,y) (X + Y)ﬁal(x,y)(yv +VY)IX.
Proof. Given U € S™, one has
G(X+UY) =L xy)y z(X +U+Y)X +U),
where
C(X,Y)+2Z = (X+UP+Y*+eD)'/?
= (X4 XUHUX+U?+Y? +el)'?
= (C(X, V)2 + XU +UX 4+ U*)V2,
Setting W = XU + UX + U? in Lemma 3.1, there holds

Z = L5}y (XU +UX) + o(|U])). 5)
Thus Z — 0as U — 0 and Z = O(||U||). Let
g:= ‘CEEI(X,Y)(X +Y) and g+ h:= EE’S(X,Y)—}—Z(X +U+Y). (6)

We will now express h in terms of g, U, Z and C(X,Y). By (6),
9C(X,Y)+C(X,Y)g = X+Y and (g+h)(Cex,y)+2)+(C(X,Y)+Z)(g+h) = X+U+Y.
Together, we have L¢, (xy)(h) =U — gZ — Zg — hZ — Zh. Therefore,

h = £(j;l()(,y)(U —9Z —7g) — £(j;l()(,y)(hz + Zh). (7)
Now, observe that using (5), we have from (7), ||| tends to zero as ||U|| tends to zero. This
together with (5) implies that hZ + Zh = o(||Z||) = o(||U]||). Hence, we have ﬁEj(X,Y)(hZ"‘
Zh) = o(||U]|) and

h = CB}(X,Y)(U —9Z — Zg) +o(|U]]).

Consider G(X + U,Y) — G(X,Y). We have

G(X+U,Y) -G (X,Y)
= LilxmzXFU+Y)X +U) = LG5y (X +Y)X
(g+h)(X+U)—gX
gX +gU+h(X +U)—gX
U + (L& (U = 9Z — Zg) + o(|UI)) (X +U)
= Lg 1XY)(X+Y)U+
Le 1xy)[ —sym(Le x vy (X +Y)LE 3 (XU +UX)) + o(JIUNIX + V)
+0(||U||)(X+U)
X YU + L5 ) [U = sym(L5 vy (X + V)L 53 (XU + UX)) X+

This proves the formula of (G.)x(X,Y)U. By similar argument, we can prove the formula

of (G.)y(X,Y)V. QED



Lemma 3.3 ForanyU,V € S™, ||£CE(XY (X < o||V|, ||£CE(XY (XU+UX)|| < 8||U|

and ||LS elX,Y) (X +Y)| <7, where a,, B and v are positive constants independent of € > 0
and X,Y € S™.

Proof. First, let P be an orthogonal matrix such that PCPT = dlag(é’ 0) where C =
diag(Ai(C), ..., An(C)) € ST, Therefore, PXPT = dlag(X 0) and PYPT = diag(Y,0)

where X, Y € S™. Also, PC.(X,Y)PT = diag(\/M(C)2 + ¢, ..., /An(C)2 + €, /e ..., \/e).

Consider L’aj( xy)(V)X. We have

v
+ AJ(CE(Xa Y))]

P,

1<i<n,1<j<n

Lol (V) =F' [Ma(x, Y))

where PVPT =V, by (2).

It can be easily seen that

Eaj(x,y)(V)X =P

(i Vit Xk;
i AN(C(X,Y)) + A(C(X,Y))

Iy e

For1<k<m,1<i<n,1<7<m,

X ‘ - | X
ANi(Ce(X,Y)) + M(Ce(X,Y)) | 7 M(Ce(X,Y))
_ |ij|
)\k(C)Q +e€
| X
< <1,
- a(0) T

Where Lhe last inequality, which is independent of € and X, Y € 5", follows since M(C)? =
(Xk;j + Yk:j)

Therefore we have ||£C xyv)y (V)X < af[V]|, where a is a positive constant independent

of e and X,Y € S” A value for « is n?.

Next, consider £ (xy)(XU + UX). We have

Sy (XU + Ui Xiy)
(C(X,Y)) + M(C(X,Y))

LolxyyXU+UX) = PT l T P.

Iy e

Here,)zkzykj:(),form—klSign,m—i—lgjgn.
For1<k<m,1<i<m,1< 75 <m,as above,

Xik

ij
’ /\Z(Ce(Xv Y)) + )‘j(CE(Xa Y))

<1




independent of € > 0 and X,Y € S™. Therefore, ||£E'61(X,Y)(XU +UX)| < B||U||, where g
is a positive constant independent of € and X,Y € S™. A value for 3 is 2n?.

Similarly, Hﬁ(jj( xy)(X +Y)| <, where 7 is a positive constant independent of € > 0 and
X,Y € S™. A value for v is 2n?. QED

Theorem 3.1 L;'(X +Y)X is globally Lipschitz continuous for all (X,Y) € S™ x S™.
Proof. We first consider G.(X,Y) = ‘CE’S(X,Y)(X +Y)X. Let U,V € S™. We have
G(X+UY+V)=G(X,)Y) = G(X+U, Y +V)-G (X, Y +V)+G (X, Y +V) -G (X,Y).

It is clear that (G)’y is continuous with respect to X, therefore, by the Mean Value
Theorem,

1
GAX +UY +V) = GX,Y +V) = / (G (X +tU,Y + V)Udt.
0

Now,

(Ge)lx()f +tU,Y +V)U = EE‘S(XthU,YJer (X +tU+Y + VYU + LG x poy 4 U~
sYM(Le, x iy vy (X U +Y + V)L iy 1) (X +E0)U + U(X +tU))|(X + tU).

By Lemma 3.3, each of the terms on the right hand side of the above equation is bounded by
a constant multiplied by ||U]|, where the constant is independent of € > 0, X, Y, U,V € 5"
and t € [0,1]. Therefore, |G (X + U, Y +V) — G(X,Y + V)| < L1||U|| where L; is
independent of € > 0, X, Y, U, and V.

By similar argument, we also have ||G(X,Y + V) — G(X,Y)| < Ly||V| where Lq is
independent of ¢ > 0, X, Y, U,V € S™.

Hence, letting € approaches zero in |G (X +U,Y + V) = G (X, Y)| < L1 ||U|| + L2||V ||, we
then show that £5'(X + Y)X is globally Lipschitz continuous for all (X,Y) € S™ x S™.
QED

We have shown that VxF(X,Y) is globally Lipschitz continuous over S™ x S™, which
implies the (local) Lipschitz continuity of the gradient of W(X,Y'), the squared norm of the
matrix-valued F-B function.
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