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Abstract
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1 Introduction

Given a matrix M ∈ <n×n and a vector q ∈ <n, the linear complementarity problem
(LCP), denoted by LCP(M, q), is to find a vector (x, s) ∈ <2n such that

(x, s) ≥ 0, s = Mx+ q, and xT s = 0.

Throughout this paper, the solution set of LCP(M, q) is denoted by S, i.e.,

S := {(x, s) ∈ <2n : (x, s) ≥ 0, s = Mx+ q, and xT s = 0},

where “:=” means “is defined as”. We suppose that the matrix M is a P0 or P∗ matrix.
Let I := {1, 2, . . . , n}. Recall that a matrix M is called a P0 matrix if for any x ∈ <n with
x 6= 0, there exists an index i ∈ I such that

xi 6= 0 and xi(Mx)i ≥ 0;

and that a matrix M is called a P∗ matrix if there exists a nonnegative number κ such that

xT (Mx) ≥ −4κ
∑

i∈I+(x)

xi(Mx)i, ∀x ∈ <n, (1.1)

where I+(x) := {i ∈ I : xi(Mx)i > 0}. The set of all matrices satisfying (1.1) is denoted by
P∗(κ), hence P∗ = ∪κ≥0P∗(κ). Obviously, P∗(0) is the set of positive semidefinite matrices.
It is easily seen that P∗(0) ⊂ P∗(κ) ⊂ P0 for all κ ≥ 0. More detailed discussions on P0 and
P∗ matrices can be found in Cottle, Pang, and Stone [12] and Kojima, Megiddo, Noma,
and Yoshise [28].

An LCP(M, q) is said to be a P0 (respectively, P∗, monotone) LCP if the matrix M is
a P0 (respectively, P∗, positive semidefinite) matrix. In this paper, we investigate the non-
interior continuation algorithm for solving the P0 or P∗ LCP. A large number of non-interior
continuation algorithms for solving various optimization problems has been proposed in
the last decade (see, for example, Chen and Tseng [11], Engelke and Kanzow [13], and
references therein). A focal point in the development of those algorithms has been to
obtain good convergence properties, which can be further categorized into three aspects:
Global convergence properties, global linear convergence properties, and local superlinear
convergence properties.

Global convergence is a basic requirement for an iterative algorithm. In this case, one
of the main issues is how to ensure the boundedness of the iteration sequence generated by
the non-interior continuation algorithms. Various sufficient conditions have been presented
for this purpose. See, for example, the P0 + R0 condition in Kanzow [26], the uniform P
condition in Kanzow [27] and Xu [37], Condition 1.2 in Hotta and Yoshise [18], Assumption
1.1 in Chen and Chen [4], Assumption 2 in Chen and Xiu [8], Assumption A in Burke
and Xu [1], the condition used in Lemma 4 in Tseng [35], and Assumption 1.1 in Huang
[20]. It is known that all of the aforementioned conditions imply that the solution set of
the concerned problem is bounded (see, for example, Zhao and Li [39] and Huang [19]).
Recently, Zhao and Li [39] made an improvement on relaxing this requirement. Based on
the analysis on the regularized central path [38], Zhao and Li [39] proposed a non-interior
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continuation algorithm for solving LCP(M, q) which is globally convergent under a new
condition. The outstanding feature of the new condition is that it can be satisfied by an
LCP(M, q) with an unbounded solution set.

Global linear convergence has been another research topic for non-interior continuation
algorithms. To obtain global linear convergence of the algorithms, various conditions have
been proposed in the literature. Among them, a common condition is that the Jacobian
of a certain reformulated function is uniformly nonsingular (the uniformly nonsingular as-
sumption for short). It is well known that the uniformly nonsingular assumption implies
that S consists of a single element when M is a P0 matrix. Some sufficient conditions of
the uniformly nonsingular assumption can be found in Burke and Xu [1, Proposition 4.3],
Chen and Chen [5, Section 5], Qi and Sun [31, Proposition 4.2], and Tseng [35, Corollary
2]. Recently, Huang [20] proposed a new condition which requires the iteration direction
sequence obtained in the Newton equations is uniformly bounded. The new condition is a
relaxation of the uniformly nonsingular assumption. The main feature of the new condition
is that it does not imply the uniqueness of the solution of the P0-LCP.

In order to obtain local superlinear convergence, most non-interior continuation algo-
rithms need both the nonsingularity assumption (i.e., all generalized Jacobian of some refor-
mulation function at each accumulation point of the iteration sequence are nonsingular) and
the strict complementarity condition (i.e., each accumulation point of the iteration sequence
is a strict complementary solution to the problem concerned). See, for example, Burke and
Xu [2], Chen and Chen [5], Chen and Xiu [7], Zhao and Li [39], and Huang and Han [22]).
Some efforts have been made in the literature to relax the two assumptions. Chen and
Xiu [8] proposed a one-step non-interior continuation algorithm for solving the monotone
LCP which is locally superlinearly convergent under the nonsingularity assumption with-
out the strict complementarity assumption. On the other hand, Tseng [36] proposed a
predictor-corrector-type non-interior continuation algorithm for solving the monotone LCP
which is locally superlinearly convergent only under the strict complementarity condition.
Similar improvement results have also been obtained by Engelke and Kanzow [13, 14] for
linear programs and Huang [20] for the monotone LCP. Recently, Huang, Qi, and Sun [24]
proposed a smoothing Newton method (which is closely related to the non-interior contin-
uation algorithm) for solving LCP(M, q), which is either locally superlinearly convergent
under the nonsingularity assumption or locally quadratically convergent under the strict
complementarity condition if M is a positive semidefinite matrix.

To the best of our knowledge, there have been no such non-interior continuation al-
gorithms in the literature that combine the newest features in all three categories above,
which motivates the current work. By using a modified regularized smoothing reformula-
tion, we propose a non-interior continuation algorithm for solving the P0-LCP that has the
following convergence properties.

• The proposed algorithm is globally convergent under an assumption which may be
satisfied even if S is unbounded.

• The proposed algorithm is globally linearly convergent under a new assumption which
is a relaxation of most existing conditions. The proposed assumption does not imply
the uniqueness of the solution of the P0-LCP.
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• The proposed algorithm is globally linearly and locally superlinearly convergent under
the nonsingularity assumption without the strict complementarity condition.

• If M is a P∗ matrix, in addition to the above convergence properties, the proposed
algorithm is globally linearly and locally quadratically convergent under the strict
complementarity condition without the nonsingularity assumption.

The organization of the paper is as follows. In the next section, we discuss a modified
regularized smoothing reformulation of LCP(M, q) and deduce some basic properties of
it. In Section 3, we present our non-interior continuation algorithm and show that the
algorithm is well defined. In Section 4, we show the global convergence of the proposed
algorithm. In Section 5, we show the global linear and local superlinear convergence of
the proposed algorithm for solving LCP(M, q) with M being a P0 matrix. In Section 6,
we show the global linear and local quadratic convergence of the proposed algorithm for
solving P∗-LCP(M, q). Some remarks are given in Section 7.

A few words about our notation are in order. All vectors are column vectors, the su-
perscript T denotes transpose, <n denotes the space of n−dimensional real column vectors,
and <n

+ (respectively, <n
++) denotes the nonnegative (respectively, positive) orthant in <n.

We denote I = {1, 2, . . . , n}. For any vector u, we denote by ui the ith component of
u and, for any K ⊂ I, by uK the vector obtained after removing from u those ui with
i 6∈ K. For any vectors u, v ∈ <n, we write (uT , vT )T as (u, v) for simplicity. For any
set A ∈ <2n, we denote by dist(w,A) the Euclidean distance of the vector w ∈ <2n to
the set A, i.e., dist(w,A) = infv∈A ‖w − v‖. We denote by <n×n the space of n × n real
matrices. For any A ∈ <n×n, we denote ‖A‖ = maxu∈<n,‖u‖=1 ‖Mu‖. For any continu-
ously differentiable function g = (g1, g2, . . . , gm)T : <m → <m, we denote its Jacobian by
g′ = (5g1,5g2, . . . ,5gm)T , where 5gi denotes the gradient of gi for i = 1, 2, . . . ,m. For
any α, β ∈ <++, we write α = O(β) (respectively, α = o(β)) to mean α/β is uniformly
bounded (respectively, tends to zero) as β → 0. For any (x, y) ∈ <2n with y − x ∈ <n

+,
we denote by [x, y] the rectangular box [x1, y1] × · · · × [xn, yn]. Let K denote the set of all
iteration indices, i.e. K := {0, 1, 2, . . .}. For any (µ, x, s), (µk, x

k, sk) ∈ <+ × <2n (k ∈ K),
we always use the following notation throughout this paper unless stated otherwise:

w := (x, s), wk := (xk, sk), z := (µ,w) := (µ, x, s), zk := (µk, w
k) := (µk, x

k, sk).

For any vector u ∈ <n, we also use vec{ui : i ∈ I} to denote the vector u and use
diag{ui : i ∈ I} to denote the diagonal matrix whose i-th diagonal element is ui.

2 The Smoothing Reformulation and Its Basic Properties

At the core of the non-interior continuation algorithm is a smoothing function. Many
smoothing functions have been studied in the literature; see, for example, [9, 13, 15, 16].
In this paper, we use the smoothing function φ : <3 → < defined by

φ(µ, a, b) = a+ (b+ µpa) −
√

[a− (b+ µpa)]2 + 4µ2, (2.1)
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which p ∈ (0,+∞). This function is called the regularized Chen-Harker-Kanzow-Smale
(CHKS) smoothing function [6, 26, 33]. It is easy to see that the function φ is continuously
differentiable at any (µ, a, b) ∈ <3 with µ > 0.

For any z ∈ <1+2n and a fixed vector d ∈ <n, let

G(z) :=

[
µ

F (z)

]
, (2.2)

where

F (z) :=

[
s−Mx− q
Φ(z) − µd

]
(2.3)

with

Φ(z) :=



φ(µ, x1, s1)

...
φ(µ, xn, sn)


 . (2.4)

From (2.1), it is easy to see that

φ(0, a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0.

Thus, by (2.2), (2.3), and (2.4) we have

G(z) = 0 ⇐⇒ µ = 0 and w solves LCP(M, q). (2.5)

We can then solve LCP(M, q) by reformulating LCP(M, q) as a system of smooth equations
G(z) = 0 and iteratively solving this equation as µ→ 0.

The function given in (2.2) is a modification of the regularized reformulation given
in [38]. As we will see later, this modification is a key for us to obtain stronger local
convergence without destroying the good global convergence property established in [38].
In the following we give a condition for global convergence and establish some properties
of the trajectory for the LCP defined by F (z) = 0.

For given p ∈ (0,+∞), d ∈ <n, and µ ∈ (0, 1], we define a mapping F(p,d,µ) : <2n → <2n

as follows:

F(p,d,µ)(x, s) =

[
Xs

s−M(x+ µd/2) − q − µpx

]
, (2.6)

where X = diag{xi : i ∈ I}.

Condition 2.1 For given p ∈ (0,+∞), d ∈ <n, and some constant t̂ ∈ (0,∞), there exists
a constant µ̂ ∈ (0, 1] such that

∪µ∈(0,µ̂]F−1
(p,d,µ)(Dµ)

is bounded, where

F−1
(p,d,µ)(Dµ) := {(x, s) ∈ <2n

++ : F(p,d,µ)(x, s) ∈ Dµ}

and Dµ := [0, µe] × [−µt̂e, µt̂e] ⊆ <n
+ ×<n with e being the n-vector of ones.
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In a similar way to [38, Proposition 2.1], we can prove

Proposition 2.2 Suppose that M is a P0 matrix. If the solution set of LCP(M, q) is
nonempty and bounded, then Condition 2.1 is satisfied. .

It is known that the assumption of the solution set of LCP(M, q) being nonempty and
bounded is weaker than most conditions used in the literature [19, 39]. Proposition 2.2 says
that Condition 2.1 is not stronger than the assumption of the solution set of LCP(M, q)
being nonempty and bounded. In fact, if p ∈ (0, 1], then the words “not stronger” can be
replaced by “strictly weaker”. This can be seen by investigating the following example.

Example 2.1 ([10, Example 1.1]) Consider LCP(M, q) with

M =




0 1 0
0 0 1
0 −1 1


 and q =




0
0
1


 .

From [10] we know that M is a P0-matrix and the solution set of this LCP(M, q) is un-
bounded. However, we can show that Condition 2.1 for p ∈ (0, 1] is satisfied (The proof
can be found in [25]).

Theorem 2.3 Let M be a P0-matrix. Denote P := {w ∈ <2n : F (z) = 0 where µ ∈ (0, 1]}.
Then the following results hold.

(i) For each µ ∈ (0, 1], there is a unique w(µ) ∈ P.

(ii) The trajectory P is smooth with respect to µ.

(iii) If Condition 2.1 is satisfied, then the entire trajectory {w(µ) : µ ∈ (0, 1]} is bounded.
Hence there exists at least a subsequence {w(µk)} converging to (0, w∗) as µk → 0,
where w∗ is a solution to LCP(M, q).

The proof of Theorem 2.3 is quite similar to the one in [38, Theorem 4.2]. We omit it
for brevity. Theorem 2.3 provides a theoretical basis for designing a continuation algorithm
by using the modified regularized reformulation.

Before describing our continuation algorithm, we give several propositions which are
useful for our analysis later. The proofs of these propositions are easy and we therefore
omit them.

Proposition 2.4 Let G′ denote the Jacobian of the function G defined by (2.2). Then,

G′(µ, x, s) =




1 0 0
0 −M I

Φ0
µ + Φµ − d D0(z) +D(z) E(z)


 , (2.7)
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where I denotes the n× n identity matrix, and

Φ0
µ := vec{(d0

µ)i : i ∈ I}, where (d0
µ)i = pµp−1xi + pµp−1xi[xi−(si+µpxi)]√

[xi−(si+µpxi)]2+4µ2
i ∈ I,

Φµ := vec{(dµ)i : i ∈ I}, where (dµ)i = − 4µ√
[xi−(si+µpxi)]2+4µ2

i ∈ I,

D0(z) := diag{(d0
x)i : i ∈ I}, where (d0

x)i = µp + µp[xi−(si+µpxi)]√
[xi−(si+µpxi)]2+4µ2

i ∈ I,

D(z) := diag{(dx)i : i ∈ I}, where (dx)i = 1 − xi−(si+µpxi)√
[xi−(si+µpxi)]2+4µ2

i ∈ I,

E(z) := diag{(ds)i : i ∈ I}, where (ds)i = 1 + xi−(si+µpxi)√
[xi−(si+µpxi)]2+4µ2

i ∈ I.

If M is a P0 matrix, then G′ is nonsingular at any point z ∈ <1+2n with µ > 0.

Proposition 2.5 For any (µ, a, b, c) ∈ <+ ×<×<×<, we have

φ(µ, a, b) = c ⇐⇒ a− 1
2
c > 0, b+ µpa− 1

2
c > 0, and (a− 1

2
c)(b+ µpa− 1

2
c) = µ2.

Proposition 2.6 Suppose that the function φ is defined by (2.1) with p = 3. Let S̆ ⊆
<+ × <+ × < × < × < be a bounded set and let (µ1, µ2, a, b, c) ∈ S̆. Then there exists a
constant C0 > 0 such that |φ(µ1, a, b) − φ(µ2, a, b)| ≤ C0|µ1 − µ2|.

Proposition 2.7 Suppose that the function φ is defined by (2.1) with p = 3. Let S̃ ⊆
<++ ×<2 be a bounded set. For any α ∈ (0, 1) and c, ĉ ∈ S̃, there exists a constant C1 > 0
such that

‖φ′′(c)‖ ≤ C1/
√

[a− (b+ µ3a)]2 + 4µ2 ≤ C1/(2µ) (2.8)

and

|φ(c+ αĉ) − φ(c) − αφ′(c)ĉ| ≤ C1α
2‖ĉ‖2/(2µ). (2.9)

For any z := (µ, x, s) ∈ <× <n ×<n, let

Φ0(w) := 2min{x, s}, Φ̃(z) := 2min{x, s+ µpx}, (2.10)

and
ξ(z) := min{|xi − (si + µpxi)| : i ∈ I}. (2.11)

Proposition 2.8 Suppose that the function φ is defined by (2.1) with p = 3.

(i) For any z = (µ, x, s) ∈ <+ × <n × <n satisfying that there exists a µ̂ > 0 such that
| − 2µxi(xi − si) + µ4x2

i | ≤ 1 holds for all i ∈ I and all µ ∈ [0, µ̂], it follows that for
all µ ∈ [0, µ̂],

‖Φ0(w) − Φ(z)‖ ≤
√

5n/2µ+
√
nµ3‖x‖. (2.12)

(ii) If ξ(z) ≥ ε for some constant ε > 0, then

‖Φ̃(z) − Φ(z)‖ ≤ (2/ε)µ2. (2.13)

If ξ(z) ≥ γµt for two constants t ∈ (0, 1) and γ > 0, then

‖Φ̃(z) − Φ(z)‖ ≤ (2n/γ)µ2−t. (2.14)
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3 The algorithm

Let functions Φ and Φ̃ be defined by (2.4) and (2.10), respectively. Suppose that
τ ∈ (0, 1). Define u : <1+2n → <n by

u(z) :=

{
Φ̃(z) − Φ(z) if µ 6= 0
0 otherwise

(3.1)

and v : <1+2n → <n by

v(z) :=

{
τµe if τµ

√
n ≤ ‖u(z)‖

u(z) otherwise,
(3.2)

where e denotes the n-vector of all ones. Suppose that t ∈ (0, 1) and γ > 0 are two
constants, and that ξ : <2n → <+ is defined by (2.11). We now define the function
Υ : <1+2n → <×<n ×<n as follows:

Υ(z) :=

{
(0, 0, v(z)) if ξ(z) > γµt

(0, 0, 0) otherwise.
(3.3)

Denote

Ψ(z) := Φ(z) − µd. (3.4)

Now, we describe our non-interior continuation algorithm in detail.

Algorithm 3.1 (A Continuation Algorithm of Predictor-Corrector-Type)

Step 0 (Initialization) Choose δ1, δ2, t ∈ (0, 1), γ, p ∈ (0,∞), µ0 ∈ (0, 1], x0 ∈ <n, and
σ, τ ∈ (0, 1) with σ + τ < 1. Set s0 := Mx0 + q and z0 := (µ0, w

0) := (µ0, x
0, s0).

Taking a constant vector d ∈ <n. Choose a constant β such that β > 1+
√

5n/2+‖d‖
and ‖G(z0)‖ ≤ βµ0. Set e0 := (1, 0, . . . , 0) ∈ <1+2n and k := 0.

Step 1 (Termination Criterion) If ‖G(zk)‖ = 0, stop.

Step 2 (The Predictor Step) If ‖G(zk)‖ > 1, then set ẑk := zk and go to Step 3;
otherwise,

compute ∆zk := (∆µk,∆xk,∆sk) ∈ <1+2n from the linear system

G′(zk)∆zk = −G(zk) + Υ(zk). (3.5)

Set

z̄k := (µ̄k, w̄
k) := zk + ∆zk. (3.6)

If G(0, w̄k) = 0, stop; otherwise,

if ‖G(µk, w̄
k)‖ > βµk, then set ẑk := zk and go to Step 3; otherwise,
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let ζk be the maximum of the values 1, δ2, δ22 , · · · such that

‖G(ζkµk, w̄
k‖ ≤ ζkβµk and ‖G(δ2ζkµk, w̄

k)‖ > δ2ζkβµk, (3.7)

and set

µ̂k := ζkµk and ŵk := w̄k. (3.8)

Step 3 (The Corrector Step) Compute ∆ẑk := (∆µ̂k,∆x̂k,∆ŝk) ∈ <1+2n from the
linear system

G′(ẑk)∆zk = −G(ẑk) + (σ + τ)µ̂ke
0 + Υ(ẑk). (3.9)

Let θk be the maximum of the values 1, δ1, δ21 , · · · such that

‖Ψ(ẑk + θk∆ẑk)‖ ≤ [1 − (1 − (σ + τ))θk]
√
β2 − 1µ̂k. (3.10)

Step 4 (Update) Set zk+1 := ẑk + θk∆ẑk and k := k + 1; return to Step 1.

Remark 3.2 (i) Algorithm 3.1 is designed by making use of some techniques used in [2, 3,
13, 14, 24, 39]. As we will see later, Algorithm 3.1 possesses stronger convergence properties
than those obtained in [2, 3, 13, 14, 24, 39].

(ii) Algorithm 3.1 can be easily started. In fact, we can choose any z0 ∈ (0, 1] ×<2n as
the starting point of our algorithm, and then set

β := max
{

2 +
√

5n/2 + ‖d‖, ‖G(z0)‖/µ0

}
.

(iii) From the first equation in (3.5) we have ∆µk = −µk, and hence µ̄k = µk +∆µk = 0.
This fact will be used in our superlinear convergence analysis later.

The following lemma demonstrates that Algorithm 3.1 is well defined. Some basic
properties are also included in the lemma.

Lemma 3.3 Suppose that M is a P0 matrix. Then

(i) Algorithm 3.1 is well-defined.

(ii) µk > 0 for all k ∈ K.

(iii) zk, ẑk ∈ N (β) := {z = (µ, x, s) ∈ <++ ×<n ×<n : ‖G(z)‖ ≤ βµ} for all k ∈ K.

(iv) sk = Mxk + q for all k ∈ K.

(v) µk+1 ≤ µ̂k ≤ µk for each k ∈ K.

Proof. We first show that all results hold at the first iteration step (i.e., k = 0).

Case 1. Assume that Step 2 is accepted at k = 0.
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(a) Since µk > 0 when k = 0, by Proposition 2.4 we know that the equation (3.5) is
solvable.

(b) If G(0, w̄k) = 0, then w̄k solves LCP(M, q); otherwise, by continuity, there exist ε > 0
and µ̆ > 0 such that ‖G(µ, w̄k)‖ > ε for all µ ∈ (0, µ̆]. Thus, if ‖G(µk, w̄

k)‖ ≤ βµk,
then the line search (3.7) is well defined for k = 0.

(c) Since µ̂k = ζkµ̄k > 0, it follows from Proposition 2.4 that the equation (3.9) is solvable
for k = 0.

(d) From s0 = Mx0+q and (3.5) we have ŝk = Mx̂k+q for k = 0; and from ‖G(z0)‖ ≤ βµ0

and (3.7) we have ‖G(ẑk)‖ ≤ βµ̂k for k = 0. That is, we have

ŝk = Mx̂k + q and ‖G(ẑk)‖ ≤ βµ̂k for k = 0. (3.11)

For any α ∈ (0, 1], let the function Ψ be defined by (3.4) and

rk(α) := Ψ(ẑk + α∆ẑk) − Ψ(ẑk) − αΨ′(ẑk)∆ẑk, (3.12)

then by (3.9), (3.11), and (3.12),

‖Ψ(ẑk + α∆ẑk)‖ ≤ (1 − α)‖Ψ(ẑk)‖ + α‖Υ(ẑ)‖ + ‖rk(α)‖

≤ (1 − α)
√
β2 − 1µ̂k + ατ

√
nµ̂k + ‖rk(α)‖

≤ [1 − (1 − τ)α]
√
β2 − 1µ̂k + ‖rk(α)‖ (3.13)

where we use definitions of the function G (see (2.2)) and the function Ψ (see (3.4)).
Since µ̂k > 0 for k = 0, it is easy to see that the function G is continuously differen-
tiable at ẑk, which together with (3.12) yields ‖rk(α)‖ = o(α). Therefore, from (3.13)
it follows that there exists an ᾱ ∈ (0, 1] such that

‖Ψ(ẑk + α∆ẑk)‖ ≤ [1 − (1 − (σ + τ))α]
√
β2 − 1µ̂k

holds for any α ∈ (0, ᾱ]. This demonstrates that (3.10) is well defined.

Thus, Algorithm 3.1 is well defined at k = 0 if Step 2 is accepted.

Case 2. Assume that Step 2 is rejected at k = 0. To show that the algorithm is well
defined, it suffices to show that the equation (3.9) is solvable and that the line search (3.10)
is well defined. Since, in this case, µ̂k > 0 for k = 0 by ẑk := zk, the above results can be
shown in a similar way as those in cases (c) and (d).

Cases 1 and 2 together say that Algorithm 3.1 is well defined when k = 0. We next
show that the results (ii)–(v) hold at k = 0.

(e) If Step 2 is accepted, then µ̂k = ζkµk > 0; otherwise, µ̂k = µk > 0. That is, we always
have µ̂k > 0. Thus, by using the first equation in (3.9) we have

µk+1 = µ̂k + θk∆µ̂k = [1 − (1 − (σ + τ))θk]µ̂k > 0. (3.14)

Therefore, the result (ii) holds for k = 0.

10



(f) If Step 2 is accepted, then by (3.11) we have ŝk = Mx̂k + q; otherwise, by ẑk = zk,
we also have ŝk = Mx̂k + q. This together with (3.9) implies that sk+1 = Mxk+1 + q
for k = 0, namely, the result (iv) holds for k = 0.

(g) By (3.7) we have ẑk ∈ N (β). On the other hand, by (3.10) we have ‖Ψ(zk+1)‖ ≤
[1 − (1 − (σ + τ))θk]

√
β2 − 1µ̂k, and hence

‖G(zk+1)‖ =
√
µ2

k+1 + ‖Ψ(zk+1)‖2

≤

√
{[1 − (1 − (σ + τ))θk]µ̂k}2 +

{
[1 − (1 − (σ + τ))θk]

√
β2 − 1µ̂k

}2

≤ βµk+1,

where the first inequality follows from (3.14). Therefore, the result (iii) holds for
k = 0.

(h) We have that either Step 2 is rejected or Step 2 is accepted. For the former case, we
have µ̂k = µk, and hence it follows from (3.14) that µk+1 ≤ µk. For the latter case,
similar to the above inequality we have µk+1 ≤ µ̂k, and hence µk+1 ≤ µ̂k = ζkµk ≤ µk.
Consider both cases together we obtain that the result (v) holds.

By combining cases (a)-(h), the lemma is shown to be valid at k = 0. Now assuming that
the lemma hold for k = m, we can show that all results of the lemma hold for k = m+ 1
in the same way as from (a) to (h) above. 2

4 Global Convergence

The following lemma proves the boundedness of the sequence generated by Algorithm
3.1.

Lemma 4.1 Suppose that M is a P0 matrix. Let the sequence {zk} be generated by Algo-
rithm 3.1. If Condition 2.1 holds, then the sequence {zk} is bounded.

Proof. Since the sequence {µk} is non-negative and monotonically decreasing by Lemma
3.3(ii)(v), it follows that the sequence {µk} is bounded. Thus, we need to show that {wk}
is a bounded sequence.

Construct a sequence {dk} by

dk := [Φ(zk) − µkd]/µk, ∀k ∈ K. (4.1)

Using Lemma 3.3(iii)(iv) and the definition of the function G (see (2.2)) we can obtain that
{dk} is a bounded sequence and

‖dk‖ ≤
√
β2 − 1, k ∈ K. (4.2)

11



By Lemma 3.3(iv) it is easy to see that {sk} is bounded if {xk} is bounded. Thus we
only need to show that the sequence {xk} is bounded. In the following, we assume that the
sequence {xk} is unbounded and derive a contradiction.

Using (4.1) and Proposition 2.5 we have

~xk
i > 0, ~sk

i > 0, and ~xk
i ~s

k
i = µ2

k, ∀i ∈ I. (4.3)

where

~xk := xk − 1
2
µk(d+ dk) and ~sk := sk + µp

kx
k − 1

2
µk(d+ dk). (4.4)

Since M is a P0 matrix, it follows from [17, Lemma 1] that there exist a subsequence of
{xk} (which is denoted by {xk} without loss of generality) and an index i0 ∈ I such that
xk

i0
→ ∞ and (Mxk + q)i0 is bounded from below. By using Lemma 3.3(iv), the equality

in (4.3), and the second equality in (4.4) we have

(Mx+ q)i0 + µp
kx

k
i0 −

1
2
µk(d+ dk)i0 = −µ2

k/~x
k
i0 ,

which implies that µk → 0 since {dk} is bounded, xk
i0

→ ∞, and (Mxk + q)i0 is bounded
from below.

In addition, it follows from (4.4) and (4.1) that

~sk −M(~xk + µkd/2) − q − µp
k~x

k

= sk + µp
kx

k − 1
2
µk(d+ dk) −M(~xk + µkd/2) − q − µp

k~x
k

= Mxk + q + µp
kx

k − 1
2
µk(d+ dk) −M(~xk + µkd/2) − q − µp

k~x
k

= M(xk − ~xk + µkd/2) + µp
k(x

k − ~xk) − µk(d+ dk)/2
= M(µk(d+ dk)/2 + µkd/2) + µp

k(µk(d+ dk)/2) − µk(d+ dk)/2

= µk

[
M((d + dk)/2 + d/2) + µp

k(d+ dk)/2 − (d+ dk)/2
]

Since {µk} and {dk} are bounded, there exists a constant t̂ > 0 such that

~sk −M(~xk + µkd/2) − q − µp
k~x

k ∈ µk[−t̂e, t̂e], ∀k ∈ K.

Thus, by using the equality in (4.3), the above formula, and the definition of the function
F in (2.6) we have

F(p,d,µk)(~x
k, ~sk) =

[
~Xk~sk

~sk −M(~xk + µkd/2) − q − µp
k~x

k

]

∈ µk[0, e] × µk[−t̂e, t̂e] =: Dµk
,

which implies that (~xk, ~sk) ∈ F−1
(p,d,µk)(Dµk

) for all k ∈ K. By using Condition 2.1, there
exists a µ∗ ∈ (0, 1] such that ∪µ∈(0,µ∗]F−1

(p,d,µ)(Dµ) is bounded. Since µk → 0 as k → ∞,
there exists some k0 such that µk ≤ µ∗ for all k ≥ k0. Thus,

{(~xk, ~sk)}k≥k0 ⊆ ∪µk≤µ∗F−1
(p,d,µk)(Dµk

) ⊆ ∪µ∈(0,µ∗]F−1
(p,d,µ)(Dµ).
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Since the right-hand side of the above formula is bounded; whereas its left-hand side is
unbounded since {xk} is assumed to be unbounded, a contradiction is derived. Therefore,
the sequence {(xk, sk)} is bounded. 2

Note that in the proof of Lemma 4.1 we mainly used the construction of the function G
and the fact that ‖G(zk)‖ ≤ βµk for all k ∈ K. Since we have ‖G(ẑk)‖ ≤ βµ̂k for all k ∈ K,
a similar proof leads to that the sequence {ẑk} is bounded.

Corollary 4.2 Suppose that M is a P0 matrix. Let the sequence {ẑk} be generated by
Algorithm 3.1. If Condition 2.1 holds, then the sequence {ẑk} is bounded.

Now, we show the global convergence of Algorithm 3.1.

Theorem 4.3 Suppose that M is a P0 matrix. Let sequences {zk} and {ẑk} be generated
by Algorithm 3.1. If Condition 2.1 is satisfied, then

(i) µk → 0 as k → ∞; and

(ii) every accumulation point of the sequence {wk} is a solution to LCP(M, q).

Proof. (i) By Lemma 3.3(ii)(v) we know that the sequence {µk} is non-negative and
monotonically decreasing, and hence it is convergent. Let limk→∞ µk = µ∗. We need to
show that µ∗ = 0. Assume that µ∗ > 0, we will derive a contradiction. By Corollary
4.2 we know that the sequences {ẑk} is bounded. Since µ∗ > 0, it is easy to show that
‖[G′(ẑk)]−1‖ = O(1) for all k ∈ K. Thus, by (3.9) and Lemma 3.3(iii) we have ‖∆ẑk‖ =
O(µ̂k) for all k ∈ K.

For convenience, we define a function ψ : <3 → < which satisfies

ψ(µ, xi, si) := φ(µ, xi, si) − µdi, i ∈ I, ∀(µ, x, s) ∈ <1+2n.

Then, by (3.4) we have Ψi(z) = ψ(µ, xi, si) for all i ∈ I and all (µ, x, s) ∈ <1+2n.

For any k ∈ K and any i ∈ I, let cki := (µ̂k, x̂
k
i , ŝ

k
i ) and ĉki := (∆µ̂k,∆x̂k

i ,∆ŝ
k
i ) then by

using Taylor expansion we can obtain that, for any k ∈ K, i ∈ I, θ ∈ (0, 1), and tki ∈ (0, 1),

|Ψi(zk + θ∆ẑk)| = |ψ(cki + θĉki )|

=

∣∣∣∣∣ψ(cki ) + θψ′(cki )ĉki +
θ2

2
(ĉki )

Tψ′′(cki + tki θĉ
k
i )ĉ

k
i

∣∣∣∣∣

=

∣∣∣∣∣ψ(cki ) + θψ′(cki )ĉki +
θ2

2
(ĉki )

Tφ′′(cki + tki θĉ
k
i )ĉ

k
i

∣∣∣∣∣

≤ (1 − θ)|ψ(cki )| + θ|Υi(ẑk)| +O(1)θ2‖ĉki ‖2,

where the inequality follows from (2.8) since both cki and ĉki are bounded for each k ∈ K
and i ∈ I. Thus, for any θ ∈ (0, 1),

‖Ψ(ẑk + θ∆ẑk)‖ =

√√√√
n∑

i=1

[Ψi(ẑk + θ∆ẑk)]2
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≤

√√√√
n∑

i=1

[
(1 − θ)|ψ(cki )| + θ|Υi(ẑk)| +O(1)θ2‖ĉki ‖2

]2

≤ (1 − θ)‖Ψ(ẑk)‖ + θ‖Υ(ẑk)‖ +O(1)θ2‖∆ẑk‖2

≤ (1 − θ)
√
β2 − 1µ̂k + θτ

√
nµ̂k +O(µ̂k)θ2

≤ (1 − (1 − τ)θ)
√
β2 − 1µ̂k +O(µ̂k)θ2,

and hence there exists a constant c > 0 such that

‖Ψ(ẑk + θ∆ẑk)‖ ≤ (1 − (1 − τ)θ)
√
β2 − 1µ̂k + cµ̂kθ

2

It is easy to show that

(1 − (1 − τ)θ)
√
β2 − 1µ̂k + cµ̂kθ

2 ≤ [1 − (1 − (σ + τ))θ]
√
β2 − 1µ̂k

whenever θ ≤
√
β2 − 1σ/c. Thus, by using the line search rule in (3.10) we have

θk ≥ δ1

√
β2 − 1σ/c := θ∗ > 0

for all k ∈ K. Thus, by the first equation in (3.9) we have

µk+1 = [1 − (1 − (σ + τ))θk]µ̂k ≤ [1 − (1 − (σ + τ))θ∗]µ̂k ≤ [1 − (1 − (σ + τ))θ∗]µk

for all k ∈ K, and hence µk → 0 as k → ∞. This contradicts with the fact that µ∗ > 0.
Thus, the result (i) holds.

(ii) From the result (i), a simple continuity argument leads to the result (ii). 2

5 Convergence Rate Analysis for the P0-LCP

In this section, we will show the global linear and local superlinear convergence of
Algorithm 3.1 for solving the P0-LCP.

The following assumption will be used in our analysis on the global linear convergence
of Algorithm 3.1.

Assumption 5.1 There exists a constant C2 > 0 such that ‖∆ẑk‖ ≤ C2µ̂
k holds for all

k ∈ K.

It is known that, in the global linear convergence analysis of existing non-interior con-
tinuation algorithms, a commonly used assumption is that ‖[G′(z)]−1‖ = O(1) for all
z ∈ N (β). From (3.9) and the fact that ẑk ∈ N (β) for all k ∈ K it is easy to see
that such an assumption is a sufficient condition of Assumption 5.1. A similar condition
to Assumption 5.1 was proposed in [20]. Later we will see that Assumption 5.1 does not
imply the uniqueness of the solution to LCP(M, q) if M is a P0-matrix.

To simplify the analysis, in the following we establish our results for the special case of
p = 3. A careful examination of the proofs shows that the results can be similarly derived
for p ≥ 3. The problem is open for p < 3.
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Theorem 5.2 Suppose that the function φ is defined by (2.1) with p = 3. Let M be a P0

matrix and sequences {zk} and {ẑk} be generated by Algorithm 3.1. If Condition 2.1 and
Assumption 5.1 are satisfied, then there exists a constant C∗ ∈ (0, 1) such that µk+1 ≤ C∗µk

holds for all k ∈ K.

Proof. By Corollary 4.2 we know that the sequence {ẑk} is bounded. This together with
Assumption 5.1 and (2.9) implies that there exists a constant C1 > 0 such that

|φ(cki + αĉki ) − φ(cki ) − αφ′(cki )ĉki | ≤ C1α
2‖ĉki ‖2/(2µ̂k)

holds for all k ∈ K and all i ∈ I, where cki := (µ̂k, x̂
k
i , ŝ

k
i ) and ĉki := (∆µ̂k,∆x̂k

i ,∆ŝ
k
i ). Let

the function rk be defined by (3.12). Then

‖rk(α)‖ = ‖Ψ(ẑk + α∆ẑk) − Ψ(ẑk) − αΨ′(ẑk)∆ẑk‖
= ‖Φ(ẑk + α∆ẑk) − Φ(ẑk) − αΦ′(ẑk)∆ẑk‖

=

√√√√
n∑

i=1

[
φ(cki + α∆ĉki ) − φ(cki ) − αφ′(cki )∆ĉki

]2

≤

√√√√
n∑

i=1

[C1α2

2µ̂k
‖∆ĉki ‖2

]2

=
√
nC1α

2

2µ̂k
‖∆ẑk‖2

≤ (
√
nC1C2/2)µ̂kα

2. (5.1)

where the second equality follows from (3.4) and the last inequality from Assumption 5.1.
Let α̂ := 2σ

√
β2 − 1/(

√
nC1C2) > 0, then from (5.1) it follows that ‖rk(α)‖ ≤ σ

√
β2 − 1αµ̂k

holds for all α ∈ (0, α̂). Thus, it follows from (3.13) that for all α ∈ (0, α̂),

‖Ψ(zk+1)‖ − [1 − (1 − (σ + τ))α]
√
β2 − 1µ̂k

≤ (1 − (1 − τ)α)
√
β2 − 1µ̂k + ‖rk(α)‖ − [1 − (1 − (σ + τ))α]

√
β2 − 1µ̂k

= −σ
√
β2 + 1αµ̂k + ‖rk(α)‖

≤ 0. (5.2)

Assume that l is the largest non-negative number such that δl ≤ α̂. Then by using the line
search rule in (3.10), we have θk ≥ δl for all k ∈ K. Let θ∗ := δl. Then from (5.2) we obtain
that

‖Ψ(zk+1)‖ ≤ [1 − (1 − (σ + τ))θ∗]
√
β2 − 1µ̂k

holds for all k ∈ K. Thus, by the first equation in (3.9) and Lemma 3.3(v) we have that

µk+1 = [1 − (1 − (σ + τ))θk]µ̂k ≤ [1 − (1 − (σ + τ))θ∗]µ̂k ≤ [1 − (1 − (σ + τ))θ∗]µk (5.3)

holds for all k ∈ K. Let C∗ := 1 − (1 − (σ + τ))θ∗, then C∗ ∈ (0, 1). Thus, by (5.3) we
complete the proof. 2
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In the following, we discuss the local superlinear convergence of Algorithm 3.1.

Let z∗ := (µ∗, w∗) := (µ∗, x∗, s∗) ∈ <+ × <2n be an accumulation point of the
iteration sequence generated by Algorithm 3.1. Then Theorem 4.3 implies that µ∗ = 0
and w∗ is a solution to LCP(M, q). In order to discuss the local superlinear convergence of
the algorithm, we need the concept of semismoothness, which was originally introduced by
Mifflin [29] for functionals. Qi and Sun [32] extended the definition of semismoothness to
vector valued functions. We also need the concept of the B-differentiability of the locally
Lipschitz function and some related results [30].

The following two lemmas can be easily proved, we omit them here.

Lemma 5.3 Suppose that the function φ is defined by (2.1) with p = 3. Suppose that M is a
P0-matrix and that Condition 2.1 is satisfied. Let t ∈ (0, 1) be given as in Algorithm 3.1 and
the infinite sequence {zk} be generated by Algorithm 3.1. Then, ‖Υ(zk)‖ = O

(
‖G(zk)‖2−t

)

for all sufficiently large k ∈ K.

Lemma 5.4 Suppose that the function φ is defined by (2.1) with p = 3. Suppose that M
is a P0 matrix and that Condition 2.1 is satisfied. Let z∗ be an accumulation point of
the sequence {zk} generated by Algorithm 3.1. If all V ∈ ∂BG(z∗) are nonsingular, then
‖G(z̄k)‖ = O(‖G(zk)‖2−t) for all k ∈ K, where z̄k is defined by (3.6).

The following theorem give the local superlinear convergence of Algorithm 3.1.

Theorem 5.5 Suppose that the function φ is defined by (2.1) with p = 3. Suppose that M
is a P0 matrix and that Condition 2.1 is satisfied. Let z∗ be an accumulation point of the
sequence {zk} generated by Algorithm 3.1. If all V ∈ ∂BG(z∗) are nonsingular, then

µk+1 = O(µ2−t
k ) (5.4)

holds for all sufficiently large k ∈ K.

Proof. Since µ̄k = 0, by Lemma 5.4 it follows that, for all sufficiently large k ∈ K,

‖G(0, ŵk)‖ = ‖G(0, w̄k)‖ = ‖G(z̄k)‖ = O(‖G(zk)‖2−t) = O(µ2−t
k ),

where the last equality follows from the fact that zk ∈ N (β). Thus, there exists a constant
C > 0 such that ‖G(0, ŵk)‖ ≤ Cµ2−t

k holds for all sufficiently large k ∈ K. Therefore, for all
sufficiently large k ∈ K,

‖G(ẑk)‖ ≤ ‖G(ẑk) −G(0, ŵk)‖ + ‖G(0, ŵk)‖
= ‖G(ζkµk, w̄

k) −G(0, w̄k)‖ + ‖G(0, ŵk)‖

≤

∥∥∥∥∥∥∥




ζkµk

s̄k −Mx̄k − q
Φ(z̄) − ζkµkd


 −




0
s̄k −Mx̄k − q

Φ0(w̄)




∥∥∥∥∥∥∥
+ ‖G(0, ŵk)‖
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≤

∥∥∥∥∥∥∥




ζkµk

0
Φ(z̄) − Φ0(w̄) − ζkµkd




∥∥∥∥∥∥∥
+ ‖G(0, ŵk)‖

≤
(

1 +
√

5n/2 + ‖d‖
)
ζkµk +

√
n(ζkµk)3‖x̄k‖ + Cµ2−t

k ,

where the last inequality follows from (2.12).

Since there exists a constant C3 > 0 such that
√
n(ζk)3µ1+t

k ‖x̄k‖ + C ≤ C3 for all suffi-
ciently large k ∈ K. Thus, for all sufficiently large k ∈ K,

‖G(ẑk)‖ ≤
(

1 +
√

5n/2 + ‖d‖
)
ζkµk + C3µ

2−t
k .

Thus, it is easy to show that
(

1 +
√

5n/2 + ‖d‖
)
ζkµk + C3µ

2−t
k ≤ ζkβµk

whenever
ζk ≥ C3

β −
(
1 +

√
5n/2 + ‖d‖

)µ1−t
k .

Hence, by using the line search rule in (3.7) we have

δ2ζk ≤ C3

β −
(
1 +

√
5n/2 + ‖d‖

)µ1−t
k ,

and so
ζk ≤ C3

δ2
[
β −

(
1 +

√
5n/2 + ‖d‖

)]µ1−t
k

for all sufficiently large k ∈ K. Therefore, by (3.8) and Lemma 3.3(v) we obtain that, for
all sufficiently large k ∈ K,

µk+1 ≤ µ̂k = ζkµk ≤ C3

δ2
[
β −

(
1 +

√
5n/2 + ‖d‖

)]µ2−t
k = O(µ2−t

k ).

This completes the proof. 2

Remark 5.6 (i) If all V ∈ ∂BG(z∗) are nonsingular, then there exist a constant c1 > 0
and a sufficiently large k0 ∈ K such that ‖[G′(ẑk)]−1‖ ≤ c1 holds for all sufficiently large
k ∈ K with k ≥ k0. By (3.9) we further obtain that

‖∆ẑk‖ ≤ ‖[G′(ẑk)]−1‖(‖G(ẑk)‖ + ‖(σ + τ)µ̂ke
0‖ + ‖Υ(ẑk)‖)

≤ c1[β + (σ + τ)
√
n+ τ

√
n]µ̂k

for all sufficiently large k ∈ K with k ≥ k0. On the other hand, let c2 := max{‖[G′(ẑk)]−1‖ :
k = 0, 1, 2, . . . , k0−1}. Then, using (3.9) we have ‖∆ẑk‖ ≤ c2[β+(σ+τ)

√
n+τ

√
n]µ̂k for all

k ∈ {0, 1, 2, . . . , k0−1}. Therefore, if all V ∈ ∂BG(z∗) are nonsingular, then Assumption 5.1
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is satisfied, i.e., ‖∆ẑk‖ ≤ C2µ̂k for all k ∈ K with C2 := max{c1, c2}[β+(σ+ τ)
√
n+ τ

√
n].

Therefore, if all assumed conditions given in Theorem 5.5 are satisfied, then, by combining
Theorems 5.2 and 5.5, we obtain that Algorithm 3.1 is both globally linearly and locally
superlinearly convergent.

(ii) The condition that all V ∈ ∂BG(z∗) are nonsingular is a refinement of the condition
that all V ∈ ∂G(z∗) are nonsingular (The latter one has been used in the superlinear
convergence analysis of many non-interior continuation methods and smoothing Newton
methods). Such a condition has been used in superlinear convergence analysis of some
Newton-type algorithms for solving nonsmooth equations [30]. Some detailed remarks about
such a condition can be found in [30, Page 243].

(iii) Zhao and Li [39] proposed a non-interior continuation algorithm for LCP(M, q)
which possesses the global convergence under an assumption which is probably satisfied even
if LCP(M, q) has an unbounded solution set. However, the local superlinear convergence
of their algorithm requires both the nonsingular assumption and strict complementary con-
dition while no the global linear convergence result was reported. Therefore, our results
obtained in this section is stronger than those in [39].

6 Convergence Rate Analysis for the P∗-LCP

In this section, we will discuss the rate of convergence of Algorithm 3.1 for the P∗-LCP.
Since a P∗ matrix is a special case of a P0 matrix, all convergence results obtained in the
previous section are still valid. We will derive additional convergence results for Algorithm
3.1; namely, we will prove that Algorithm 3.1 is globally linearly and locally quadratically
convergent under the strict complementarity condition without the nonsingularity assump-
tion. By the strict complementarity condition we mean that x∗ + s∗ > 0. Obviously, w∗ is
a maximally complementary solution to LCP(M, q) (i.e., the number of its positive compo-
nents is maximal). Note that the indices of the positive components are invariant among
all maximally complementary solutions of LCP(M, q) when M is a P∗ matrix. Let

B := {i ∈ I : x∗i > 0} and N := {i ∈ I : s∗i > 0}.

Then B∪N = I and B∩N = ∅. Let S0 denote the set consisting of all strict complementary
solutions, i.e., S0 := {w ∈ S : xB > 0 and sN > 0}.

Lemma 6.1 Suppose that the function φ is defined by (2.1) with p = 3. Suppose that M is
a P∗ matrix and that Condition 2.1 is satisfied. Let z∗ be an accumulation point of the iter-
ation sequence {zk} generated by Algorithm 3.1. If w∗ satisfies the strict complementarity
condition x∗ + s∗ > 0, then dist(w,S0) = O(‖G(zk)‖) holds for all zk sufficiently close to
z∗.

By Lemma 6.1 we have that there exists a constant Ĉ > 0 such that

‖wk − wk∗‖ ≤ Ĉ‖G(zk)‖ (6.1)

for all zk sufficiently close to z∗.
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Lemma 6.2 If all conditions in Lemma 6.1 are satisfied, then, for all zk sufficiently close
to z∗, the following two results hold.

(i) There exists a constant ε > 0 such that

xk
i − (sk

i + µ3
kx

k
i ) ≥ ε ∀i ∈ B and (sk

i + µ3
kx

k
i ) − xk

i ≥ ε ∀i ∈ N .

(ii) v(zk) = u(zk), where functions v and u are defined by (3.2) and (3.1), respectively.

Lemma 6.3 If all conditions in Lemma 6.1 are satisfied, then

‖∆zk‖ = O(‖G(zk)‖) (6.2)

for all zk sufficiently close to z∗.

Proof. By using Lemma 3.3(iv) and Lemma 6.2(ii), we can obtain from (3.5) that, for all
zk sufficiently close to z∗,



1 0 0
0 −M I

Φ0
µk

+ Φµk
− d D0(zk) +D(zk) E(zk)







∆µk

∆xk

∆sk


 =




−µk

0
−[Φ(zk) − µkd] + u(zk)


 . (6.3)

From the first equality in (6.3) it follows that, for all zk sufficiently close to z∗,

|∆µk| ≤ µk ≤ ‖G(zk)‖. (6.4)

In the following, we investigate the upper bound of ‖∆xk‖ and ‖∆sk‖. For any k ∈ K, let

∆̂x
k

:= xk + ∆xk − xk∗ and ∆̂s
k

:= sk + ∆sk − sk∗, (6.5)

where wk∗ is the projection of wk onto the set S0. By using the definition of the function
u, Lemma 3.3(iv), (6.3), and (6.5) we can obtain that, for all zk sufficiently close to z∗,

∆̂s
k

= M∆̂x
k

(6.6)

and

[D0(zk) +D(zk)]∆̂x
k

+E(zk)∆̂s
k

= α(zk), (6.7)

where α(zk) := $(zk) + %(zk) with

$(zk) := [D0(zk) +D(zk)](xk − xk∗) +E(zk)(sk − sk∗) − Φ̃(zk) (6.8)

and

%(zk) := 2[Φ̃(zk) − Φ(zk)] + Φµk
µk + Φ0

µk
µk. (6.9)
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Since M is a P∗ matrix, we can further obtain from (6.6) and (6.7) that, for all zk sufficiently
close to z∗,

(∆̂x
k
)T ∆̂s

k
= (∆̂x

k
)TM∆̂x

k ≥ −4κ
∑

i∈I+(∆̂x
k
)

∆̂x
k

i (M∆̂x
k
)i

= −4κ
∑

i∈I+(∆̂x
k
)

∆̂x
k

i ∆̂s
k

i

= −4κ
∑

i∈I+(∆̂x
k
)

∆̂x
k

i

{
[E−1(zk)α(zk)]i − [E−1(zk)(D0(zk) +D(zk))∆̂x

k
]i
}
.

Since, for all zk sufficiently close to z∗,

∆̂x
k

i [E
−1(zk)(D0(zk) +D(zk))∆̂x

k
)]i = ∆̂x

k

iE
−1
ii (zk)(D0

ii(z
k) +Dii(zk))∆̂x

k

i ≥ 0

and

∆̂x
k

i [E
−1(zk)α(zk)]i = ∆̂x

k

iE
−1
ii (zk)αi(zk) ≤ |∆̂x

k

iE
−1
ii (zk)αi(zk)|

=
∣∣∣∣
[
diag(∆̂x

k
)E−1(zk)α(zk)

]

i

∣∣∣∣ ≤ ‖(∆̂xk
)TE−1(zk)α(zk)‖

≤ ‖E−1(zk)∆̂x
k
‖‖α(zk)‖,

it follows that, for all zk sufficiently close to z∗,

(∆̂x
k
)T ∆̂s

k
≥ −4κ

∑

i∈I+(∆̂x
k
)

∆̂x
k

i [E
−1(zk)α(zk)]i ≥ −4nκ‖E−1(zk)∆̂x

k
‖‖α(zk)‖.

Let rk := mini∈I
{
[D0

ii(z
k) +Dii(zk)]Eii(zk)

}
. Then, for all zk sufficiently close to z∗,

rk‖E−1(zk)∆̂x
k‖2 ≤ (∆̂x

k
)TE−1(zk)[D0(zk) +D(zk)]E(zk)E−1(zk)∆̂x

k

= (∆̂x
k
)TE−1(zk)[D0(zk) +D(zk)]∆̂x

k

= (∆̂x
k
)TE−1(zk)α(zk) − (∆̂x

k
)T ∆̂s

k

≤ ‖E−1(zk)∆̂x
k
‖‖α(zk)‖ + 4nκ‖E−1(zk)∆̂x

k
‖‖α(zk)‖

= (1 + 4nκ)‖E−1(zk)∆̂x
k‖‖α(zk)‖,

and hence,

‖E−1(zk)∆̂x
k‖ ≤ (1 + 4nκ)‖α(zk)‖/rk. (6.10)

In order to give the upper bound of ‖E−1(zk)∆̂x
k
‖ by ‖G(zk)‖, we need to investigate

$(zk)/rk and %(zk)/rk.

First, we give an upper bound of $(zk)/rk by ‖G(zk)‖.
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Since xk∗
i = 0 for all i ∈ N and sk∗

i = 0 for all i ∈ B, by making use of Lemma 6.2(i)
and the fact that D(zk) + E(zk) = 2I for all k ∈ K, we obtain from (6.8) that for all zk

sufficiently close to z∗,

$B(zk) = (D0
BB(zk) +DBB(zk))(xk

B − xk∗
B ) +EBB(zk)(sk

B − sk∗
B ) − (2sk

B + 2µ3
kx

k
B)

= DBB(zk)(xk
B − xk∗

B − sk
B + sk∗

B ) +D0
BB(zk)(xk

B − xk∗
B ) − 2µ3

kx
k
B,

and similarly,

$N (zk) = ENN (zk)(sk
N − sk∗

N − xk
N + xk∗

N ) +D0
NN (zk)(xk

N − xk∗
N ).

Let

$̂(zk) := ‖D0
BB(zk)‖‖xk

B − xk∗
B ‖ + 2µ3

k‖xk
B‖ + ‖D0

NN (zk)‖‖xk
N − xk∗

N ‖, (6.11)

we further obtain that, for all zk sufficiently close to z∗,

‖$(zk)‖ ≤ max{‖DBB(zk)‖, ‖ENN (zk)‖}(‖xk − xk∗‖ + ‖sk − sk∗‖) + $̂(zk). (6.12)

For any k ≥ 0, let gk
i := xk

i − (sk
i + µ3

kx
k
i ). Lemma 6.2(i) indicates that there exists a

constant ε > 0 such that |gk
i | > ε for all zk sufficiently close to z∗. Thus, by definitions of

D(zk) and E(zk) given in Proposition 2.4 we can further obtain that there exists a constant
C4 > 0 such that, for all zk sufficiently close to z∗,

rk = min
i∈I

{
4µ2

k/[(g
k
i )2 + 4µ2

k] +O(µ3
k)

}
≥ C4µ

2
k, (6.13)

Thus, it follows from (6.13) that, for any i ∈ B,

Dii(zk)
rk

≤
1 − gk

i /
√

(gk
i )2 + 4µ2

k

C4µ2
k

=

√
(gk

i )2 + 4µ2
k − gk

i

C4µ2
k

√
(gk

i )2 + 4µ2
k

=
4

C4

√
(gk

i )2 + 4µ2
k

(√
(gk

i )2 + 4µ2
k + gk

i

) = O(1)

and that, for any i ∈ N ,

Eii(zk)
rk

≤ 4

C4

√
(gk

i )2 + 4µ2
k

(√
(gk

i )2 + 4µ2
k + gk

i

) = O(1).

In addition, by using the definition of D0, (6.1), and (6.11) we have that, for all zk suffi-
ciently close to z∗ and all i ∈ I,

$̂(zk)
rk

=
O(µ3

k)‖xk
B − xk∗

B ‖ +O(µ3
k) +O(µ3

k)‖xk
N − xk∗

N ‖
C4µ2

k

= O(‖G(zk)‖).

Therefore, by (6.12) we further obtain that, for all zk sufficiently close to z∗,

‖$(zk)‖/rk = O(‖xk − xk∗‖ + ‖sk − sk∗‖) +O(‖G(zk)‖) = O(‖G(zk)‖). (6.14)
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Next, we give the upper bound of %(zk)/rk by ‖G(zk)‖.

For all zk sufficiently close to z∗, by (6.9) we have

%i(zk) = 2
[√

(gk
i )2 + 4µ2

k −
√

(gk
i )2

]
+ Φµµk + Φ0

µk
µk

=
8µ2

k√
(gk

i )2 + 4µ2
k +

√
(gk

i )2
− 4µ2

k√
(gk

i )2 + 4µ2
k

+ Φ0
µk
µk

=
4µ2

k

[√
(gk

i )2 + 4µ2
k −

√
(gk

i )2
]

√
(gk

i )2 + 4µ2
k

(√
(gk

i )2 + 4µ2
k +

√
(gk

i )2
) + Φ0

µk
µk

=
16µ4

k√
(gk

i )2 + 4µ2
k

(√
(gk

i )2 + 4µ2
k +

√
(gk

i )2
)2 + Φ0

µk
µk

= O(µ4
k) +O(µ3

k),

which implies

‖%(zk)‖
rk

≤
∑

i∈I

|%(zk)i|
C4µ2

k

= O(µk) = O(‖G(zk)‖). (6.15)

Now, by combining (6.10) with (6.14) and (6.15) we can further obtain that

‖E−1(zk)∆̂x
k‖ ≤ (1 + 4nκ)

{
‖$(zk)‖/rk, ‖%(zk)‖/rk

}
= O(‖G(zk)‖) (6.16)

holds for all zk sufficiently close to z∗. Since ‖E(zk)‖ ≤ 2, it follows from (6.1) that for all
zk sufficiently close to z∗,

‖E(zk)−1∆̂x
k‖ ≥ [‖∆xk‖ − ‖xk − xk∗‖]/‖E(zk)‖ ≥ ‖∆xk‖ − Ĉ‖G(zk)‖/2.

This, together with (6.16), implies that for all zk sufficiently close to z∗,

‖∆xk‖ = O(‖G(zk)‖). (6.17)

Now, we estimate ‖∆sk‖. From (6.7) we have that for all zk sufficiently close to z∗,

‖∆̂s
k
‖ ≤ ‖[D(zk) +D0(zk)]−1E(zk)−1‖‖D(zk) +D0(zk)‖‖α(zk)‖

+‖D(zk) +D0(zk)‖‖E(zk)−1∆̂x
k‖

≤ 3
‖$(zk)‖ + ‖%(zk)‖

mini∈I{[Dii(zk) +D0
ii(zk)]Eii(zk)}

+ 3‖E(zk)−1∆̂x
k
‖

= O(‖G(zk)‖), (6.18)

where the second inequality is due to ‖D(zk) + D0(zk)‖ ≤ 2 + µ3
k‖xk‖. Hence, it follows

from (6.18) that for all zk sufficiently close to z∗,

‖∆sk‖ ≤ ‖sk + ∆sk − sk∗‖ + ‖sk − sk∗‖ = O(‖G(zk)‖). (6.19)
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Finally, by combining (6.4) with (6.17) and (6.19), we obtain that (6.2) holds for all zk

sufficiently close to z∗. 2

Let {ẑk} be generated by the predictor step and let {∆ẑk} be generated by the corrector
step. Then from the construction of Algorithm 3.1, it is easy to see that Lemmas 6.1, 6.2,
and 6.3 are still satisfied if we replace {zk} and {∆zk} by {ẑk} and {∆ẑk}, respectively.

Corollary 6.1 If all conditions in Lemma 6.1 are satisfied with {zk} and {∆zk} being
replaced by {ẑk} and {∆ẑk}, respectively. Then ‖∆ẑk‖ = O(‖G(ẑk)‖) for all zk sufficiently
close to z∗.

Lemma 6.4 Suppose that all the conditions assumed in Lemma 6.1 are satisfied. Then
‖G(z̄k)‖ = O(‖G(zk)‖2) holds for all zk sufficiently close to z∗, where z̄k = zk + ∆zk.

Proof. Since w∗ satisfies the strict complementary condition, it is easy to see from (2.8)
and Lemma 6.2(i) that ‖φ′′(µk, x

k
i , s

k
i )‖ = O(1) holds for all k ∈ K and all i ∈ I. Thus, by

using (2.9) we have

‖Φ(zk + ∆zk) − Φ(zk) − Φ′(zk)∆zk‖ = O(‖∆zk‖2), ∀k ∈ K.

By using the definition of the function G we further obtain

‖G(zk + ∆zk) −G(zk) −G′(zk)∆zk‖ = O(‖∆zk‖2), ∀k ∈ K.

Thus, it follows from Lemma 6.3 and the proof in Lemma 6.2(ii) that

‖G(zk + ∆zk)‖ = ‖G(zk + ∆zk) −G(zk) −G′(zk)∆zk +G(zk) +G′(zk)∆zk‖
≤ ‖G(zk + ∆zk) −G(zk) −G′(zk)∆zk‖ + ‖G(zk) +G′(zk)∆zk‖
= O(‖∆zk‖2) + ‖u(zk)‖2

= O(‖∆zk‖2) +O(µ2
k)

= O(‖G(zk)‖2)

for all zk sufficiently close to z∗. This completes the proof. 2

Theorem 6.5 Suppose that the function φ is defined by (2.1) with p = 3. Suppose that
M is a P∗ matrix and that Condition 2.1 is satisfied. Let z∗ be an accumulation point of
the sequence {zk} generated by Algorithm 3.1. If w∗ satisfies the strict complementarity
condition x∗ + s∗ > 0, then

µk+1 = O
(
µ2

k

)

holds for all sufficiently large k ∈ K.

Proof. By using the results of Corollary 6.1 and Lemma 6.4, we can show the result of the
theorem in a similar way to those in Theorem 5.5 and in [24, Theorem 4]. We omit it here.

2
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Remark 6.6 (i) If the strict complementarity condition holds, then it follows from Corol-
lary 6.1 that there exist a constant c3 > 0 and a sufficiently large k0 ∈ K such that
‖∆ẑk‖ ≤ c3‖G(ẑk)‖ ≤ c3βµ̂k holds for all k ∈ K with k ≥ k0. Thus, by using a simi-
lar discussion to the one in Remark 5.6(i) we conclude that Assumption 5.1 is satisfied,
Therefore, by combining Theorems 5.2 and 6.5, we imply that Algorithm 3.1 is globally
linearly and locally quadratically convergent.

(ii) Consider Remark 5.6(i) and Remark 6.6(i) together, it is easy to see that Assump-
tion 5.1 may be satisfied even if the solution of the P0-LCP is not unique.

(iii) It is known that non-interior continuation algorithms proposed in [13, 14, 20, 36]
possess the local superlinear rate of convergence under the strict complementary condition.
However, the problems discussed in [13, 14, 20, 36] are monotone LCPs or linear programs.
Thus, the convergence results established in this section are broader in the sense that they
apply to P∗-LCP and stronger in the sense that both global linear and local quadratic, rather
than only local quadratic rate of convergence, are obtained.

7 Some Final Remarks

It is known that the non-interior continuation algorithm is closely related to the so-called
smoothing Newton method (see, for example, Huang, Qi, and Sun [24] and references
therein). Before we end this paper, some observations on the relationship between our
results and similar results of the existing smoothing Newton methods could be helpful for
future research.

• To our knowledge, all existing smoothing Newton methods require the boundedness
of the solution set if global linear convergence and local superlinear convergence are
considered simultaneously. Sun and Huang [34] proposed a smoothing Newton algo-
rithm for the P∗-matrix LCP. However, the purpose of [34] is to investigate the finite
termination property of the algorithm. Huang [21] proposed a smoothing Newton
algorithm for the nonlinear complementarity problem, but the purpose of [21] is to
investigate global convergence and other convergence behavior of the algorithm. No
result on rate of convergence was reported in the two papers above.

• Generally, it is very difficult to establish global linear convergence for the smoothing
Newton method. Huang, Han, and Chen [23] proposed a predictor-corrector-type
smoothing Newton algorithm where they gave a global linear convergence result with
respect to the reformulation function sequence {H(zk)}, i.e., there exists a constant
c ∈ (0, 1) such that ‖H(zk+1)‖ ≤ c‖H(zk)‖ for all k. In this paper, under a weaker as-
sumption than [23], we proved global linear convergence with respect to the smoothing
parameter sequence {µk}. Thus, the two results do not cover each other.

• Huang, Qi, and Sun [24] proposed a smoothing Newton method, which improved the
local superlinear results of some existing smoothing Newton methods. In particu-
lar, the algorithm in [24] was shown to be locally superlinearly convergent under the
nonsingular assumption or locally quadratically convergent under the strict comple-
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mentary condition. However, such a result was established only for the monotone
LCP rather than the P∗-LCP here.

Acknowledgment. We are very grateful to the two referees for their valuable comments,
which have considerably improved the paper.
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