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Abstract

By using a smoothing function, the linear complementarity problem (LCP) can be
reformulated as a parameterized smooth equation. A Newton method with a projection-
type testing procedure is proposed to solve this equation. We show that, for the LCP
with a sufficient matrix, the iteration sequence generated by the proposed algorithm is
bounded as long as the LCP has a solution. This assumption is weaker than the ones
used in most existing smoothing algorithms. Moreover, we show that the proposed
algorithm can find a maximally complementary solution to the LCP in a finite number

of iterations.
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1 Introduction

Given a matrix M € R™ " and a vector ¢ € R", the linear complementarity problem
(LCP), denoted by LCP(M, q), is to find a vector (z,s) € R*" such that

(,5) >0, s=Mz+gq, and zTs=0.

Throughout this paper, the feasible set and solution set of LCP(M, q) are denoted respec-
tively by F and S, i.e.,

F={(z,s) eR*":s=Mz+q} and S:={(z,s)€F:(2,5)>0andz’s =0},
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where “:=” means “is defined as”. We suppose in this paper that the matrix M is a
sufficient matrix. Let Z := {1,2,...,n} and let u; be the i-th component of a vector u. A

matrix M € R"*" is said to be column sufficient if for all x € R™
xZ(Mx)Z <0, 1€1 - xZ(Mx)Z =0

and row sufficient if M" is column sufficient. M is said to be sufficient if it is both column
and row sufficient. Véliaho [29] proved that the class of sufficient matrices coincides with
the class of P,-matrices. A matrix M is called a P,-matrix if there exists a nonnegative

number s such that

(1+4r) > axi(Mz);+ > xi(Mz); >0, VoeR", (1.1)
€Ly (2) i€Z_(z)

where
I (x)={i€eZl:x;(Mzx); >0} and Z_(z):={ieZ:x;(Mzx); <0}

The set of all matrices satisfying (1.1) is denoted by Pi(k) so that P, = Ug>0Px(k). Ob-
viously, P,(0) is the set of positive semidefinite matrices. Some results in this paper in-
volves the class of Py matrices. A matrix M is called a Py-matrix if for any x € R™ with
x # 0, there exists an index i such that x; # 0 and z;(M=x); > 0. It is easily seen that
P.(0) C P.(k) C P, C Py for all Kk > 0. More detailed discussions on sufficient and Py
matrices can be found in the award-winning books of Cottle, Pang, and Stone [11] and
Kojima, Megiddo, Noma, and Yoshise [23].

It is well known that LCP(M, q) can be reformulated as a nonsmooth equation involving
a smoothing parameter p. Instead of solving the original LCP(M, ¢), one solves the parame-

terized equation by a Newton method that iteratively finds a solution of the equation while



gradually reducing p to zero. This is the so-called smoothing Newton methods or non-
interior continuation methods. In the following we simply call them smoothing algorithms.
Smoothing algorithms can start from an arbitrary point and generally do not require the
intermediate iteration points to be positive. As a result, they are very flexible for numerical
implementation. It has been demonstrated that some smoothing algorithms are very effi-
cient [2, 12, 13]. Up to now, a large number of smoothing algorithms have been presented
for solving various optimization problems, e.g., [3, 4, 5, 6, 8, 7, 12, 13, 18, 19, 22, 26, 28].
However, most smoothing algorithms require that the solution set of the LCP be nonempty
and bounded, a rather strong condition (Often, this condition is not explicitly stated but
is implied by some other conditions, see some discussions in [17]). Moreover, a Jacobian
non-singularity condition is also required in most smoothing algorithms. Such an assump-
tion implies that the solution set of the problem consists of a single element if the matrix

M is a Py matrix.

An iteration method (including the smoothing algorithm) usually generates an infinite
iteration sequence converging to a solution of the problem. From both the theoretical and
practical points of view, however, it is interesting and important to find a solution in a
finite number of iterations. In fact, some algorithms in linear programming [24, 30], in
the complementarity problem [1, 14, 15, 20, 21, 32], and in the box constrained variational
inequality problem [9] have this property. Our objective is to develop a smoothing algorithm
for solving the LCP with a sufficient matrix in a finite number of iterations. Compared
to other smoothing algorithms with the finite termination property [9, 14, 20, 32], the
condition used in our paper is much weaker, namely we only require that S be nonempty
rather than that i) S be nonempty and bounded and ii) the generalized Jacobian of the
smoothing equation be nonsingular on S and/or the solution be strictly complementary.
In our smoothing algorithm, a projection-type testing procedure is included. This testing
procedure is a key for us to obtain the finite termination of the algorithm under the weaker

condition.

Throughout this paper, we use the following assumption:

Assumption 1.1 The solution set of LCP(M,q) is nonempty, i.e., S # 0.

We consider LCP(M, q) with M being a sufficient matrix. Under Assumption 1.1 we will

show the following results:

e The iteration sequence generated by the proposed algorithm is bounded.



e The algorithm can find a maximally complementary solution to LCP(M, ¢) in a finite

number of iterations.

To the best of our knowledge, the above convergence properties have not been shown to be

simultaneously satisfied by any existing smoothing algorithms.

The paper is organized as follows. In the next section, we introduce a smoothing function
and present some preliminary results. In Section 3, we propose a smoothing algorithm and
prove some basic results. The convergence properties of the algorithm are discussed in

Section 4. We give some final remarks in Section 5.

We assume that all vectors are column vectors. The subscript 1" denotes the transpose.
R (respectively, R} , ) denotes the nonnegative (respectively, positive) orthant in R". As
mentioned before, we denote Z = {1,2,...,n}. For any vector u, we denote by wu; the ith
component of u and by u” the k-th iterate of u. For any subset C of Z, we use uc to stand for
the vector obtained by removing from u those u; with i ¢ C. We denote by |lu|| the 2-norm
of u. For any vectors u,v € R", we write (u?,v?)T as (u,v) for simplicity and denote by
min{u, v} the vector whose i-th component is min{u;,v;}. We denote by R"*" the space of
n x n real matrices. For any A € R"*™ and C, L C Z, we denote by A¢, the submatrix of
A obtained by removing all rows of A with indices outside of C and removing all columns
of A with indices outside of £. Also, we denote |[A| = max,cpn =1 [[Aul|. We denote
by dist((u,v),S) the Euclidean distance of the vector (u,v) € R?" to the solution set S of
LCP(M,q), i.e.,

diSt((’U,,’U),S) = inf H(u,v) - (.’IJ,S)H
(z,5)€S

E denotes the n x n identity matrix. While k denotes the iteration index, the set of all

iteration indices is written as K, i.e., K :={0,1,2,...}.

2 The Smoothing Reformulation and Its Properties

It is evident that smoothing functions play a very important role in the smoothing
algorithms. Many smoothing functions have been proposed in the literature. In this paper

we introduce the following smoothing function:

o1, ,8) = (1+ p)(a+ ) — /(1 — w)%(a — )% + 4y, (2.2)

where (11, a,b) € R3. Then it is easy to see that the function ¢ is continuously differentiable

at any (p,a,b) € R with g > 0. Another fundamental property of the smoothing function



is as follows.

Proposition 2.1 For any (p,a,b,c) €e R x R x R xR, if p € R4y then

1 1 1 1
o(p,a,b) =c <= a+,ub—§c>0, ,ua+b—§c>0, and (a+,ub—§c)(,ua+b—§c):u.

Proof. For any (u,a,b,c) € R x R x R x R with € Ry, one has

P(p,a,b) =c
<:>(1+u)(a+b)—\/(1—M)2(a—b)2+4,u—c:0

1 1 1 1.2
= (a+ub—§c) + (,ua—i—b—§c) :\/{(a+ub—§c)—(ua+b—§c)] +4p

1 1 1 1
<:>a+,ub—§c>0, ,ua+b—§c>0, and <a+,ub—§c> <ua+b—§c> = L.

a
For any (z,s) € R2", let
i
H(p,x,s) := , 2.3
(.2,5) F(M’x’s)] (23)
where
— Mz —
Flus):=| ¢ (2.4)
O(u,z,s)
with
¢(M7x17 81)
Sgnws)=| | (25)
¢(M7x7h Sn)
From (2.2), it is easy to see that
#(0,a,b) =0 <= a>0,b>0, ab=0.
Thus, by (2.3), (2.4), and (2.5) we have
H(p,z,5)=0 <= p=0 and (z,s) solves LCP(M,q). (2.6)

This demonstrates that we can solve LCP(M, ¢) by using the following approach: reformu-
late LCP(M, q) as a system of smooth equations H(u,z,s) = 0 and then iteratively solve

this equation for a root.



The following two propositions describe the basic properties of the smoothing equation
H(u,z,s) = 0. We omit their proofs since the propositions can be obtained in a similar
way to [18, Theorems 2.1, 2.2, and Lemma 3.1].

Proposition 2.2 Suppose that M is a Py-matriz. Let
P = {(x,s) € R*": F(u,z,5) =0 where u > 0}.

Then the following results hold.

o The path P exists. The trajactory (z(pn),s(pn)) € P is continuous in p on (0,00).
o Let {u} be a sequence of positive numbers converging to 0 and let (x(ug), s(ug)) € P.

If (x(pg), s(pr)) converges to a point (x*,s*), then (x*,s*) solves LCP(M,q).

In the following we use vec{u; : i € T} to denote the vector u, and use diag{u; : i € Z} to

denote the diagonal matrix whose i-th diagonal element is u,;.

Proposition 2.3 Let H' denote the Jacobian of the function H defined by (2.3), i.e.,

1 0 0
H' (p,z,8) = 0 -M E ) (2.7)
z+s—d, 1+p)E—-D, (14+p)E—Ds

where E denotes the n x n identity matrix, and

. —(1— Ti;—84 2 2 .
d, :=vec{(d,); : i € T}, where (d,,); = \/((1—;)2((%—51-))2:4;1 i€z,
D, = diag{(dy); :i € T},  where (d,); = —=1=p@i—s1) i€,

\/(1—M)2(920i—8i)2+4u’
—(—p) (wi—s4) ieT.

D, = diag{(ds); : i € T}, where (ds); (T E

If M is a Py-matriz, then H' is non-singular at any point (p, z,s) € R72" with u > 0.
H H

3 The Smoothing Algorithm

We will use the following simplified notations

2= (u,z,s) and zF:= (u, 2" %), VkeKk.

Algorithm 3.1 (A Smoothing Algorithm)



Step 1 Choose 1,0,0 € (0,1). Let 2° € R" be an arbitrary vector and py > 0 be the

initial parameter. Set s° := Mz° + q and 2° := (ug,2°,s°). Choose 3 > 1 such that
| H ()| < Buo. Set €® :=(1,0,...,0)T € R*2" and k := 0.

Step 2 If ur > n, then go to Step 3; otherwise, define three sets

Bt = {ieTI: af> yuand sk < yug},
NF {ieT: 2F < ¥pugpand s¥ > yur}, (3.8)
Tk = {ieT: oF < yup, and sF < Jur}.

IfBEUN*UTE £T or BFUNF =0, then go to Step 3; otherwise, let (Zgk,3pk) be

the solution of the following projection subproblem

min R xl;gk
TRk Sk SNk S.I/{“\/’k
_MB’“B’“ EB’“N’“ qu (39)
. Tk
subject to —M kg Epnepe ( B ) =1 qu=
SNk
~Mzege  Ezrpk g7k
If (Zgr, 50%) > 0, then stop; otherwise go to Step 3.
Step 3 Compute AzF := (Auy, Axk, AsF) € R x R x R by
H(Z") + H'(25)A28 = (1/8)| H ("), (3.10)
Step 4 Let A, be the mazimum of the values 1,6,82,--- such that
1H (2% + M AZP) | < [L = o (1= 1/B)N] | H (5)]]- (3.11)

Step 5 Set 2F*1 = 2K + N\ AZF and k= k+ 1. If |H(z*)| = 0, stop; otherwise, go to
Step 2.

Remark 3.2

(i) Algorithm 3.1 is a revised version of Algorithm 3.1 in [18] in the sense that if Step 2
is removed from Algorithm 3.1, then the remainder of Algorithm 3.1 is quite similar
to the corrector step of Algorithm 3.1 in [18].
(ii) From the first equation of (3.10) it follows that
pr1 = i+ M Apg = (1= )+ Ae(1/B)|H ()| >0, (3.12)

which implies that p, > 0 for all k € K.



(i4i) By Proposition 2.3 and the result (ii) above we know that H'(z*) is non-singular,
which tmplies that Step & is well defined. Hence, to show that Algorithm 3.1 is well
defined, it suffices to show that the line search (3.11) is well defined. To this end, let

rf(a) == H(ZF + aAZF) — H(ZF) — aH'(Z2F)AZF.

Since H is continuously differentiable at any z == (p,x,s) € R1FT2" with p > 0, we
have that ||r*()|| = o(a). Then by (3.10), we obtain

HH(zk + aAzk)H = Hrk(a + H(zk) -+ aH’(zk)AzkH
< @)l + 11— a(t = 1/8)]H(Z"))

= o(a) +[1—a(l - 1/B)H (M), (3.13)

)
)

which shows that the line search (3.11) is well defined.

(iv) Step 2 is a projection-type testing procedure. From Algorithm 3.1, it is not difficult to

see that if Algorithm 3.1 terminates at Step 2 for some iteration index kg > 0, then

(%,3) = ((jgao,o,o), (0, gﬁgko,o)) R xR

is a solution to LCP (M,q).

The following lemma discribes some properties of the iteration sequence generated by

Algorithm 3.1, which will be used in our analysis later.

Lemma 3.3 Let the sequence {z*} be generated by Algorithm 3.1. Then the following
results hold.

(i) The sequence {||H(z*)|} is monotonically decreasing.
(ii) 2 € Qi={2 € R xR"x R : (z,5) € F and ||H(2)| < Bu} for all k € K.

(iii) The sequence {ug} is monotonically decreasing.

Proof.
(i) By (3.11) the result is obvious.

(ii) From the choice of the initial point we know that 20 € Q. Assume that z¥ € Q, we
will prove that 2+ € . Combining (3.10) and the fact that (z¥,s*) € F, it follows that



(zF+1, s¥1) € F. On the other hand, we have

P = (BIHETD] = = Aut + M/B)IHE — (1/8) | H )
> (1/BHEI = [H D)
> 0,

where the equality follows from (3.12); the first inequality from the assumption, i.e., u* >
(1/8)||H(2%)|; and the last inequality from the above result (i).

(iii) Combining (3.12) and the above result (ii), we have
P = (1= A)u” + N/ B)H R < (1= Mp® + Mo = 4P,

which implies that {ux} is monotonically decreasing. The proof is completed. |

4 Convergence of Algorithm 3.1

We will show that Algorithm 3.1 can find a maximally complementary solution of
LCP(M,q) in a finite number of iterations. However, since the analysis of maximal com-
plementarity and the finite convergence heavily depend on the asymptotic property of the
iterates, we divided the analysis into three subsections. In the first two subsections, we as-
sume that Step 2 of the algorithm is skipped at each iteration, so the algorithm will generate
an infinite sequence. Equipped with the properties of this “nonstop” algorithm, we then
proceed to show the maximal complementarity and the finite convergence of Algorithm 3.1

in the third subsection.

4.1 Global Convergence of the Nonstop Algorithm

Assuming that Step 2 of the algorithm is skipped at each iteration, which is from now
on called the nonstop algorithm, we first investigate the boundedness of iteration sequence

generated by such an algorithm.
Lemma 4.1 Suppose that M is a sufficient matriz. Let the sequence {zk} be generated
by the nonstop algorithm. If Assumption 1.1 holds, then the iteration sequence {z*} is

bounded.

Proof. Since Assumption 1.1 holds, there exists a point (z*,s*) € S.



Firstly, by Lemma 3.3(iii) we obtain that the sequence {uy} is bounded.

Secondly, we prove that the sequence {x*} is bounded. Assume that the sequence {z*}

is unbounded, we will derive a contradiction. By using Lemma 3.3(ii) we have
sf=MzF+q, Vkek (4.14)
and
VG < B Yk € K. (4.15)

Thus, by (2.3), (4.14), and (4.15) we have
1@(F)| < /8% — L, VkEK. (4.16)

Construct a sequence {I'*} by

1
.= ﬁé(uk,xk,sk), Vk e K. (4.17)

Then (4.16) and (4.17) imply that ||T*|] < /8% — 1 for all k € K, so the sequence {T'*} is

uniformly bounded. Now, we construct another sequence {(&*, %)} by
1 1
k= 2k 4 st — §Hk;rk and &% := s + ppa® — iukfk, Vk € K. (4.18)

Then, by using Proposition 2.1, we have

>0, >0 and iFsF= ., VieI Vkek. (4.19)
Since, for any k € IC,
T %Mkfk,
F—s* = - - %ukfk = M(mk —z*) + ppat — %,ukfk,

(:Ack . ;C*)T(§k . S*)

1
— (xk _ x*)TM(.%'k _ .%'*) + (xk _ x*)T(kak _ iﬂkrk)

1 . 1
e (Ma* +q) = Spl™)T (M (2" — 27) + pa® — SpuT™)

(% —a*)T M (2" — 2*) + | Ma®|* + i (") Ma® + pg (e, *)

> xS (b al) (Mt Ma)— g S (M)t (o)
i€l (xk—a*) i€l (xk)
i€l (zh—a*) i€l (zF)

10



where the inequality follows from (1.1) and the function g is defined by

* 1 |
9, ") = (" =)@t = 5T 4 (Maf) (~Ma” = 5T%)
1 . 1
+(q — Erk)T(M(xk —2*) + ppa® — §ukfk). (4.21)

By (4.18) we obtain that, for any ¢ € Z and any k € K,

1 1
= (2F + st — §Mkrf)(uk$f +sF - §Mkrf)
1 1
= (@) + (L + pd)ab st + pu(sF)? - 5(1 + ) DF (2F + s¥) + ZM%(FZ‘W

1
> (1+ pp)afs; — —(1+Mk)uk;r (af + (Ma* + q);),

i.e.,
~k ok
k k Z;5; (1 + pg) ok
xist < F(l" +(M$ +q)i)
v Lt pg o 201+ p3)
Pk (1+Mk),uk By k
= 7+ TRk + (M2* + ¢):); 4.22
and
(&) — 27)(8) — s7)
1 1
= (2} — 2] + pus] ——,ukrk)(s —8; + [k ——,ukrk)

= (af —a])(st = s7) + (af — a}) (uxar) — §ukfﬁ“)

1 . 1 1
sy — splF)(sF = s7) + (st — §Mkff)(uk$f - 5#1&“?)

2
* * * 1
= (fﬂf - fﬂz‘)(sf —57)+ (fﬂf - %‘)(Mkﬂ?? - §chri‘€)

1 1
g (sh)? — p(Ma® + q)isf — §HkF5(M$k +q)i — 5#ka$§

1 1
Hpaisi = Uil (a7 + 50) + ()

1
> (2} —a})(s] — s}) + (2 — a}) (uraf — §Mkrf)
1 1 x
—pe(Ma* + q)s 2Mkrk(Mx +q)i — —Mkfk
1
W ) (12

For any i € Z and any k € K, noting that

zist = (af —a)(s] — sf) + afs] +af (Ma* + q);, (4.24)

11



and letting

1 1 -
filug,2®) = (xf—%m)@f——§Fﬂ——Uka+q%%-—§FfUka+q%-—§Ff%

* * 1
+Hk;33?5i + prT; (Ml“k +q); — §MkF?(M$k +q)s,

it follows from (4.23)-(4.25) and (4.19) that

1
k * k * ~k *\ [ ak * Kk k
(27 —a7)(si —si) < 1“‘#%(% — ;) (87 —s7) — 1_’_”%]0@'(!%@ )
1 ckak Ak ok *nk
— 1+Mi(xzsz —X;S; —.’L'Z-S,i) 1+ QfZ(Mkv )
Pk Hk

<

(4.25)

(4.26)

By combining (4.20) with (4.22) and (4.26), we obtain that, for any ¢ € Z and any k € K,

SCGETSUCETY

Hk
< 4k Z < P) Qfl(lu’ka ))
i€l (zh—z*) 1+ M 1 + i
Hrpg > (aFsh — qaf) — peg (e, )
i€l (zk)
K k
< 4w > ( s il @ )) = Hkg (k> )
iel, (2 —a 1+Hk 1+H
(1+
+dspi} Hk k)it (el + (M2® 4 q);) — qial ) .
2(1 + 413)
z€I+(xk
Since, for any k € IC,
Og(fk)Ts*—f—(:C*)Tyg — —(jk—x*)T(§k—5*)+(jk)T§k

= (@ -2 - )

we further obtain that

4k
ng(ﬂk’xk)+1+ > > Jilkka®)
Hk i€ly (zh—x*)

—4rpd Z (Mrk(iﬂ + (M2* + q);) — QZCCf)

i€l (z%) 2(1 —H%)

<4k Z

i€l (zh—x*)

Lk
+ ks Z T+ + npg

dknpy 4/€n,uk
+ +n = (4kn + n)uy,
ST+ 1 ( itk

12



i.e.,

4K
1+

Z fi(ﬂk’xk)

i€l (zh—z*)

(1 + pg) e
—4ipy Z ( 2(1+ )2) Ff(:cf + (Mxk +q)i) —q@'iﬂf
il (%) Hi

< 4rn + n. (4.27)

g(ur, %) +

Now, we construct two index sets J°° and Jaoy by

J® = {iel: |zF| - ccask — oo},

k
for each j € J°°, limg_. % = ¢; where }
J .

Toox == 1€ TJ>:
c; is either a positive scalar or + oo
Since the sequence {2*} is assumed to be unbounded, it follows that J> # () and J23, # 0.

By using the definition (4.21) of the function g, we have
9ok, 7) = O((2h)?), Vig € Too, b €K. (4.28)

If 7° NI (xF —2*) # 0 for all k € K, then there exist a subsequence of {z¥}, which is
denoted by {Zk}k-elé’ and at least an index ig € Z such that ig € J>° N I (z* — z*) for all
k € K. Furthermore, by definitions (4.25) of the functions f; (i € Z), we have

Fio (i, 2¥) = O((a;)?), vk € K. (4.29)

Similarly, if 7 N I (z*) # 0, then there exist a subsequence of {z*}, which is denoted
by {z*},c> and at least an index ig € Z such that ip € J> N I (a¥) for all k € K.

Furthermore,

(L + p) Bk 1ok ke 5 3 . _
G PRk ek (0 N ol — Ol . N
2(1 + Hi) i (xz + ( T" + Q)Z) qix; O(’$ZO ), Vk e K ( 30)

Combining (4.28) with (4.29) and (4.30), we obtain that there exists at least a subsequence
of {2¥} such that the left side of (4.27) always tends to +oo along the subsequence, whereas
the right side of (4.27) is bounded by a constant, a contradiction. Thus, the sequence {z"*}

is bounded.

The result that {s*} is bounded can be easily obtained from (4.14) and the boundedness
of {z¥}. The proof is completed. O

To assure the boundedness of the iteration sequence generated by some smoothing al-

gorithm, various conditions have been proposed in the literature. However, the conditions

13



used in most smoothing algorithms imply that the solution set of LCP(M, ¢q) is nonempty
and bounded (see, for example, [17] for some discussions). Thus, the assumptions used
in Lemma 4.1 is weaker than those required by most smoothing algorithms. It should
be pointed out that Assumption 1.1 has been used in regularized non-interior continua-
tion algorithms [31]. In addition, some related condition discussed in [10] also allows the

unboundedness of the solution set of the underlying LCP.

The following global convergence propety of the nonstop algorithm can be obtained in

a similar way to other smoothing algorithms, e.g., [18, Theorem 3.1].

Theorem 4.2 Suppose that M is a sufficient matriz. If Assumption 1.1 is satisfied, then

we have either

(i) Algorithm 3.1 terminates at Step 2 (and hence a solution of LCP(M, q) is obtained),

or
(ii) Algorithm 3.1 generates an infinite sequence {zF} which satisfies that

(a) limg_,o0 | H(2¥)|| = 0 and limy,_.o0 pup = 0; and that

(b) every accumulation point of the sequence {(z*,s*)} is a solution of LCP(M,q).

4.2 Maximal Complementarity of the Nonstop Algorithm

In the previous subsection, we proved that a solution of LCP(M,q) can be found by
the nonstop algorithm. In this subsection, we show that this solution is a maximally
complementary solution of LCP(M,q). Recall that a solution (z*,s*) of LCP(M,q) is
said to be a maximally complementary solution if the number of its positive components
is maximal. Note that the indices of those positive components are invariant among all

maximally complementary solutions of LCP(M, q) when M is a sufficient matrix. Let

B = {ieZ: zf>0ands] =0},

(2
N = {iel: zf=0ands] >0} (4.31)
(2

T = {iel: az;=s =0}

Then B, N, and 7 form a partition of index set Z, independent of the choice of (x*, s*).

Theorem 4.3 Suppose that M is a sufficient matriz and that Assumption 1.1 is satisfied.
Then the solution produced by the nonstop algorithm is a mazximally complementary solution
of LCP(M, q).
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Proof. By Theorem 4.2 we know that every accumulation point of {2} is a solution of
H(z) = 0. By Lemma 4.1 we know that {z*} is bounded. Without loss of generality,
we assume that Z := (fi,%,5) € R72" is an accumulation point of the iteration sequence
{z"}rex and {2*},cpck is a subsequence converging to Z. Then, i = 0 and (Z,3) is a
solution of LCP(M, q).

The notations used in the following are the same as those used in Lemma 4.1 except

that k € K is replaced by k € K. From the proof of (4.20) we have that, for all k € K,

(S&k . ;C*)T(§k . S*)
= (R = M - )l M+ M+ g, )

> Ak Y (@ —a)(sh - s)) + i (at) T Mt + g (ug, ),
i€l (xk—a*)

where the function g is defined by (4.21). Thus by using (4.26) we obtain that, for all
kek,

(jk)Ts* 4+ (;(:*)Tgk — _(:Ack —x*)T(§k _5*) —f—n,uk
M P k
< 4> ( 5~ 5 fil, @ ))
i€l (zk—x*) 1 T Mk 1 1,
(2™ M + g (e, ) + iy
S Mkh(,u'k7xk)7
where
A, 2" s 14 1f k W\T [k k
i, ) T > + [ filpr, 2)]) + ol (@) M| + |g(pg, %) +n
k

i€l (zk—x*)

(4.32)

with the functions f; (i € Z) being defined by (4.25). Using the definitions of B and N (see
(4.31)), we further obtain that

(@R sh + (xp) 785 < peh(ug, 2¥), Vk € K. (4.33)
Since
>0, >0 and 2% =y, VieI Vkek,
it follows from (4.33) that, for all k € K,
~k x; . k s} .
@ >—"—VieB and 8§ >-—=>— VieN. (4.34)

h(:u'kv xk)

Noticing that limg, . 2# = 7 with i = 0, we have the following two results:

15



(i) From (4.18) it follows that

lim #*=limz* =% and lim 3
kel ke

bl
Bl
m

baY!
Bl
m

bl

(ii) By the definitions of g and f; for any ¢ € Z (see (4.21) and (4.25)), we know that,
for all k € IC, the sequences {g(ux, z*)} and {f;(ur, z*)} have limit points; and hence
by the definition of h (see (4.32)) we have the limit of {h(u,z*)} exists, which is
denoted by h(f, Z). It is easy to see that

h(ji, &) > 0.

Therefore, by letting K > k — oo, (4.34) leads to
o *
> ——>0VieB d 5>—+—>0Vi .
xz_h(ﬂ,i“)> = an Sl_h(ﬂ,:i)> ieN

These and the fact that (Z, ) is a solution of LCP(M, q) imply that (Z,5) is a maximally

)

complementary solution of LCP(M, ¢q). The proof is completed. O

4.3 Maximal Complementarity and Finite Termination

In this subsection, we return to Algorithm 3.1. Note that if in an iteration Algorithm
3.1 does not stop at Step 2, then the next iterate is exactly the same as produced by the

nonstop algorithm.

We first establish a local error bound result, where the distance from the iteration
point to the solution set S can be bounded by the sequence of smoothing parameters.
The established error bound result will help to identify the partition of index set Z of the
iteration sequence by giving the upper (or lower) bounds of each component of the iteration
points. As a result, we establish that if Algorithm 3.1 terminates at Step 2 at sufficiently

large k, then the obtained solution is a maximally complementary solution of LCP(M, q).

We need the following proposition which can be easily obtained by using a local upper

Lipschitz property of a polyhedral multifunction given by Robinson [27] (also see [25]).
Proposition 4.4 There are two constants € > 0 and ¢ > 0 such that

dist((z, s),S) < ¢|| min{z, s}||

for any (x,s) € F satisfying || min{z, s}|| < e.

16



Lemma 4.5 Let M be a sufficient matriz and Assumption 1.1 be satisfied. Suppose that
the infinite sequence {z*} is generated by the nonstop algorithm. Then there is a constant

c1 > 0 such that
dist((z*, s%),8) < 1/
for all sufficiently large k € K.

Proof. By Lemma 3.3(ii) we have that (z¥, s*) € F for all k € K, and by Theorem 4.3 and
Proposition 2.1 we have that min{z*, s*} — 0 as K — oo. Thus, from Proposition 4.4 we

know that there is a constant ¢ > 0 such that
dist((z", s%),S) < ¢o|| min{zF, s*}| (4.35)
holds for all sufficiently large k € K.

For any (u,a,b) € 4 x R x R, from the definition of ¢ we have

2min{a,b} — ¢(u,0,)| = Ml e =0+ = @V = pla+ )

| —b)* — (1 — p)*(a—b)* -
V(1 —p)2(a —b)% 4 4p+ /(a — b)?
_1@p—p?)(a—b)* — 4yl
< N

If (u,a,b) is bounded, then the above inequality implies that there is a constant ¢z > 0
such that

+u(a+b)‘

+ pla +b).

|2min{a’ b} - ¢(Ma a, b)| < 63\/ﬁ’

which indicates that there are constants «; > 0 such that

|2II1111{$Z, z}| < |¢(Nl€axz’ z)| +O‘Z\/

holds for all 4 € Z and k € K. This together with the definition of H yields

n

|2minfa*, sF} < $Z<|¢<uk, o, s5)| + ai /) < $ S HER) | + ai/m)? - (4.36)
i=1

=1

for all £ € K. By Lemma 3.3(ii) we have
|H (") < Bux, VkeK. (4.37)
Thus it follows from (4.35), (4.36), and (4.37) that there is a constant ¢; > 0 such that
dist((z*,s%),8) < 1/
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for all sufficiently large k. This completes the proof. O

Suppose that Algorithm 3.1 does not terminate at Step 2. Let (1., x*, s*) be an accumu-
lation point of the iteration sequence {z*} generated by the algorithm. Then by Theorems
4.2 and 4.3 we know that p, = 0 and (z*,s*) is a maximally complementary solution to
LCP(M,q). Thus,

x>0, sy >0, and zjy=si=a7=sy=0.

Let {z"},ccc be a convergent subsequence of the iteration sequence and z* := (0, 2%, s*)

be the projection of

be the limit point of the subsequence. For any k € K, let (x**, s%*)

(z*, s*) onto the solution set S. Then by Lemma 4.5 we have
(e, %) = (2", ") < er v/ (4.38)

for all sufficiently large k € K. Since (2*,s*) — (2*,s*) and p, — 0 as k — oo, it follows
that

(2", s%) = (2%, 87| < ([, %) = (@F, M) + (| (2*, s%) = (%, s%)]| = 0
as k — oo. Thus, for all sufficiently large k € K,
e >0, skF>0, and ok =sl =2k =5 =0 (4.39)
Lemma 4.6 Let M be a sufficient matriz and Assumption 1.1 be satisfied. Suppose that
(0,2*,5*) is an accumulation point of the infinite sequence {z*}rexc generated by the non-
stop algorithm and {Zk}k;eligc is a subsequence which converges to z* := (0,2*,s*). Let

(zF*, s%*) be the projection of (x¥,s%) on the solution set S for each k € K. Then, for all
sufficiently large k € K and any i € T,

¥ > Y = 2k >0 o < Y, = 2 =
sk > g = sk >0 sk < Yy, = sk =
Proof. We only show that z¥ > ¥, <= z/* > 0. The other cases can be proved
similarly.
If 2 > ¢y with k € K being sufficiently large, then by (4.38) we have

jaf — 2| < |I(2*, 5%) — (@, )| < erv/as (4.40)

which implies

ot > ok — e/ > Yk — e/
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Since pup — 0 as k — oo, it follows that 3z > ¢/l when k € K is sufficiently large.
Thus, zf* > 0.

Conversely, if z¥* > 0 with k € K being sufficiently large, then by (4.40) we have

¥ >k — e /. (4.41)

From (4.39) we know that i € B when k € K is sufficiently large. This and the fact that

pr — 0 as k — oo imply that we always have :c * > c14/px + i when k is sufficiently
large. Thus, by (4.41) we have 2% > /. O

By combining the definitions B*, N*, 7% and B, N, T (see (3.8) and (4.31)) with Lemma

4.6 we may obtain

Theorem 4.7 Let M be a sufficient matriz and Assumption 1.1 be satisfied. Let (0, x*, s*)
be an accumulation point of the iteration sequence generated by the nonstop algorithm and
{Zk}k;eligc be a subsequence which converges to z* = (0,2*,s*). Let BE, N* T* and
B,N,T be defined by (3.8) and (4.31), respectively. Then, for all sufficiently large k € K,

B*=B, Nt=N, and TF=T. (4.42)
In particular, there exist constants vectors ég > 0 and CZ/\/‘ > 0 such that
xll%>657 Sﬁ;\/‘>CZN7 fI,'ﬁ/’S \/Buv Sgg \/3:u'7 .’IJ%’S \/Buv and SI’%S \/3/“6'

hold for all sufficiently large k € K.

Theorem 4.7, together with Remark 3.2(iv), implies the following result.

Theorem 4.8 Let M be a sufficient matriz and let Assumption 1.1 be satisfied. If Algo-
rithm 3.1 terminates at some iteration ko and if ko is sufficiently large, then the obtained

solution is a maximally complementary solution of LCP(M,q).

Finally, we prove the finite termination property of Algorithm 3.1. We need the following

proposition (see Proposition 4.1 in [16]).

Proposition 4.9 Let A € R™*" and p(A) denote the smallest singular value of the matriz
A (Note that the singular values of A are the square roots of the nonzero eigenvalues of the

matriz ATA). Then for each b € R™ such that Ax = b is feasible, there holds

]2 <

b
{:):ER" A:v b} ( )H H2
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We are now ready to show the finite termination property of Algorithm 3.1.

Theorem 4.10 Let M be a sufficient matriz and Assumption 1.1 be satisfied. Then Al-
gorithm 3.1 must terminate at Step 2, and hence a solution of LCP(M,q) is obtained in a

finite number of iterations.

Proof. Suppose, on the contrary, that Algorithm 3.1 does not terminate at Step 2. Then,
Algorithm 3.1 will generate a bounded iteration sequence {z¥}. Thus, we can assume
without loss of generality that (0,z*, s*) is accumulation point of the iteration sequence
and {z"},crck is a subsequence which converges to z* := (0,*, s*). Then, from Theorem
4.7 we have B¥ = B,N* = N/, and 7% = T for all sufficiently large k € K. For simplicity,
we assume in the following that k € K is sufficiently large. For any (z*,s*) € S, it can be
seen that (x3,s}) satisfies the constraint of subproblem (3.9), so the subproblem (3.9) is

feasible. Let E denote the n x n identity matrix. From the constraint of subproblem (3.9)

we have
—Mps Epn qB
B
—Mys Enn (w) = | av (4.43)
~M7r ETnN qr
Since (z¥, %) € F, it follows that
—Mps Epn
B
—Mpys Exn ( )
SN
—M7rp ETN
ke
—Mpy  —Mpr Epn  Esr ok qs
T
=—| ~Myxy —Myt Enn EnT o | T | (4.44)
B
—Mzrny —Mrr Ern ETT f qar
ST

Let a‘cll% = a5 — x’f_; and Ej“\/ = SN — sf\/. Then, by using (4.43) and (4.44), the subproblem

(3.9) can be reformulated as

. Tk
min-x -k
J?B,SN gvlf\/’

k
N (4.45)
f’f_; x’%
subject to A =B
o o
N B
sl
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where

—Mps  Epn —Mpy —Mpr Eps EsT
A= | —Mnp Enn and B:= | —Myy —Myr Exg Esr
~M7r ETN —Mzny —Mr7 E718 ENT

Since the constrains of (4.45) are consistent, Proposition 4.9 implies that there is a solution

sequence {(Z, %)} of (4.45) such that

e =i
~k k k
T 1 T 1 x
CEmIBl LS Bl
Shr p(A) SB p(A) Sp

sk s

which together with Theorem 4.7 implies that there exists a constant v > 0 such that

<yt (4.46)

Let 7 := 2, — of and 3 := 8k, — sk.. Then (2%, 5,) satisfies (4.43). Thus, if (&, 3%,) >
0 then ((2§,0,0),(0,8%-,0)) is a solution to LCP(M,q). Hence we need to show that
(2%,8%,) > 0. From (4.46) we have

ok k
I —Tp 3
N TSN

3%]2; > x]é — v urep and §f‘\[ > sf‘\[ — v ppen-

Furthermore, we have

By using Theorem 4.7 we obtain that :EIZ;O > 0 and §f\? > 0 for some sufficiently large kg.

This indicates that Algorithm 3.1 will terminate at Step 2 in kg-th step. This contradiction
shows that a solution to LCP(M,q), ((%,0,0),(0,5%-,0)) must be obtained in a finite

number of iterations. O

Theorem 4.10 indicates that Algorithm 3.1 always terminates at Step 2 of the algo-
rithm. This together with Theorem 4.8 implies that if Algorithm 3.1 terminates at the
k-th iteration with k being sufficiently large, then the solution obtained is a maximally
complementary solution of LCP(M, q). To guarantee that k is sufficiently large at termi-
nation, one may set 7 sufficiently small in Algorithm 3.1, which may not be necessary in
practice if the user’s interest is only to find a solution, whether maximally complementary
or not. However, theoretically it is clear that Algorithm 3.1 is capable to yield a maximally
complementary solution of LCP(M, q) in a finite number of iterations by taking 7 small

enough.
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5 Final Remarks

We have studied a smoothing algorithm for solving LCP(M, ¢) with M being a sufficient
matrix. The iteration sequence generated by the algorithm is shown to be bounded under an
assumption that the LCP has a nonempty solution set. Moreover, under this assumption we
prove that the algorithm may generate a maximally complementary solution of LCP (M, q)
in a finite number of iterations. The assumption used in this paper is weaker than those
required by most of the current smoothing algorithms in the literature, including those

algorithms which possess the finite termination property (see, for example, [9, 14, 15]).

The main feature of the algorithm is that a projection-type testing procedure is em-
bedded into the Newton algorithm. This is the key for us to obtain the finite termination
property of the algorithm. This procedure can be applied to different existing algorithms to
obtain the finite termination property. For example, if we use the projection-type testing
procedure to replace the predictor step in the predictor-corrector smoothing algorithms
(see, [4, 12, 13]) or to replace the approximate Newton step in the “approximate step —
centering step” algorithm (see, [8]), then the obtained algorithms can be shown to possess

the finite termination property in a similar way to the one given in this paper.
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