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Abstract

We propose a non-interior continuation algorithm for the solution of the linear comple-
mentarity problem (LCP) with a Py matrix. The proposed algorithm differentiates itself
from the current continuation algorithms by combining good global convergence prop-
erties with good local convergence properties under unified conditions. Specifically, it is
shown that the proposed algorithm is globally convergent under an assumption which
may be satisfied even if the solution set of the LCP is unbounded. Moreover, the algo-
rithm is globally linearly and locally superlinearly convergent under a nonsingularity
assumption. If the matrix in the LCP is a P, matrix, then the above results can be
strengthened to include global linear and local quadratic convergence under a strict
complementary condition without the nonsingularity assumption.
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1 Introduction

Given a matrix M € R™ " and a vector ¢ € R", the linear complementarity problem
(LCP), denoted by LCP(M, q), is to find a vector (z,s) € R*" such that

(z,5) >0, s=Mz+gq, and z's=0.
Throughout this paper, the solution set of LCP(M, q) is denoted by S, i.e.,

S:={(x,5) € R2n . (x,8) >0,s =Mz + q, and :ch:O},

where “:=” means “is defined as”. We suppose that the matrix M is a Py or P, matrix.

Let 7 :={1,2,...,n}. Recall that a matrix M is called a Py matrix if for any = € R" with
x # 0, there exists an index i € 7 such that

x; 70 and x;(Mzx); > 0;
and that a matrix M is called a P, matrix if there exists a nonnegative number k such that

zT(Mz) > —4k Z z;(Mz);, VreR", (1.1)
i€Z4 ()

where Z, (z) :={i € Z : x;(M=x); > 0}. The set of all matrices satisfying (1.1) is denoted by
P, (k), hence P, = Uy>0Px(k). Obviously, Py (0) is the set of positive semidefinite matrices.
It is easily seen that P, (0) C Py(k) C Py for all kK > 0. More detailed discussions on Fy and
P, matrices can be found in Cottle, Pang, and Stone [12] and Kojima, Megiddo, Noma,
and Yoshise [28].

An LCP(M, q) is said to be a Py (respectively, P,, monotone) LCP if the matrix M is
a Py (respectively, Py, positive semidefinite) matrix. In this paper, we investigate the non-
interior continuation algorithm for solving the Py or P, LCP. A large number of non-interior
continuation algorithms for solving various optimization problems has been proposed in
the last decade (see, for example, Chen and Tseng [11], Engelke and Kanzow [13], and
references therein). A focal point in the development of those algorithms has been to
obtain good convergence properties, which can be further categorized into three aspects:
Global convergence properties, global linear convergence properties, and local superlinear
convergence properties.

Global convergence is a basic requirement for an iterative algorithm. In this case, one
of the main issues is how to ensure the boundedness of the iteration sequence generated by
the non-interior continuation algorithms. Various sufficient conditions have been presented
for this purpose. See, for example, the Py + Ry condition in Kanzow [26], the uniform P
condition in Kanzow [27] and Xu [37], Condition 1.2 in Hotta and Yoshise [18], Assumption
1.1 in Chen and Chen [4], Assumption 2 in Chen and Xiu [8], Assumption A in Burke
and Xu [1], the condition used in Lemma 4 in Tseng [35], and Assumption 1.1 in Huang
[20]. It is known that all of the aforementioned conditions imply that the solution set of
the concerned problem is bounded (see, for example, Zhao and Li [39] and Huang [19]).
Recently, Zhao and Li [39] made an improvement on relaxing this requirement. Based on
the analysis on the regularized central path [38], Zhao and Li [39] proposed a non-interior



continuation algorithm for solving LCP (M, q) which is globally convergent under a new
condition. The outstanding feature of the new condition is that it can be satisfied by an
LCP(M, q) with an unbounded solution set.

Global linear convergence has been another research topic for non-interior continuation
algorithms. To obtain global linear convergence of the algorithms, various conditions have
been proposed in the literature. Among them, a common condition is that the Jacobian
of a certain reformulated function is uniformly nonsingular (the uniformly nonsingular as-
sumption for short). It is well known that the uniformly nonsingular assumption implies
that S consists of a single element when M is a Py matrix. Some sufficient conditions of
the uniformly nonsingular assumption can be found in Burke and Xu [1, Proposition 4.3],
Chen and Chen [5, Section 5], Qi and Sun [31, Proposition 4.2], and Tseng [35, Corollary
2]. Recently, Huang [20] proposed a new condition which requires the iteration direction
sequence obtained in the Newton equations is uniformly bounded. The new condition is a
relaxation of the uniformly nonsingular assumption. The main feature of the new condition
is that it does not imply the uniqueness of the solution of the Py-LCP.

In order to obtain local superlinear convergence, most non-interior continuation algo-
rithms need both the nonsingularity assumption (i.e., all generalized Jacobian of some refor-
mulation function at each accumulation point of the iteration sequence are nonsingular) and
the strict complementarity condition (i.e., each accumulation point of the iteration sequence
is a strict complementary solution to the problem concerned). See, for example, Burke and
Xu [2], Chen and Chen [5], Chen and Xiu [7], Zhao and Li [39], and Huang and Han [22]).
Some efforts have been made in the literature to relax the two assumptions. Chen and
Xiu [8] proposed a one-step non-interior continuation algorithm for solving the monotone
LCP which is locally superlinearly convergent under the nonsingularity assumption with-
out the strict complementarity assumption. On the other hand, Tseng [36] proposed a
predictor-corrector-type non-interior continuation algorithm for solving the monotone LCP
which is locally superlinearly convergent only under the strict complementarity condition.
Similar improvement results have also been obtained by Engelke and Kanzow [13, 14] for
linear programs and Huang [20] for the monotone LCP. Recently, Huang, Qi, and Sun [24]
proposed a smoothing Newton method (which is closely related to the non-interior contin-
uation algorithm) for solving LCP (M, q), which is either locally superlinearly convergent
under the nonsingularity assumption or locally quadratically convergent under the strict
complementarity condition if M is a positive semidefinite matrix.

To the best of our knowledge, there have been no such non-interior continuation al-
gorithms in the literature that combine the newest features in all three categories above,
which motivates the current work. By using a modified regularized smoothing reformula-
tion, we propose a non-interior continuation algorithm for solving the Py-LCP that has the
following convergence properties.

e The proposed algorithm is globally convergent under an assumption which may be
satisfied even if S is unbounded.

e The proposed algorithm is globally linearly convergent under a new assumption which
is a relaxation of most existing conditions. The proposed assumption does not imply
the uniqueness of the solution of the Py-LCP.



e The proposed algorithm is globally linearly and locally superlinearly convergent under
the nonsingularity assumption without the strict complementarity condition.

e If M is a P, matrix, in addition to the above convergence properties, the proposed
algorithm is globally linearly and locally quadratically convergent under the strict
complementarity condition without the nonsingularity assumption.

The organization of the paper is as follows. In the next section, we discuss a modified
regularized smoothing reformulation of LCP(M,q) and deduce some basic properties of
it. In Section 3, we present our non-interior continuation algorithm and show that the
algorithm is well defined. In Section 4, we show the global convergence of the proposed
algorithm. In Section 5, we show the global linear and local superlinear convergence of
the proposed algorithm for solving LCP(M, q) with M being a Py matrix. In Section 6,
we show the global linear and local quadratic convergence of the proposed algorithm for
solving P,-LCP (M, q). Some remarks are given in Section 7.

A few words about our notation are in order. All vectors are column vectors, the su-
perscript T denotes transpose, R denotes the space of n—dimensional real column vectors,
and R} (respectively, R}, ) denotes the nonnegative (respectively, positive) orthant in 3.
We denote Z = {1,2,...,n}. For any vector u, we denote by wu; the ith component of
u and, for any K C Z, by ux the vector obtained after removing from u those w; with
i ¢ K. For any vectors u,v € R", we write (u?,v")T as (u,v) for simplicity. For any
set A € R?", we denote by dist(w,.A) the Euclidean distance of the vector w € R*" to

the set A, i.e., dist(w, A) = infyec ||w — v||. We denote by R"*" the space of n x n real

matrices. For any A € R"*", we denote ||A| = max,epn |jy=1 [|[Mul|. For any continu-
ously differentiable function g = (g1,92,...,9m)’ : R™ — N™, we denote its Jacobian by
d = (V91,32 --,V9m), where \7g; denotes the gradient of g; for i = 1,2,...,m. For

any o, € Ry, we write « = O(8) (respectively, a« = o(f)) to mean a/( is uniformly
bounded (respectively, tends to zero) as 3 — 0. For any (z,y) € R* with y — z € R7,
we denote by [z,y] the rectangular box [z1,y1] X -+ X [xn, yn]. Let K denote the set of all
iteration indices, i.e. K :={0,1,2,...}. For any (u,x,s), (ug,z*,s*) € Ry x R?" (k € K),
we always use the following notation throughout this paper unless stated otherwise:

Zk; k k)

For any vector u € R", we also use vec{u; : i € Z} to denote the vector u and use
diag{w; : i € Z} to denote the diagonal matrix whose i-th diagonal element is u;.

2 The Smoothing Reformulation and Its Basic Properties

At the core of the non-interior continuation algorithm is a smoothing function. Many
smoothing functions have been studied in the literature; see, for example, [9, 13, 15, 16].
In this paper, we use the smoothing function ¢ : 382 — R defined by

S, a,b) = a+ (b+ Pa) — \/la — (b+ pra)]? + p2, (2.1)



which p € (0,+00). This function is called the regularized Chen-Harker-Kanzow-Smale
(CHKS) smoothing function [6, 26, 33]. It is easy to see that the function ¢ is continuously
differentiable at any (u,a,b) € R with u > 0.

For any z € 12" and a fixed vector d € R", let

G(z) == F’é) ] , (2.2)
where
F(z) = [ oy ] (2.3)
with
¢(u, 1, 81)
O(z) = : . (2.4)
¢k Tns 5n)
From (2.1), it is easy to see that
#(0,a,b) =0 <= a>0,b>0, ab=0.
Thus, by (2.2), (2.3), and (2.4) we have
G(z) =0 <= pu=0 and w solves LCP(M,q). (2.5)

We can then solve LCP(M, q) by reformulating LCP(M, ) as a system of smooth equations
G(z) = 0 and iteratively solving this equation as p — 0.

The function given in (2.2) is a modification of the regularized reformulation given
in [38]. As we will see later, this modification is a key for us to obtain stronger local
convergence without destroying the good global convergence property established in [38].
In the following we give a condition for global convergence and establish some properties
of the trajectory for the LCP defined by F(z) = 0.

For given p € (0,+00), d € R", and p € (0,1], we define a mapping F;, 4 ,,) : 20— R 2
as follows:

Xs

j:(p,d,,u)(xvs) = s — M(.%' —|-,U,d/2) —q- :U'px ) (26)

where X = diag{z; : i € Z}.

Condition 2.1 For given p € (0,+00), d € R, and some constant t € (0,00), there exists
a constant [i € (0,1] such that

UuE(O,ﬂ}F(;}d,u) (Du)

s bounded, where
f@}dyu)(D“) = {(,5) € RV : Fpap(2,5) € Dy}

and Dy, := [0, pe] x [—pute, pte] C R x R™ with e being the n-vector of ones.



In a similar way to [38, Proposition 2.1], we can prove

Proposition 2.2 Suppose that M is a Py matriz. If the solution set of LCP(M,q) is
nonempty and bounded, then Condition 2.1 is satisfied. .

It is known that the assumption of the solution set of LCP(M, ¢) being nonempty and
bounded is weaker than most conditions used in the literature [19, 39]. Proposition 2.2 says
that Condition 2.1 is not stronger than the assumption of the solution set of LCP(M,q)
being nonempty and bounded. In fact, if p € (0, 1], then the words “not stronger” can be
replaced by “strictly weaker”. This can be seen by investigating the following example.

Example 2.1 ([10, Example 1.1]) Consider LCP(M, q) with

1
0
-1

M = and q= 10

o O O
— = O

From [10] we know that M is a Py-matrix and the solution set of this LCP(M,q) is un-
bounded. However, we can show that Condition 2.1 for p € (0,1] is satisfied (The proof
can be found in [25]).

Theorem 2.3 Let M be a Py-matriz. Denote P := {w € R*" : F(z) = 0 where u € (0,1]}.
Then the following results hold.

(i) For each p € (0,1], there is a unique w(p) € P.
(ii) The trajectory P is smooth with respect to .

(iii) If Condition 2.1 is satisfied, then the entire trajectory {w(p) : pu € (0,1]} is bounded.
Hence there exists at least a subsequence {w(ux)} converging to (0,w*) as pr — 0,
where w* is a solution to LCP(M,q).

The proof of Theorem 2.3 is quite similar to the one in [38, Theorem 4.2]. We omit it
for brevity. Theorem 2.3 provides a theoretical basis for designing a continuation algorithm
by using the modified regularized reformulation.

Before describing our continuation algorithm, we give several propositions which are
useful for our analysis later. The proofs of these propositions are easy and we therefore
omit them.

Proposition 2.4 Let G' denote the Jacobian of the function G defined by (2.2). Then,

1 0 0
G'(u,z,s) = 0 -M I , (2.7)
) +®,—d D)+ D(z) E(2)



where I denotes the n X n identity matriz, and

O imveel@)iie T} where (@)= pulo + Bl e,
P, = vec{(d,); i € I}, where (d,,); = gy = (Sif:pxi)]2+4ﬂ2 ieZ,

DO(z) := diag{(d®); : i € T},  where (d°); = pP + \/[g:’jw(gﬁj;’j;’gﬂﬁ i€,
D(z) := diag{(dy); : i € T}, Wmm(%”zl_\mf2$ﬁifﬂm iel,

E(2) == diag{(dy); : i € T},  where (d,); = \/m’“ sfi“pi 9‘*‘];)%” ieT.

If M is a Py matriz, then G’ is nonsingular at any point z € RFT2" with p > 0.

Proposition 2.5 For any (u,a,b,c) € R4 x R x R x R, we have

1 1 1 1
o(p,a,b) =c = a—§c>0, b+,upa—§c>0, and (a—§c)(b+,upa—§c):u2.

Proposition 2.6 Suppose that the function ¢ is defined by (2.1) with p = 3. Let S C
Ri xRy xR xR xR be a bounded set and let (uq,pe,a,b,c) € S. Then there exists a
constant Co > 0 such that |¢(p1,a,b) — ¢(pe, a,b)| < Colpr — pal.

Proposition 2.7 Suppose that the function ¢ is defined by (2.1) with p = 3. Let S C
Ry x R2 be a bounded set. For any a € (0,1) and ¢,é € S, there exists a constant C; > 0
such that

16" () < C1/y/la— (b+ pBa)? +4p2 < C1/(2p) (2.8)

and

|6(c + ae) — ¢(c) — ad(c)e] < Cra?|e])?/(2p). (2.9)

For any z := (u,x,s) € ¥ x R" x R, let
Do(w) := 2min{z, s}, @(2):=2min{z,s + pPz}, (2.10)
and
£(z) :== min{|z; — (s; + pPz;)| 1 i € T}. (2.11)
Proposition 2.8 Suppose that the function ¢ is defined by (2.1) with p = 3.

(i) For any z = (p,x,s) € Ry x K" x R satisfying that there exists a i > 0 such that
| — 2uz;(v; — 8;) + pa?| < 1 holds for all i € T and all pu € [0, ], it follows that for

all € [0, 0],
|@0(w) — (=)l < \/5n/2u + Vi a]. (2.12)
(i) If £(z) > € for some constant € > 0, then
18 (=) — @(2)|| < (2/e)pi®. (2.13)
If £(2) > ypt for two constants t € (0,1) and v > 0, then
18 (=) — @(2)|| < (2n/7)u>". (2.14)



3 The algorithm

Let functions ® and ® be defined by (2.4) and (2.10), respectively. Suppose that
7 € (0,1). Define u : R1+2" — R by

[ B - () i ut0
u(z) = { 0 otherwise (3.1)
and v : R1T2" — R” by
_ ) orue i rpy/n < u(z)]|
v(z) = { u(z)  otherwise, (3:2)

where e denotes the n-vector of all ones. Suppose that ¢ € (0,1) and v > 0 are two
constants, and that & : R*® — R, is defined by (2.11). We now define the function
T:RH S5 R xR x R” as follows:

,r@)::{(QOﬂK@) if&Z)%vu 33)
(0,0,0) otherwise.
Denote

U(z) = ®(z) — pd. (3.4)

Now, we describe our non-interior continuation algorithm in detail.

Algorithm 3.1 (A Continuation Algorithm of Predictor-Corrector-Type)

Step 0 (Initialization) Choose §1,02,t € (0,1), v,p € (0,00), uo € (0,1], 2° € R*, and
o,7 € (0,1) with o +7 < 1. Set s := Ma® + q and 2° := (g, w®) := (o, z?, s°).
Taking a constant vector d € R™. Choose a constant 3 such that 3 > 14 +/5n/2+ ||d||
and ||G(20)|| < Buo. Set € :=(1,0,...,0) € R1*2" and k := 0.

Step 1 (Termination Criterion) If ||G(z*)|| = 0, stop.

Step 2 (The Predictor Step) If |G(z")|| > 1, then set ¥ := 2* and go to Step 3;
otherwise,

compute AZF = (Apy, AzF, AsF) € R1T2 from the linear system
G'(ZMVAZF = —G(F) + T (2F). (3.5)
Set
2= (g, @) = 2 + AR (3.6)
If G(0,w") = 0, stop; otherwise,

if ||G (g, @F)|| > B, then set 2% = 2* and go to Step 3; otherwise,
1



let ¥ be the mazimum of the values 1, 82,03, -+ such that

|G (Cpures W¥|| < B and |G (82Ck sk, WF)|| > 62CkBhuk, (3.7)
and set
fk = Cope  and  0F = @k (3.8)

Step 3 (The Corrector Step) Compute A2F = (A, AzF, ASF) € RIF2 from the
linear system

G'(ZFYAZF = —G(EF) + (0 + 7) e’ + T(2F). (3.9)
Let 0, be the mazimum of the values 1,681,062, - - such that
[ (25 + 0,AZF)|| < [1 = (1= (0 +7))0k]/ 8% — 1fug. (3.10)

Step 4 (Update) Set z**1 := 28 1 0, A% and k := k + 1; return to Step 1.

Remark 3.2 (i) Algorithm 3.1 is designed by making use of some techniques used in [2, 3,

13, 14, 24, 39]. As we will see later, Algorithm 3.1 possesses stronger convergence properties
than those obtained in [2, 3, 13, 14, 24, 39].

(ii) Algorithm 3.1 can be easily started. In fact, we can choose any z° € (0,1] x R?" as
the starting point of our algorithm, and then set

8= max {2+ \/5n/2-+ |d]. |G(:")]/o

(iii) From the first equation in (3.5) we have Apy = —py, and hence fiy, = g+ Apg, = 0.
This fact will be used in our superlinear convergence analysis later.

The following lemma demonstrates that Algorithm 3.1 is well defined. Some basic
properties are also included in the lemma.
Lemma 3.3 Suppose that M is a Py matriz. Then
(i) Algorithm 3.1 is well-defined.
(i) pg > 0 for all k € K.
(i1i) 2%, 2% € N(B) == {2z = (p,2,8) € Ry xR x R": ||G(2)|| < Bu} for allk € K.
(iv) ¥ = Mz* 4 q for all k € K.

(v) pr+1 < i < pg for each k € K.

Proof. We first show that all results hold at the first iteration step (i.e., k = 0).

Case 1. Assume that Step 2 is accepted at k = 0.



(a) Since pp > 0 when k& = 0, by Proposition 2.4 we know that the equation (3.5) is
solvable.

(b) If G(0,*) = 0, then w* solves LCP(M, q); otherwise, by continuity, there exist ¢ > 0
and i > 0 such that ||G(u, @")|| > ¢ for all u € (0,]. Thus, if |G (ug, )| < Bus,
then the line search (3.7) is well defined for & = 0.

(c) Since i, = (i > 0, it follows from Proposition 2.4 that the equation (3.9) is solvable
for k = 0.

(d) From s = M2%+qand (3.5) we have §¥ = Mi¥4-¢ for k = 0; and from |G (2%)|| < Buo
and (3.7) we have ||G(2¥)| < Bk for k = 0. That is, we have

8 =MiF +¢ and |G| < Bag  for k= 0. (3.11)
For any « € (0,1], let the function ¥ be defined by (3.4) and
() == U(EF 4 aAzP) — U(EF) — oW/ (3F) A%, (3.12)
then by (3.9), (3.11), and (3.12),
[W(2F +arzh) < (1 =) WE)| +alTE)] + [ ()]
(1 - /B2 — L + ar vy + ()
< - (1 -7aly/B2 — 1+ (@) (3.13)

where we use definitions of the function G (see (2.2)) and the function ¥ (see (3.4)).
Since i* > 0 for k = 0, it is easy to see that the function G is continuously differen-
tiable at 2%, which together with (3.12) yields ||r*(a)|| = o(a). Therefore, from (3.13)
it follows that there exists an & € (0, 1] such that

19 + @l < [L— (1 (o +7))aly/52 — 1

holds for any a € (0,@]. This demonstrates that (3.10) is well defined.

IN

Thus, Algorithm 3.1 is well defined at k = 0 if Step 2 is accepted.

Case 2. Assume that Step 2 is rejected at £ = 0. To show that the algorithm is well
defined, it suffices to show that the equation (3.9) is solvable and that the line search (3.10)
is well defined. Since, in this case, i* > 0 for k = 0 by 2¥ := z¥, the above results can be
shown in a similar way as those in cases (c) and (d).

Cases 1 and 2 together say that Algorithm 3.1 is well defined when & = 0. We next
show that the results (ii)—(v) hold at k£ = 0.

(e) If Step 2 is accepted, then fiy = (rur > 0; otherwise, fip = g > 0. That is, we always
have fix, > 0. Thus, by using the first equation in (3.9) we have

fry1 = i* + AL =1 — (1 = (0 +7))0]i" > 0. (3.14)

Therefore, the result (ii) holds for k& = 0.

10



(f) If Step 2 is accepted, then by (3.11) we have §¥ = M#* + ¢; otherwise, by 2% = 2*,
we also have §¥ = M#* 4 ¢q. This together with (3.9) implies that s**1 = Ma*+1 +¢
for k = 0, namely, the result (iv) holds for k& = 0.

(g) By (3.7) we have ¥ € A(B). On the other hand, by (3.10) we have ||¥(zF+1)|| <
[1— (1= (o+7))0k]vV3?— ik, and hence

IGEI =\ + (W (R)]2
2
< \/ 1= (1= (o + 7))} + {[1 — (1= (0 +7))0k]y/ 82 - mk}
< Blky1,

where the first inequality follows from (3.14). Therefore, the result (iii) holds for
k= 0.

(h) We have that either Step 2 is rejected or Step 2 is accepted. For the former case, we
have fi, = p, and hence it follows from (3.14) that pgiq1 < pg. For the latter case,
similar to the above inequality we have x4+ < fig, and hence pg1 < i = Ceptre < -
Consider both cases together we obtain that the result (v) holds.

By combining cases (a)-(h), the lemma is shown to be valid at k£ = 0. Now assuming that
the lemma hold for K = m, we can show that all results of the lemma hold for k = m + 1
in the same way as from (a) to (h) above. O

4 Global Convergence

The following lemma proves the boundedness of the sequence generated by Algorithm
3.1.

Lemma 4.1 Suppose that M is a Py matriz. Let the sequence {z*} be generated by Algo-
rithm 3.1. If Condition 2.1 holds, then the sequence {z*} is bounded.

Proof. Since the sequence {py} is non-negative and monotonically decreasing by Lemma
3.3(ii)(v), it follows that the sequence {uz} is bounded. Thus, we need to show that {w"}
is a bounded sequence.

Construct a sequence {d*} by
d¥ = [®(2F) — ppd] / s, Vk € K. (4.1)

Using Lemma 3.3(iii)(iv) and the definition of the function G (see (2.2)) we can obtain that
{d*} is a bounded sequence and

|dE|| < /B2 -1, kek. (4.2)

11



By Lemma 3.3(iv) it is easy to see that {s*} is bounded if {2*} is bounded. Thus we
only need to show that the sequence {2} is bounded. In the following, we assume that the
sequence {z*} is unbounded and derive a contradiction.

Using (4.1) and Proposition 2.5 we have

>0, 5 >0, and 7F5¥ =42, Viel (4.3)
where
1 1
=gk — §Mk(d+ d¥) and &%= s 4 phat — §uk(d +db). (4.4)

Since M is a Py matrix, it follows from [17, Lemma 1] that there exist a subsequence of
{z*} (which is denoted by {z*} without loss of generality) and an index iy € Z such that
zF — 0o and (Ma* + q), is bounded from below. By using Lemma 3.3(iv), the equality

10

in (4.3), and the second equality in (4.4) we have

1 B
(M + q)ig + iz, — 5 un(d +d")ig = =i/,

which implies that u; — 0 since {d*} is bounded, :cfo — 00, and (Mz* + ¢);, is bounded
from below.
In addition, it follows from (4.4) and (4.1) that
F— M+ pd/2) — q — R
1 - i
="+ Rt — S+ d¥) = M(Z" + pgd/2) — g — pia*
1
= Ma¥ + g+ pia® — Spu(d+ %) = M(3* + pd/2) = q = "
= M (2" — & + ppd/2) + p(«* — &) — pi(d + d*) /2
= M (uy(d + d*)/2 + pd/2) + 1 (i (d + d*) /2) = py.(d + d¥) /2
= [M((d +d*) /24 d)2) + b (d+ d¥) /2 — (d + dk)/z}
Since {u;} and {d*} are bounded, there exists a constant # > 0 such that
g — M(Z* + ppd/2) — q — i@ € py[—te,te], Vke€K.

Thus, by using the equality in (4.3), the above formula, and the definition of the function
F in (2.6) we have

vk ok
P X"s
Flpdn) (T, 57) = M@ + ppd/2) — q — pb

€ :U’/f[oa 6] X Hk[_feafe] = Duka

which implies that (#*,35%) € F(;ld uk)(D“k) for all k € K. By using Condition 2.1, there

exists a p. € (0,1] such that Uue(o,u*]f(;ld M)(DM) is bounded. Since pp — 0 as k — oo,
there exists some kg such that pu, < p, for all & > kg. Thus,

{(jkagk)}kzlﬂo - UukSM*F(;,ld,uk)(Duk) - UME(O,M*]F(;}d,u)(DM)'

12



Since the right-hand side of the above formula is bounded; whereas its left-hand side is
unbounded since {z*} is assumed to be unbounded, a contradiction is derived. Therefore,
the sequence {(z*,s*)} is bounded. O

Note that in the proof of Lemma 4.1 we mainly used the construction of the function G
and the fact that |G(2%)| < Bug for all k € K. Since we have ||G(2F)|| < B for all k € K,
a similar proof leads to that the sequence {2} is bounded.

Corollary 4.2 Suppose that M is a Py matriz. Let the sequence {3*} be generated by
Algorithm 3.1. If Condition 2.1 holds, then the sequence {2¥} is bounded.

Now, we show the global convergence of Algorithm 3.1.

Theorem 4.3 Suppose that M is a Py matriz. Let sequences {z*} and {2*} be generated
by Algorithm 3.1. If Condition 2.1 is satisfied, then

(i) pr — 0 as k — oo; and

(ii) every accumulation point of the sequence {w*} is a solution to LCP(M,q).

Proof. (i) By Lemma 3.3(ii)(v) we know that the sequence {ux} is non-negative and
monotonically decreasing, and hence it is convergent. Let limy_ .o i = ps. We need to
show that p, = 0. Assume that p, > 0, we will derive a contradiction. By Corollary
4.2 we know that the sequences {2*} is bounded. Since . > 0, it is easy to show that
I[G'(2%)]7Y]| = O(1) for all k € K. Thus, by (3.9) and Lemma 3.3(iii) we have ||AzF|| =
O(ji*) for all k € K.

For convenience, we define a function 1 : 2 — # which satisfies
(i, @, 80) = d(p, w3, 8;) — pdy, i €T, V(p,x,s) € R
Then, by (3.4) we have W;(2) = ¥(u,z;, s;) for all i € T and all (u, z,s) € RIT27.

For any k € K and any i € Z, let ¢ := (fi, 2, 8%) and & := (Ajy, AZF, AsF) then by

19 9%

using Taylor expansion we can obtain that, for any k € K, 1 € Z, § € (0,1), and tf“‘ € (0,1),
[Wi(2" + 0AZF)| = |y(cf +0¢))]

2
= ‘w )+ 00 (et +

YT + ek

= (o + ouieret + ST+ hochyct

< (1= 0)l(el) + 0325 + O)e?|er|?,

where the inequality follows from (2.8) since both ¢f and ¢ are bounded for each k € K
and i € Z. Thus, for any 6 € (0,1),

-

I
-

|w(zF +0A2%)| = $ [U; (3% 4 OAzR)]2

7
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< $Z cB)| + 0|T:(2)| + O(1)62 |k 12)?
=1

< (1= T(EM)| + 06T (")) + 0(1)6% | AzF|)?

< (1=0)y/B? = L + 07/nfu, + O(fu,) 0

< (1= (1=7)0)y/B? — L + O(fu)6,

and hence there exists a constant ¢ > 0 such that

19+ 0A28) | < (1= (1= 7)0)y/3 — Litg + ciund?

It is easy to show that

(1= (1= P00/ — L+ cid? < [1 = (1= (o + 7)1 /32 — 1y

whenever 6 < /32 — 1o/c. Thus, by using the line search rule in (3.10) we have

O > 61\/3? —1o/c:=0, >0

for all k£ € K. Thus, by the first equation in (3.9) we have

1 =[1 = (L= (0 +7))0k]jie < [1 = (1 = (0 +7))0]jie < [1 = (1= (0 +7))0]
for all kK € K, and hence up — 0 as K — oo. This contradicts with the fact that p, > 0.
Thus, the result (i) holds.

(ii) From the result (i), a simple continuity argument leads to the result (ii). O

5 Convergence Rate Analysis for the F)-LCP

In this section, we will show the global linear and local superlinear convergence of
Algorithm 3.1 for solving the Py-LCP.

The following assumption will be used in our analysis on the global linear convergence
of Algorithm 3.1.

Assumption 5.1 There exists a constant Co > 0 such that ||AZF|| < Cofi® holds for all
kek.

It is known that, in the global linear convergence analysis of existing non-interior con-
tinuation algorithms, a commonly used assumption is that [|[[G'(2)]7!|| = O(1) for all
z € N(B). From (3.9) and the fact that 2¥ € N(3) for all k € K it is easy to see
that such an assumption is a sufficient condition of Assumption 5.1. A similar condition
to Assumption 5.1 was proposed in [20]. Later we will see that Assumption 5.1 does not
imply the uniqueness of the solution to LCP(M,q) if M is a Py-matrix.

To simplify the analysis, in the following we establish our results for the special case of
p = 3. A careful examination of the proofs shows that the results can be similarly derived
for p > 3. The problem is open for p < 3.

14



Theorem 5.2 Suppose that the function ¢ is defined by (2.1) with p = 3. Let M be a Py
matriz and sequences {z*} and {Z*} be generated by Algorithm 3.1. If Condition 2.1 and

Assumption 5.1 are satisfied, then there exists a constant C* € (0,1) such that pgiq1 < C*ug
holds for all k € K.

Proof. By Corollary 4.2 we know that the sequence {#*} is bounded. This together with
Assumption 5.1 and (2.9) implies that there exists a constant C; > 0 such that

[o(c + acf) — o(cf) — ad'(c))éf| < Cra®[|ef]1?/(2iu)

holds for all k£ € K and all i € Z, where cf = (ﬂk,if,éf) and éf = (Aﬂk,Asﬁf,Aéf). Let
the function r* be defined by (3.12). Then

It @l = e
= o

IN

> (2 acke]
im1 L “Hk

\/ﬁcla2 .
= W\\Azk\\z

< (\/50102/2)/3,]{@2. (5'1)

where the second equality follows from (3.4) and the last inequality from Assumption 5.1.

Let & := 20+/(% — 1/(y/nC1C2) > 0, then from (5.1) it follows that ||7¥(a)|| < o/ — Lajis,
holds for all a € (0, &). Thus, it follows from (3.13) that for all a € (0, &),

I =1 = (1= (0 +7))aly/ 82 — Liu
< (1= (L =7)a)y/B? =Ly + (@) = [1 = (1 = (0 +7))a]y/ 82 — Lju
= —0\/ B2 + Lajig + " (o)

<0. (5.2)

Assume that [ is the largest non-negative number such that 6’ < &. Then by using the line
search rule in (3.10), we have 6, > §' for all k € K. Let 6, := 6. Then from (5.2) we obtain
that

[T < [1— (1= (0 +7))0.]y/82 — 13
holds for all k£ € K. Thus, by the first equation in (3.9) and Lemma 3.3(v) we have that
i = (1= (1= (0 + 7Dl < (1~ (1~ (0 + 7)) < [1 — (1 - (o + )il (5.

holds for all k € K. Let C* := 1 — (1 — (¢ + 7))0,, then C* € (0,1). Thus, by (5.3) we
complete the proof. O
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In the following, we discuss the local superlinear convergence of Algorithm 3.1.

Let 2% = (is,w*) := (us,2*,8*) € RN, x N2" be an accumulation point of the
iteration sequence generated by Algorithm 3.1. Then Theorem 4.3 implies that pu, = 0
and w* is a solution to LCP(M, ¢). In order to discuss the local superlinear convergence of
the algorithm, we need the concept of semismoothness, which was originally introduced by
Mifflin [29] for functionals. Qi and Sun [32] extended the definition of semismoothness to
vector valued functions. We also need the concept of the B-differentiability of the locally
Lipschitz function and some related results [30].

The following two lemmas can be easily proved, we omit them here.

Lemma 5.3 Suppose that the function ¢ is defined by (2.1) with p = 3. Suppose that M is a
Py-matriz and that Condition 2.1 is satisfied. Lett € (0,1) be given as in Algorithm 3.1 and

the infinite sequence {z*} be generated by Algorithm 3.1. Then, | T(2F)|| = O (\|G(zk)\|2_t)
for all sufficiently large k € KC.

Lemma 5.4 Suppose that the function ¢ is defined by (2.1) with p = 3. Suppose that M
is a Py matriz and that Condition 2.1 is satisfied. Let z* be an accumulation point of

the sequence {z*} generated by Algorithm 3.1. If all V € 9G(z*) are nonsingular, then
IG(Z)| = O(|G(2")|127) for all k € K, where 2* is defined by (3.6).

The following theorem give the local superlinear convergence of Algorithm 3.1.

Theorem 5.5 Suppose that the function ¢ is defined by (2.1) with p = 3. Suppose that M
is a Py matriz and that Condition 2.1 is satisfied. Let z* be an accumulation point of the
sequence {2*} generated by Algorithm 3.1. If all V € gG(2*) are nonsingular, then

e = O(pi ") (5.4)

holds for all sufficiently large k € K.

Proof. Since i = 0, by Lemma 5.4 it follows that, for all sufficiently large k € K,

1G(0,2°)]| = G0, @")|| = |G(zM)Il = O(IGEIPT) = O(u™),

where the last equality follows from the fact that z* € A/(3). Thus, there exists a constant
C > 0 such that |G(0,%*)| < Cui~" holds for all sufficiently large k € K. Therefore, for all
sufficiently large k € IC,

IGEMI < IG(EF) - G L") +(1G(0,0°)]

= |G (Crpw, @*) = G(0,@")[| + | G(0, "))
Ckuk 0
< || sF-Mzh—q | - | F—MzF—q || +]G0,9")|
— Crprd o (w

16



Ckuk

IN

+[|G(0, @F)||
— Crprd

< (1 5n2+HdH) Cettre + V(G2 + Cp2 ™,

where the last inequality follows from (2.12).

Since there exists a constant Cs > 0 such that \/n((g)3p (|25 + C < C3 for all suffi-
ciently large k € K. Thus, for all sufficiently large k € IC,

IGER)I < (1 +\f5ng2 + ||d||) Cott + Capi2 ™

Thus, it is easy to show that

(1 +1/5n/2 + HdH) Cettr + Capty " < CuBrk

whenever

Cs 1-t
Hy -
— (14 Vn/2 + )

Hence, by using the line search rule in (3.7) we have

C3 1—t
52Ck S M )
— (14 vBn/z+ )"
and so C
Cr < 2 Lt

5 [8— (14 vBn/2+|d|)] e

for all sufficiently large k € K. Therefore, by (3.8) and Lemma 3.3(v) we obtain that, for
all sufficiently large k € IC,

. C _ _
Pr1 < i = Cepg < 2 ppt=0(up ).
AER

1+ /6072 + ||d] )]

This completes the proof. O

Remark 5.6 (i) If all V € 0pG(z*) are nonsingular, then there exist a constant ¢; > 0
and a sufficiently large ko € K such that ||[G'(2¥)]7Y| < ¢1 holds for all sufficiently large
k € K with k > ko. By (3.9) we further obtain that

el IS EOIHIUAGEN + o + ) el + 1T (M)

el + (o + )W+ T/l
for all sufficiently large k € KC with k > kg. On the other hand, let co := max{||[G'(z%)]7!|| :

k=0,1,2,...,kg—1}. Then, using (3.9) we have ||A2*|| < co[B+(o+7)v/n+T1v/n)fix for all
ke{0,1,2,...,ko—1}. Therefore, if allV € OpG(z*) are nonsingular, then Assumption 5.1

<
<
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is satisfied, i.e., ||[AZF|| < Cofiy, for all k € K with Cy := max{cy, c2}[B+ (0 +7)v/n +7/n].
Therefore, if all assumed conditions given in Theorem 5.5 are satisfied, then, by combining
Theorems 5.2 and 5.5, we obtain that Algorithm 8.1 is both globally linearly and locally
superlinearly convergent.

(ii) The condition that all V € OpG(z*) are nonsingular is a refinement of the condition
that all V' € 0G(z*) are nonsingular (The latter one has been used in the superlinear
convergence analysis of many mon-interior continuation methods and smoothing Newton
methods). Such a condition has been used in superlinear convergence analysis of some
Newton-type algorithms for solving nonsmooth equations [30]. Some detailed remarks about
such a condition can be found in [30, Page 243].

(iii) Zhao and Li [39] proposed a mon-interior continuation algorithm for LCP(M,q)
which possesses the global convergence under an assumption which is probably satisfied even
if LCP(M,q) has an unbounded solution set. However, the local superlinear convergence
of their algorithm requires both the nonsingular assumption and strict complementary con-
dition while no the global linear convergence result was reported. Therefore, our results
obtained in this section is stronger than those in [39].

6 Convergence Rate Analysis for the P.-LCP

In this section, we will discuss the rate of convergence of Algorithm 3.1 for the P,-LCP.
Since a P, matrix is a special case of a Py matrix, all convergence results obtained in the
previous section are still valid. We will derive additional convergence results for Algorithm
3.1; namely, we will prove that Algorithm 3.1 is globally linearly and locally quadratically
convergent under the strict complementarity condition without the nonsingularity assump-
tion. By the strict complementarity condition we mean that z* 4+ s* > 0. Obviously, w* is
a maximally complementary solution to LCP(M, ¢q) (i.e., the number of its positive compo-
nents is maximal). Note that the indices of the positive components are invariant among
all maximally complementary solutions of LCP(M, q) when M is a P, matrix. Let

B:={ieZ:z;>0} and N:={i€Z:s >0}
Then BUN =T and BNN = (. Let Sy denote the set consisting of all strict complementary
solutions, i.e., o := {w € S : x5 > 0 and sy > 0}.

Lemma 6.1 Suppose that the function ¢ is defined by (2.1) with p = 3. Suppose that M is
a P, matriz and that Condition 2.1 is satisfied. Let z* be an accumulation point of the iter-
ation sequence {zF} generated by Algorithm 3.1. If w* satisfies the strict complementarity
condition x* + s* > 0, then dist(w,Sy) = O(||G(2%)||) holds for all 2* sufficiently close to

z*.

By Lemma 6.1 we have that there exists a constant C > 0 such that
[w — || < C|G(")] (6.1)

for all z* sufficiently close to z*.

18



Lemma 6.2 If all conditions in Lemma 6.1 are satisfied, then, for all 2 sufficiently close
to z*, the following two results hold.

(i) There exists a constant € > 0 such that
af — (P4 ety >e VieB and (sF4ppal) —aFf>c VieN.

i

(i3) v(2¥) = u(zF), where functions v and u are defined by (3.2) and (3.1), respectively.

Lemma 6.3 If all conditions in Lemma 6.1 are satisfied, then
1AZ5]| = O(IG(=")]) (6.2)

for all z* sufficiently close to z*.

Proof. By using Lemma 3.3(iv) and Lemma 6.2(ii), we can obtain from (3.5) that, for all
2* sufficiently close to z*,

1 0 0 Ay — Ik
0 —M I AzF | = 0 . (6.3)
@gk +®,, —d D°(2F)+ D(zF) E(2%) Ask —[®(2F) — ppd] + u(2F)

From the first equality in (6.3) it follows that, for all z* sufficiently close to z*,
|Apg| < e < IGEM) (6.4)
In the following, we investigate the upper bound of ||Az*|| and ||As¥||. For any k € K, let

—k —~k
Az = 2F + Ak — 2P and As = sF + Ask — sk*, (6.5)

where w** is the projection of w* onto the set Sy. By using the definition of the function

u, Lemma 3.3(iv), (6.3), and (6.5) we can obtain that, for all z* sufficiently close to z*,

As" = MAZ (6.6)
and
[D°(:%) + DM Az + E(M)As = a(zh), (6.7)
where a(2F) := w(2F) + o(2*) with
w(2F) = [DO(2F) + D(2F)](z* — 2¥*) + B(ZF)(s* — s7) — ®(2F) (6.8)
and
o(z") == 2[® (%) — (")) + Ty i + Y, pui (6.9)
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Since M is a P, matrix, we can further obtain from (6.6) and (6.7) that, for all z* sufficiently
close to z*,

AR = B MAT > —ax Y Az (MAS),
il (An)

= —4K Z Am A

iEI+(AZ‘ )

= —te ¥ Bl {IERaGh) - (B D) + DEES

—k
iEI+(AZ‘ )
Since, for all z* sufficiently close to z*,

Az [B71(F)(DO(F) + D(z¥) A" )]s = A, By (%) (DY(2%) + Dis(=)) Az, > 0

B e = BB (Fea() < |8 By (a2
— ||atae(@EE Hal)] | < 1ETE el

7

_ —k
1B~ () Az |la(=")])

IN

it follows that, for all z* sufficiently close to z*,
AkNT AUk Ak rm—1, k k —1 kAR k
(Az )" As > —4k Z Az, [E7H(2%)a(2")]; = —4nk||[E7 (%) Az ||[|a(z)].
iels (Az)
Let rg := min;er {[D (%) + Dy (2 )]Eu(zk)} Then, for all z* sufficiently close to z*,

k

—

By B
8/ 8

Rl BTGRP < (B2)TETN (D) + Dz >]E<zk>E—1<zk>ﬁ
(A" )BT (H)DO() + D(: >]Am
= (A E(Fa(F) - (A7) TAS
|E7 () Ae ||ua<zk>u+4m||E )AL el
(1 +4nk) | E7(M)AZ [[lalH),

IN
a

and hence,
|E7(H)AZ"| < (1 + dnw) )] /. (6.10)

——k
In order to give the upper bound of |E~1(z¥)Az" || by ||G(2*)||, we need to investigate
(=), and o(4) /.

First, we give an upper bound of w(z¥)/ry by ||G(z*)|.
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Since x¥* = 0 for all i € A" and s¥* = 0 for all i € B, by making use of Lemma 6.2(i)
and the fact that D(z%) + E(2*) = 2I for all k € K, we obtain from (6.8) that for all z*
sufficiently close to z*,

wp(2") = (Dpp(2") + Dus(2")) (@l — o) + Es(2)(sp — si) — (255 + 2piap)
= Dpp(2")(as — 2’ — siy+ s5") + Dpp(2") (2 — 2) — 2pils,

and similarly,
wn (%) = Enn (%) (she = sKF — 2l + 2RF) + DR (%) (2 — 20).-
Let
~ k k k kx k k k ok
@ (") = 1Dps(Z") s — 25l + 2wl + 1 DRen P |k — 257, (6.11)
we further obtain that, for all z* sufficiently close to z*,
leo(=")| < max{|| D (") I, | Exar (ZF) 1} (2" — 2| + |ls* = s™[)) + @(z7).  (6.12)
For any k > 0, let gF = a2F — (sF + plaF). Lemma 6.2(i) indicates that there exists a
constant £ > 0 such that |gF| > ¢ for all z* sufficiently close to z*. Thus, by definitions of

D(2*) and E(2*) given in Proposition 2.4 we can further obtain that there exists a constant
C4 > 0 such that, for all z* sufficiently close to z*,

ri = min {4 /[(98)” + 443] + OGi) | = Cani, (6.13)

Thus, it follows from (6.13) that, for any i € B,

Dy (%) L= gf/\J(gh2 + 43 \/(al)2 + 4453 — o
f— 2 —
" Cant Captin/ (9F)% + Apif
4
= - o)

Cay/(gh)2 + 4417 (\/(95)2 +Apg + gz")
and that, for any i € N,
ok
Eul(h) _ 1

e ealahy v (ol ad + o)

= 0(1).

In addition, by using the definition of D°, (6.1), and (6.11) we have that, for all z¥ suffi-
ciently close to z* and all i € 7,
w() _ Ok — ol + Oi) + Ol

- — 2N ogaeh)
rk Cap2 .

Therefore, by (6.12) we further obtain that, for all z* sufficiently close to z*,

lw(M)ll/re = O(lla* = ™[ + [Is* = s*[) + O(IGE)]) = OUIGEMI)- - (6.14)
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Next, we give the upper bound of o(2*)/r; by ||G(2*)]|.

For all z* sufficiently close to z*, by (6.9) we have

0i(z") = 2 {\/(95)2 + 4y — \/(%")2] + Oy + P, i
2 2
= T — i + &Y
V2 + 42+ /()2 \J(eh)? + 4
i [\l + it~ /(]
= + ), ik
Vb2 (b + 1+ i)
4
_ 16,Uk S+ CI’,O%/M@
V)2 + 422 (\/(95)2 +4pf + \/(95)2)
= O(uy) +O(u}),
which implies
k k
o\z o\z")q
1IN < 5~ 10 o) = 016, (6.15)
Tk i€l Cap;

Now, by combining (6.10) with (6.14) and (6.15) we can further obtain that
_ ——k
IE~H (") Az"|| < (1 + dnk) {||W(Zk)\|/rk, ||Q(Zk)||/7"k:} = O0(IG(=M)) (6.16)

holds for all 2* sufficiently close to z*. Since ||[E(2*)|| < 2, it follows from (6.1) that for all
2* sufficiently close to z*,

ik . ;
IEGR) " Az || = [|Azk|] = |2 = I/I1EGER)| = |aa*] - ClaE")ll/2.
This, together with (6.16), implies that for all z* sufficiently close to z*,

1Az¥]| = O(IG(=)]). (6.17)

Now, we estimate ||As*||. From (6.7) we have that for all z* sufficiently close to 2*,

185" < IIDER) + DO B T IDER) + DOl
+HD(F) + DO B(F) A
I 9 + lozR)]
minez{[Dii(2F) + DY (%) Eis (2*)}
= o(|GEM), (6.18)

—k
+3||E(") " A |

where the second inequality is due to | D(2*) + DO(2)|| < 2 + pi||z¥||. Hence, it follows
from (6.18) that for all z* sufficiently close to z*,

1AM < [ls" + As® — 5 + [|s* = s™*[| = O(IG()]). (6.19)
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Finally, by combining (6.4) with (6.17) and (6.19), we obtain that (6.2) holds for all z*
sufficiently close to z*. O

Let {2*} be generated by the predictor step and let {A2*} be generated by the corrector
step. Then from the construction of Algorithm 3.1, it is easy to see that Lemmas 6.1, 6.2,
and 6.3 are still satisfied if we replace {2¥} and {Az*} by {2¥} and {AZ2F}, respectively.

Corollary 6.1 If all conditions in Lemma 6.1 are satisfied with {z*} and {AzF} being
replaced by {2¥} and {A2F}, respectively. Then |AZ*|| = O(|G(ZF)|) for all 2* sufficiently
close to z*.

Lemma 6.4 Suppose that all the conditions assumed in Lemma 6.1 are satisfied. Then
IG(Z*)|| = O(|G(2%)|1?) holds for all 2* sufficiently close to z*, where 2F = 2 + AzF.

Proof. Since w* satisfies the strict complementary condition, it is easy to see from (2.8)
and Lemma 6.2(i) that [|¢” (g, 2¥, s¥)|| = O(1) holds for all k € K and all 4 € Z. Thus, by
using (2.9) we have

[®(2* + AZF) — B(2F) — ' (F)AZK || = O(||AZ*|?), VEeK.
By using the definition of the function G we further obtain
[G(zF + AZF) — G(2F) — G'(ZF)AZM| = O(||AZ%|?), VEke K.

Thus, it follows from Lemma 6.3 and the proof in Lemma 6.2(ii) that

IGER + AN = |GG+ A28 = G(F) = G'(ZF)AF + GEN) + G/ () AP
< GER + AZR) = G(F) — G (M) AR + |G(F) + G (2F) ALK
= O(|AZF) + flu(z")]?
= O(|AZ"*) + O(u})
= O(IGEMI)
for all ¥ sufficiently close to z*. This completes the proof. O

Theorem 6.5 Suppose that the function ¢ is defined by (2.1) with p = 3. Suppose that
M is a P, matriz and that Condition 2.1 is satisfied. Let z* be an accumulation point of
the sequence {z*} generated by Algorithm 3.1. If w* satisfies the strict complementarity
condition x* + s* > 0, then

i1 = O (Mi)

holds for all sufficiently large k € K.

Proof. By using the results of Corollary 6.1 and Lemma 6.4, we can show the result of the
theorem in a similar way to those in Theorem 5.5 and in [24, Theorem 4]. We omit it here.
O
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Remark 6.6 (i) If the strict complementarity condition holds, then it follows from Corol-
lary 6.1 that there exist a constant c3 > 0 and a sufficiently large kg € K such that
|AZF| < es3||GUER)|| < e3Big holds for all k € K with k > ko. Thus, by using a simi-
lar discussion to the one in Remark 5.6(i) we conclude that Assumption 5.1 is satisfied,
Therefore, by combining Theorems 5.2 and 6.5, we imply that Algorithm 3.1 is globally
linearly and locally quadratically convergent.

(ii) Consider Remark 5.6(i) and Remark 6.6(1) together, it is easy to see that Assump-
tion 5.1 may be satisfied even if the solution of the Py-LCP is not unique.

(iii) It is known that non-interior continuation algorithms proposed in [13, 14, 20, 36]
possess the local superlinear rate of convergence under the strict complementary condition.
However, the problems discussed in [13, 14, 20, 36] are monotone LCPs or linear programs.
Thus, the convergence results established in this section are broader in the sense that they
apply to P.-LCP and stronger in the sense that both global linear and local quadratic, rather
than only local quadratic rate of convergence, are obtained.

7 Some Final Remarks

It is known that the non-interior continuation algorithm is closely related to the so-called
smoothing Newton method (see, for example, Huang, Qi, and Sun [24] and references
therein). Before we end this paper, some observations on the relationship between our
results and similar results of the existing smoothing Newton methods could be helpful for
future research.

e To our knowledge, all existing smoothing Newton methods require the boundedness
of the solution set if global linear convergence and local superlinear convergence are
considered simultaneously. Sun and Huang [34] proposed a smoothing Newton algo-
rithm for the P,-matrix LCP. However, the purpose of [34] is to investigate the finite
termination property of the algorithm. Huang [21] proposed a smoothing Newton
algorithm for the nonlinear complementarity problem, but the purpose of [21] is to
investigate global convergence and other convergence behavior of the algorithm. No
result on rate of convergence was reported in the two papers above.

e Generally, it is very difficult to establish global linear convergence for the smoothing
Newton method. Huang, Han, and Chen [23] proposed a predictor-corrector-type
smoothing Newton algorithm where they gave a global linear convergence result with
respect to the reformulation function sequence {H(2*)}, i.e., there exists a constant
c € (0,1) such that |[H(z*T1)|| < ¢||H(2")]| for all k. In this paper, under a weaker as-
sumption than [23], we proved global linear convergence with respect to the smoothing
parameter sequence {u}. Thus, the two results do not cover each other.

e Huang, Qi, and Sun [24] proposed a smoothing Newton method, which improved the
local superlinear results of some existing smoothing Newton methods. In particu-
lar, the algorithm in [24] was shown to be locally superlinearly convergent under the
nonsingular assumption or locally quadratically convergent under the strict comple-
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mentary condition. However, such a result was established only for the monotone
LCP rather than the P,-LCP here.

Acknowledgment. We are very grateful to the two referees for their valuable comments,
which have considerably improved the paper.
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